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NPEAVCIOBUE K IBEHAILATOMY M3 AHHIO.

Hacrosimee u3janHe nedaraercs Ge3 H3MeHeHHA C OAHHHAALATOTO, B KOTOPOM
6611 CaeNlaHbl HeKOTopble H3MeHeHHA CPaBHHTENLHO ¢ TPeANAYIIHM H3jaHHe:.
[naBHeiitlne M3 3THX H3MeHeHHH clejylolLHe:

1) moGasnedo Bo3BLIUEHHE B KBAJAPaT MHOTOYISHA, HCCHEJIOBAHHE YDaBHEHHI
# reOMeTpHYeCcKoe NpeACTABJEHHE KOMIVIEKCHWX WHCeN,

2) HeCKONbKO H3MeHEH TNOpPAJIOK H3NOXKEHHS;, HanpHMep, Teopema Beay, ne-
paBeHCTBAa H HeONpeleiéHHOE ypaBHEHHe H3 «JONONHEHHA» lNepeHeceHsl B OCHOB-
HOll KYPC KHHTH,

3) 3HauHTeJLHO YBEJHYEHO YHCJIO YNPaXKHeHH;

4) ucripaBneHbl HEKOTOpHe YepTeXH H JaHO HEeCKOMbKO HOBHIX.

B coctaBleHHH  HacToAlero  yueOHAKA [NDHHHMAJ YaCTHYHOE YHyaCTHe
A.H, Bapcyxkos.

A. Kucenés.

Jlenuurpan.

OT U3IOATEJLCTBA.

B wecrHaiutatoM H RMOCHEAYIMHX H3laHHAX BTOPOl yacTH «Anrebpat» Krce-:
nésa HMaMeHéN TexcT B § 6—!12 u B § 138, Henpasyed pAX MeJKHX HeTOYHOCTEH
B Npyrux unaparpadax. '

B 1pajuats uerBEpTOM M3JaHHH B COOTBETCTBHH C TPeGOBAHHAMH NPOrpPaMME!
no Teme <Kommiexchule uucaas Jonoadeno: § 140a u § 1406 — TpHroHoMerp-
yeckass opMa KoMmaexchoro umucaa. [obaeneHa TeMa «lccmeposanue kBagpat-.
Horo Tpéxunena», HepapencTsa sTopoft ctemenn, § 182—187.

Jononnutensuutii Matepuan nanucan A, H. bapcyKoBH M.
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OTIAEJ NEPBLHIN

TOXXAECTBEHHbIE IPEOBPA30OBAHUA
- CO CTENEHAMHK K KOPHSIMU.

I. Bosphimenue B cTEneHb.

V1. JReliCTBUE BOSBbIIEHHS B CTeneHb, B Hauale Kypca MH yxe
BHLE/H, YTO BO3BHILUEHHE B CTENEHb eCTh AeHCTBHE, NOCPEACTBOM KOTOPOro
faHHoe 4HCA0 (OCHOBAHWE CTeneHH) GepETCA COMHOXHTENEM CTOJLKO pas,
CKO/ILKO €IMHHIL COAEDKHTCA B APYTOM JaHHOM YHCe (NOKA3aTeNe CTeNe ),

2.2:2.2.2=29=32; (—3)-(—3)-(—3)-(—3)=(—3)4=8l,
| a-a-q=ad. '
BooGiue: a-q-a-...-a=at .
Nt t— p—e——
n pas

2. Crenens oTpHuartejbHOro 4ucaa. IIpH yMHOMEHHH OTHOCHTENb-
HbIX YHCEJ Mbi BHAEAH, MTO NpOM3BeleHHe OBbIBAET FIOJ0KHTEALHO, €CJH
'YAC/I0 OTPHUATENBHHX MHOMMUTeNe# uéTHoe. B npoTHBIOM Cayvae npo-
H3pedenne GyleT OTPHUATENbHEM. [IpuMenss 310 CBOHCTBO K npoM3Bese-
HHIO DaBHbIX OTDHMUATENbHBIX COMHOXHTENEH, T. e. BO3BHILEHAW B CTe-
NeHb OTPUUATEALHOTO YKCAa, MB Nonyuaau npasuao (4. I, § 30).
Yérnan crenexb OTPHUATCALHOr0 1YHCAA MOAOKHTENBH], He'i?:maﬁ—orpnua-
TeAbHas ' :

Tak: (— 2)*=4; (—2)8=64; (— 5)*=625;

(— 2= —32 (—2)"= —128; (—5)°=—3125 ¥ 1. .

3. BosBbiienve B cTenenb OfHOWIEHOB., B nepeoft uacTH MM
BhiBeMM NPABMAA BO3BHINEHHA OJHOYJeHa B Ksaipar M Kyl. ITokawem
TeNephb, YTO M0 TeM e NMPaBHAaM NMPOH3BOAMTCH BO3BHILIEHHE OAHOUNEHA
B M00Yyto CTEMeHb.

a) BossbicuM B CTeneHs n npoussenesue abc. I10Ab3yACH H3BECTHHIMA
CBOACTBAMH yMHOXEHHA, MO/JYYHM:

(abc)"=(abc)-(abc)-(abe)- ... -(abc)=abe-abe- ... -abe=

n pas
=(aa...aq)-(bb... b} (cc...c)=a"b"c"
A e et

npas npas n pas



Yrofim BO3B.HCH‘II> B CTeneHb NPOH3BeACHHE, HAJNO BO3BLICHTD B 9TY <CTENEHL
KaXjIb#i COMHOXKMTEAb OTAEJbHO H PE3YJbTaThl MEPEMHOKHTD.

a
6) TaxuM xe cnocoGoM HafinEM cTenesb APOGH s

a\n_a a a .a a-a.,,. a a
(—b—)—_b_ R R I
n pas

Yr1o6el BO3BBICHTE B CTENEHb np06b, HaZO BO3BBICHTH B 3TY CTENEHb OTAEALHO
YHCJHHTEb H 3HAMCHATENb H nepmxu'i Pe3yasTaT pa3gcaHTb Ha mopofi.

B) [lycTb Tpebyerca BO3ELHICHTL B CTelleHb N 4HCAO A”. Byjem uyers:
L @mt=am.am.gn. .. -qr=qnimimy4ma gma, '

-—

v o

n pas

Yro6bl BO3BHICHTb CTeneEb KAKOro-qn0o uHcJa B APYryi0 CTENeHS, Hago mepe-
MHOXHTb NOKA33aTeJH cTeneHeH.

r) Bosbmém Tenepb Kakof-nHG0 opHOwieH, Hampumep 2a°b3. Boashl-
CUM ero B Kakyw-au6o cremesb r. [IpuMensis BLIBeJeHHBle MPaBHA4, NO-
JyunM:

(2a*h®)» =2ra®p3",
Yro6bl BO3BHICHTH B CTENCHb OJHOYJEH, HARZ0 BO3BHICHTE B STy CTENCHb KO3th- -

dnuuenr, a nokasateny GYKB YMHOXKHTD HA rOKa3zaTelb CTENEHH, B KOTOPYIO BO3-
BHIIAETCA OZHOYJIEH.

Ynpaxcrenusn.

[TpoH3BeCTH BO3BHULUEHUE B CTEIEHS,
L (—38) (— )% (—4), (—10)8; (—0,1)p.
2. (3a26), (— 2a%6%)%; (— ba*bc)*.

5 ()Y, (_3a6%)\3 (0,%%c \6-
| .(——.2;.-) (—T)
Il. BosemimeHne B KBagpaT MHOroYJeHa.

4, Bl:mon dopmysnl.  Tloavayach  dopmyaoft  {(a+b)?=a’+-
<+2ab-{-b° MB MOXeM BO3BHICHTD B KBaapaT Tpéxuaen a--b--c,
paccMaTtpuBas ero kak asyuwied (a4-b)4-c:

[(@+b)+ cP= (a4 b)22 (a+ b)- c4-c2=
=a’2ab+ 0312 (a4 b)- c+c

Takum 06pasoM, ¢ npubasneduesm K AByuIeHy d--b TpeTbero uieHa ¢
nocsie BO3BbILIEHHS CYMMBI B KBaipar NpuGaBHIMCL JBAa WieHa: 1) yaBCeH-
HOe NPOW3BENEHHE CYMMM MEPBRIX ABYX Y/EHOB HA TPETHA UNeH H 2) KBaxpar
TpeTbero uiaeha. -

Tenepb HETPYAHO 4YeThIpEXuNeH d-+b<-c-+d BO3BHCHTL B KBajpar,
upunumas cyMMy a--b--¢ 3a omuu unen:

(@t b+ dP=(@+b-10742 (a4 bto)-dte



[Moxcrasasa BvecTo (@4-b-+¢)? TO BaIpaXeHHe, KOTOPOe MH HALLIH
paHblle, MOAYUHM:

.

(@a+h+c+d)2=a?4-2ab+b*+2(at+b) -c 4>+
+2(a-b+c)-d+d>

Mbs1 onaTe 3aMedaeM, 4TO C npu6aBieHHEM HOBOTO 4Y/J€HAa K BO3BbI-
11aeMOMYy B KBAaADAaT MHOrOu/JeHy K CTelleHH NPHGAaBIAIOTCA XBA YieHa:
1) ynBoeHHOe NpOH3BedeHHE CYyMMBl NMPEXHHX YJACHOB Ha HOBHIY 4YIEH H
2) KBazpaT HOBOTO uneHa. OueBuIHO, 4TO TaKoe NMpHOaBJEHHE K CTENEHH
IBYX W1eHOB OyAeT HATH M Jalblle N0 Mepe NPHOas/ieHHs HOBHIX WICHOB
K BO3BHIIIAEMOMY B KBAaAPaT MHOrOY/eHy. 3HAUHMT:

Ksaapar mHorowiena paBeH KBaApaty l-ro 4aexa, mawc YABOCHHOE MPOH3BE-
nende l-ro wieHa Ha 2-if, Omoc KBajpar 2-ro WieHa, IJOC YABOEHHOE npOod3IBeje-
HHME CYMMBI TIEDBBIX JBYX 4a€HOB Ha 3-H, maoc KBajpar 3-ro 4wieHa, mJioc yABOEH-
HOe MpOM3BEJEHHE CYMMBl MEpBHIX TPEX wieHoB Ha 4-H, nimioc kBappaTr 4-ro dacua
HT A

KoneuHo, uyjeHH MHOroujseHa MOryT OblTb H OTPHUATE/IbHBLIMH.

Ecau B mpaBod vyacTH mociegHero PaBeHCTBA PacKpoeM CKOGKH, TO
NOJIy4HM IOC/Ie NMepeCTaHOBKH 4Y/IEHOB:

(a4-btotd) =a%4 b2+ d-2ab H2ac 4
b +2ad+-2bc+4-2bd4-2ed”

MoxHo Mo3TOMy mpensigyuee npasuio $OPMyIHpOBATH TaK:

Knanpar MHOTOoYJE€HA paBeH CyYMMe KBaJApaToB Bcexu €ro 4JCcHOB, CJIOXCHHOR
€ YABOCHHBLIMH NPOH3BEACHHAMH KAXKAOro WiCHa HA KA JKAbIM 43 NOCJACAVIOIIAX.

5. 3aMeuaHne o0 3HakKax. B OKOHUaTeAbHOM pe3yAbTaTe BO3BHIIEHHUA
B KBaJPaT MHOIOY/eHa CO 3HAKOM MJIOC OKaXYTCH, BO-HEePBHX, KBAaADATH
BCEX UJE€HOB MHOrOYlleHa H, BO-BTODLIX, T€ YIBOEHHHE IIPOHU3BELEHHS,
KOTODHE MOSIBHANCh MNPH YMHOMXEHHH UYJEHOB C ONMHAKOBLIMM 3HAKAMH.

Hanpumep:

(3x? — 2x+1)% = (3x*)2+2(3x%) - (— 2x) +(— 2%)*+-
F2(3x* — 2x)-14-12=9x% — 12x34-4x24- 622 —4x+1=
=9x% — 12x34-10x% — 4x}1.

Ynpascrnenun.

2

2 - 1 s
. O. (Tx —4x—-3).

/ 1
4, kQa’ _T“'H)

3 2

6. (— 5a%x+43a%x* — ax®-3x3p3, 7. (0,3,\'3-— 0,1x% — Tx+0,5) .

Y6ezurbCcsl Ha CJAeAYIOUHX XJBYX I[pHMepax, YTO KBaApaT MHOTOYJEHA HC H3-
MEHHTCH, €CAH Mbl MePCMEHHM 3HaKH nepel BCeMH €ro WieHaMH Ha ofpaTHHE.

8 (a— b+ =(—a+b—c).

9. (2x® — X3 — 3x 412 =(—2x3+x24-3x — 1)

10. Ecau Bepao parenctso (@ — b)% ==(m — 11)3, MOKHO /11 M3 HEro 3aKJAIOUHTb,
9710 @ —b=m—n?



M. lonsrue 06 HPPALMOHAJBHBIX 4YHUCJAX.

6. CouamepHMble H HeCOH3MepuMble oTpe3kH. Kak u3specTHO K3
TeoMeTpHH, 00uied Aepold OBYX OTPE3KOB NPAMOH HasblBaeTcd TakoH oOT-
Pe30K, KOTOPHIH B KAXAOM H3 HHX COAEPMHUTCH ILeI0E YHCAO Pas 6e3 OCTaTKa.
B reoMeTpHH pasbRCHAETCH, YTO MOryT ObiTh TakHe ABA OTPE3K3, KOTO-
puie He uMeloT obiuel Meprl (Hanpumep, CTOPOHA KBAAPATA K €70 AKAroHans).

Jlsa oTpe3Ka HA3IWBAIOTCH COUIMEPUMBIMIL WA HeCOUIMepUMH MU
Mexay co6o#, CMOTDS IO TOMY, MMEIOT JI# OHM OOLUYIO MePY MJIH He HMeiOoT.

7. NMoustne o6 HzMepenuu. IlycTs TpebyeTca uSMeDHTH NJIHHY
orpeaka AB (uept. 1) npu Iomoumn eaunuun aaunnl CD. Ilas 3toro
y3HaeM, CKOAbKO pa3 exunuuia CD coxep-

¢ 0 wutca B AB. [lycrb okaxercs, 410 OHa
- conepxuTcs B AB 3 pasa ¢ HeKOTODHIM
4 . £...L ocrarkoM EB (Mensmnm CD). Toraa unciao

, 3 OYNCT NpUCAUNCERHM PESYAbMAMOM

Hepr. 1. UBMEPEHUR C MOLHOCMBI0 00 1,1 NpuTONM

. C HeNOCTaTKOM, Tak Kak AB 6oaswe 3CD,

HO Menblue 4CD (4HCNO 4 TOXE MOXHO Ha3BaTh NPHOAHKEHHLIM Pe3yJib-
TATOM HM3MEPEHHsi € TOYHOCTBIO A0 1, HO ¢ M3OBITKOM). 2Kejlas NOJYYAThb
6o/iee TO4YHBI pe3yabTar, ysHaeM, CKOALKO pa3 B ocratke £B comep-

1
WUTCS o enuunusl CD. IlonoxuM, uro sTa noas coaepxurca & EB
Gosee 8, Ho meuee 9 pas. Torza uucaa 3,8 n 3,9 OyAYT npubruicéHKuMU

pe3yasmamanu udmepenus ompesia AB ¢ mourocmsrwo do neppoe

16°
YUCAO C HEHOCTATKOM, BTOpPOe — C u36KTKOM. XKenas nonyunrts ewd
6oJiee TOUHLIY pe3yJNbTaT H3MEPEHHA, Y3HAeM, CKOAbKO Da3 B NOCAeaHEM

OCTaTKE COMCPWHTCR 1ns LOMA EAHHILEL CD. Iyctb 3Ta 1048 COAEPKUTCA

B ocratke GoJjee 5 pas, HO MeHee 6 pas. Torma uucaa 3,85 u 3,86
OYnyT npubrudcénnumu pesyssmainasy uimeperus ompesica AB ¢ mou-

Hocmmbeio Jo 100 €IMHHUN, MoxHO NpOROMKATL TAKOE H3IMEpPEHHe BCE fanee

H nanee. an 3TOM BO3MOIKHEI OBA cayuan:

1) MOXET CAYYHTHCH, YTO IDH NOCTEAOBATENLHHIX W3MEDEHHAX C TOY-
nocteio 1o 0,1, 0,01, 0,C01,... pavo MAM NO3ANO HE NOJYYHTCR HHKa-
KOrO OCTaTKa; )

2) MOXET CaAYYNTLCSl, YTO € KakoR Obl TOuHocThio no 0,1, 0,01,
0,001,... MB HH M3Mepanu, OCTATOK BCeraa OyAeT nOAyuaThes.

B nepsom cayuae B pesyiibTaTe HU3MEpPEHUd MOJYYHTCA KOHeYyHas ne-
cATHyHad ApoGb. Bo BTOpOM ciayuze B pesyabTaTe H3MepeHMs MOJAYYHTCH
Oeckouneunas mecATHuHan ApcGb. "

Koneunasn AeCAaTHUHAS leOGb 11oJiyyaercsa JMIIb B TOM CJyu4ae, €cCiau
KaKasA-HHOYIb NECATHUHAS NOMA eNMHWIH (OfHA AECATas, MWW OAHA coras,

HAM OHA THCAYHA® H T. I.) ABASeTCH OOLIEH MepON H3MEPHREMOTQ OT-
peakd M eAHHHUb UAHHbi,

6



Ecnn xe uamepsieMbit OTDE3OK COH3MEDHM C €MHHLEH NJIMHE, HO HU
1 1 1 :
o+ HP o5 M- Toope BOOOWLE HMKAKAA JECATHUHAA AOJS eLMHHUL He

spateTca o0uwmefl Mepofl H3MepdeMOro OTpe3ka M eNUHHUB JUIMHH, TO
B pe3yaAbTaTe H3MepeHHm RoOJAyvyaercd OeCKOHEYHas mnepHouyecKkas )
necaTyuHas npobb. Hakxonen, ecay mu3MepseMbli OTPE30K HECOHIMEPHM
C ennMHuueR NJAWHBL, TO B pe3y abTare H3MepeHHd [oJAydaeTcd OecKOoHeuHas
HeilepUOLHYeCKas AecATHYHAasA ApoObb.

8. Hppanuonasbubie HHCIAa W HX TNPHOMMXKEHHBIE 3HAYeHHs.
Yucaa nensie ¥ LpobHble HOCAT obulee HA3BAHME PALUOHAABHBLX HHUCEI.
Besikoe  pauyoHanbroe 4MCAO MOXeT GbTh 3aNMUCAHO B BHAE KOQHEYHOMH
necg_xwm@/gpodn HAM B BHAe GeCKOHEUHOH NEepHOAHYECKOH AeCATUYHOH
npobu; necATHuHLIE OeCKOHEeUHble HenepHoiHYeckde JApOoOH Ha3bIBAOTCH
uppauuonaﬂélmn‘qmmmm YHC/IA CAYHAT MEPOR BeMUMH,
COM3MEPHMbIX C elMHHUEH, RppaudoHafpHbie YUCIA — MEPOH BEAHYMH,
HeCOM3MEDHMBIX € €auBHLuel ©),

VppauHoHanbHOE YHCNO CUMTaeTcs u3secmustsm (MIH OGHHWM), ecan
yKasaH ¢noco6, MNOCPEACTBOM KOTODOFO MOXHO HaxoAuTb J106oe 4MC/IO
€ro HEeCSTHYHbIX 3HAKOB.

OOphiBasi Ha KaKOM-HUGYIb NeCATHYHOM 3HaKe GECKOHEYHyIo AecATHu-
HYI0 OPOGb, BHIPAMKAIOUWLYI0 JaHHOE (PallMOHAJbHOE WY HPPALHOHANLHOE)
4YuCNo, NONYyYaeM NPUOAUINCERHOE 3HA4eHue 3TOTO UNCIA ¢ IMOYLHOCMbIO
do 0,1, 0,01, 0,001 u 1. n. ¢ Hedocmamwom. Ysennuunasd Ha 1 nocien-
HUH COXpanEHHbI JeCATHYHMM 3Hak, noayuyum npubarmxéHuoe 3Hayedue
JAHHOTO 4YHC/AA C TOR e TOUHOCTbIO, HO € U436bimxom.

INpamepni.

1
1) 3anuceiBa® UMCAO —- B Bile GecKOHeuHOH mepuoxnieckoft npoGu

0,33333... M cOXpaHfifd MepBHE 4YeTbipe NECATHYHLIX 3HAKA 3TOA ApOOH,
1
nosyuuM HPHOIHMEHHOE BHAYEHHE YHCIA —3~ € TOYHOCTHIO 1O 0,0001 ¢

nepocratkom: 0,3333.
TpuGnukdHHOe 3HAYeHHe 3TOro uucaa ¢ TouHoctsio o 0,0001 c us-

6niTkoM ects 0,3334.

1) [leAcTBHTE/IBHO, B CJIydYae COM3MEPHMOCTH Mhbl BCETJia MOTJH Obl MONYYHTDb
TOUHBIH pesyabTaT K3MepeHust B BHAE OOnKHOBReHHOH apofu. OCpaTtus 3Ty
OBGLIKROBEHHYIO APOSH B JAECATHUHYIO, Mbl Bhlpa3HlA Obt pe3sysbTaT H3MepeHHs
p Buje HAecaTHunol - gpo6u. Ho gdbikHOBeHHas [polb, ofpamiaCh B OeckoHeu-
HYI0 JeCATHUYHYWO, HaéT BCerRa [epHOARYecKyw Apolb. B caydae e Hecous-
MEDHMOCTH R3MEpSieMOro OTpe3Ka OeCKoHeYHass JlecsiTHuHag [pobb HE MOXKeT
OKA3aThCH MEPHO;IMYECKOH, TaK KaK, eCnd Ob oHa Obuia Takod, TO €8 MOXHO
6u20 6bl OOpaTHTh B OOKKHOBEHHYO, . Toria Ohl  3Ta  oObIKHOBeHHasi JpoOGb
6Luia 6L TOUHLIM DE3VJbTATOM H3MEDIHHA, @ TAKOFO PE3yJbTaTa He MOXer ChTb
B CJydYae HECOH3MEDHMOCTH. 3HauHT, B 3TOM cJydae OecKoHeuHasi JeCfiTHUHas
Apo6b LoMKHA OhITh HerepHOAHYECKOH.

%) JlaTauckoe cnoso ratio o3HauaeT oTHowenHe. PanHoHanbHME HHCIA — Te,
KOTOpble MOryT OuiTh TPEACTaBJeHn B BHAE OTHOLIEHHS J[BYX UGJHIX YHCeJ,
HpPALHOHA/bIbIE — T€, KOTOPhie B TJKOM BuJe NpeAcTapjesbl OuTb He MOryT,

- 7



2) lppausoHaasHOe 4HCIO T, BEIPAXKAIOUIEe OTHOIICHHE IJIHHB OKDYIK-
HOCTH K AHAMETPY, 3aMACHIBAETCs B BHIE GeCKOHEYHON NecaTuyiHoR apolw,
nepsre 25 3HakoB KoTopol cyTts: 3,1415926535897932384626433.

IMpuGan:kéuHHe 3HAYEHHa YHcaa T ¢ TouHocThio ;o 0,00001 cytb
3,14159 (¢ memocrtarxkom) u 3,14160 (c n3buiTkOM).

3) BosbMéMm MppalMOHAJBHOE YHCJIO, BHpaxaloueecs caeayiouelt Gec-
KOHEeuHCH HemepHonMuecKoR mecsitHuHON Apo6bio:
123,101€010001C0001000001C00CO0Y ... (mexay nBYMA MOCHeNOBaTeb-
HEIMH eQMHMLZMH CTOMT OJIMH HyJdbh, NOTOM LBA HYJAS, TNOTOM TDH Hyad
uT. 4.

TTpuBauxaunsie 3HAYEHHUS ITOr0 HPPAUOHANLHOTO YHCIA C TOUHOCTHIO 10

0,000000000001 (r. e. 10 W‘Jﬁ) cyts 123,101001000100 (¢ HemoctaTkom)

n 123,101001000101 (c n3GHITKOM).

9. PaBeHCTBO H HEPABEHCTBO MEXAY HPPAHHOHANBHBIMH YMC-
JamMd. BenlecrsenHble uvchga. JIBa uppauuoHanbHHX UYHMCAA CYHTAKOTCA
PaBHLHIMH, €C/M OHH BHIPAXX€Hbl JECATHYHBIMH APOGSAMH C COOTBETCTBEHHO
oanHaKoBuMH uudpamul). 3 AByX NONOKHTENbHWX HMPPALHOHANBHBIX
ykcea GOJblIEe TO, KOTOPOe MPH Pas3/iOKEeHHH B AeCATHYHYIO Ap06b comep-
#HT B ceGe OGonbllee YHCAO UEAbIX, MAM — NPH DAaBEHCTBE WENBIX —
Goabluee YHCIO JHAECATHX, HAM — NPU PABEHCTEE UEABIX H HECATRIX —
6oabuiee YHCAO COTHIX, H T. A. Hanpumep, uncno 2,745037... Goapiwe
yucaa 2,745029..., Tak Kak B RepBOM 6-1 nudpa BHIPAXKAET YHCAO
Goaewee, ueM 6-1 uudpa BO BTOPOM NPH TOMEESCTBEHHOCTH BCEX mpe-
ABAYUIHX uudp.

3To onpenenenHe CORUTCH TAKXKEe W AN CPABHEHUR UPPALUUCHAIBLHOIO
YHUCJaa ¢ PALMOHANBLHHIM, €CIM PALHOHAJIbHOE YKCIO PA3NOKEHO B JeCATHY-
Hy©o npo6b. OHO NpUroaHO M ANA CPABHEHUS IBYX PAUMOHAJIBHBIX 4HCeN,
PA3JOMEHHHX B JecATHYHEIE NDOOM, eCau TOALKO HeCATHYHHE Apo6H
c nepronoM 9 3aMeHATH NECATHYHBIMH APOGHAMH, KOHYAIOLIUMUCH HYJISMH:
HanpuMmep, Haxo BMecto 2,39999 ... 6pars 2,400000....

¢ 3ameTaM, YTO H3 NPHBELEHHOrO ONpeje/ieHHs HEPABEHCTB C/eNyerT:

Ecan @ — Kakoe-HHGYAb HPPALHOHANBHOE YHCIO, Q — Kakoe-HHGYAb NPHOIH-
KEHHOE 3HAYeHHEe YUC/IR G ¢ HEXOCTATKOM, b — Kakoe-HMGYAb DPHGAHXKEHHOE 3HA-
YyeHHe YHCNA ¢ ¢ H3OLITKOM, TO

ala (b

Hppaunonanapibe 4HCIa MOTYT GHITH NOMOMHUTEABHLIMM M OTPHLATEL~
HHMM, COOGPA3HO CO CMBICTOM H3MepsieMOH BemuuwHH. Kak u B cayuae
pa’uHOHaanmx HHCeNl, H3 ABYX OTDHUATCJbHBIX BEUIECTBEHHBIX YHCeJI
GObLIMM CYHTAIOT TO, y KOTOPOro abCO/MIOTHAR BeNHYMHA 2) MeHblue;

1) [ra paBHBIX PAGUOHAALHULX YHCHA MOTYT HHOr12 BLIP2XAThCA HEOAHHAKO-
EBIMH LHGPaMH, HMEHHO ToOrfa, KOria OfHO H3 HEX eCTh HePHORHYECKAn APOGH
c ne;;uonom 9. Tak, 0,999... =1, mmu 2,3999... = 2,4.-

) [lAA ¥ppaNHORAJIbHWX HHCEA AGCOLIOTHAS BeAHUMNHA OnpefieIAETCA TaK Ke,
KaK [/l DallHOHAaABHLIX,

(3]
(&S]



!
Beaxoe OTPDHUATEJIBHOe HIIC/IO MeHbilleé HY/d, a4 HYab MeHblie BCSIKOro
AONOXHTEABLHOIO 4HlAaAa.

pallHOHaJ'leb[e A HPPAUMOHAJABHBIC ™MHCJAA BMECTE HA3LIBAIOTCA BEHICCTBEHHLIMH,
M3 KeACTBUTEAbHBIMH, YHCAIMH.

10. Onpepenenve peficTBMi Haj HPPAUHOHAJILHBIMA YHCHAMH,
IMycte a n B 6yayT kikue-HEOYAb AaHHBIE TIOJOMHUTENbHEE HPDALHO-
HanbHbe wucaa (B HukecnenyiouieMm npumepe =713, PB=}/2). Ilycrs
OpnOAMmKEHHbIE 3HAYEHUA WHCeN C M [B, B3fTHiE C HENOCTATKOM, OYAYT:

Ao X0 RO Ao

0,1 | 0,01 {0,001 |0,0001
AAA 4YHCHIA @ | 1,7 l 1,73 I 1,732il,7320
ana wnena 8| 1,4 ] 1,41 1,414!1,4142

CooTReTCTBYOMIME NPHOIHKEHHBIE 3HAYEHHS C H3GLITKOM NONYYAKOTCH
K3 3THX dYHCe] NOCPEACTBOM YBEAWUEeHHA MOCACAHETO JZECATHYHOrO 3HaKA
Ha 1.

Torama: a) Chaoxure @ u P — 3daunT HallT YHCIO, KOTOPOEe OO Ghi

H MeHbille KaXAOR H3 cymm:

1,84-1,5=3,3
1,7441,42=3,15
1,7334-1,415=3,148
1,732141,4143=3,1464, 1. e.;

6oable KawAOH H3 CyMM:

1,74-1,4=3,1
1,734+1,41=3,14 ~
1,732-4+1,414=3,146 =
1,73204 1,4142 =3,1462 u 1. n.

CAOXKHTD ¥HCAZ @ H £ — SHAYHT HAiTH TaKOe TPeTbe WHCAO Y, KOTOPOE GHa0
611 Goapiie CyMMbl NIOGHX NPHOAMKEHHLIX MX AHAUCHHHA, BINTHIX C HENOCTATKOM,
HO MeHpillle CYMMbl AIOGbIX QPHSAMEEHHBIX 3HAYCHHN, BanATbLIX C H3CGHITKOM.

Mpu1 npunnmaem 6e3 n0Ka3aTesbCTBA, YTO TAKOE HHCAO T AMA JHOGHIX
OBYX BCIUECTBEHHBIX YHCea O M B cymecTByeT, M NPHTOM TOJLKO OJHO.

6) Beps nmpnOAMKEHHBIE 3HAYCHHA uMCeJ O W [, yxasaHHule Bsiie,
MBI MOXKEM CKasaTk, 4TO npouaBefenne a-f €CTh uncno, Koropoe

6oablIe KAXAOrO H3 NpOoH3Be- H MEHBIIE KaXAOTO H3 NpPON3BC-
renni: | aenunfi:
1,7-1,4=2,38 1,8-1,56=2,70
1,73-1,41=2,4393 1,74-1,42=2 4708
1,732-1,414=2,449048 1,733-1,415=2,452195
1,7320-1,4142-=2,44939440u 1. 1. 1,7321.1,4143=2,44970903, 1. e.:

MepeMHOXHTD ROJOXKHTENbHBE YHCAZ G ® B—-auaqm HafiTH TaKoe Tperhe
YHCAO, KOTOPOE 6bin0 6b GOSLIIC NEOHIEEIEHHA HX MOJISIX MNPHOGAMIKEHHBIX IHAaYe-

HHH, BIATHIX ¢ HEAOCTATKOM, HO MCHLILC
3HAYEHNll, BIATHIX ¢ MIOBLITKOM.

O0M3BEACHNS HX NOOKX nPHOAHMEHHRNX
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Mu NpHMEM Ges JOKA3aTeJIbCTBd, YTO TAKOe YHCAO CYiUeCTByeT, #
NPpHUTOM TOJIBKO OIHO.

B) BO3BHCHTL APPALHOHANBHOC YHCJO O BO BTOPYIO, TPeThio, uerné;_a:ryno T A
CTeNeHb — 3IHAYHT HANTH NpOU3BEREHHE, COCTaBJCHOe K3 HABYX, Tpex, HeThipEX
i T. A. COMHOMXHTeqel, PABHBIX C.

r) O6paTHbie OCUCTBHA OMNPENLNAIOTCA JAN9 HPPSLHOHANBHBIX yHCes
TaK e, KaK M JJ8 PalldOHa/JbHBIX; TaK, BHYECTh H3 YUCAA O uMcao P —
3HAYMT HaHTH TaKoe 4YMCAo X, uToOn cymma f4-x pasHsjiack @ ¥ T. T

Ecan omHO W3 4Mcen @ M P — PaLMOHANBHOE ¥ BBIPAXaeTcy Koneu-
HON neciTHYHOR ApOOGBI, TO B YKA3AHHEIX ONpese/ieHHAX BMECTO MpH-
GAMKEHHBIX 3HAYeHHH TaKOro uMcjaa Haao OpaTh ero TOYHOE 3HAaueHue.

IpouseeaeHHe MPPALHOHAJLHOTO YHCAA HA HYJb NMPHHHAMaeTcs, Kak
¥ I8 PalMOHAJTLHOrO UYNC/d, PAaBHBIM HYJIO.

JleficTBYS HAl OTPULATENBHBIMUA HDPALHOHAJIBHEIMU YHCTAMY IPOH3BOAAT-
CH COrNacHO TpaBHAaM, AaHHBIM ANS PAUKOHANbHBIX OTPMUATEAbHLIX YKCEN.

Ilpn Gosee OOCTOATENLHOM DPAaCCMOTPDEHHH MOXHO YCTaHOBHTH, 4YTO
OJelicmeun Hal UpPARUOHAABHBMU HUCAAMI 00AGOAIOM MmeMU dice C80oU-
cmeaMu, Kaxue npuradqescam Oelicmsusm HAO HUCAAMLE PALUOHAAL-
HWLMU; HanpUMep, CIOXEHHe H YMHOXeHHe o6manmaloT CBOHCTBaMH iepe-
MEeCTHTENBHEIM M COYeTaTeNbHEIM; YMHOXEHHe W JeJIeHHe, KpOMe TOro,
obnanaoT ewld pacnpeneNuTensHBIM cBoHcTBOM. CBOHCTBa, BHIpaMaemue
HEPABEHCTRAMHA, TAKH(E COXDPAHAIOTCH AN YUCEA HPPAUMOHANBHHX; TaxK,

ectn a>P, o a-t1>P4y, ay>Py (ecmm {>0) v ay<<By (ecunm
7<0) u T. I

11. WUsBaeuyenne Kopus. Onpenenenwe. Kopuem n-fi cmenenu
U3 HUCAQR O HA3LGACMCS MAKOE HUCAO, KOMOpoe, 6YOy4u B03BbLULEHO
8 cmenexs 1, oaém a.

KopeHb n-# creneHu ua uucna g 0603HAYACTCH TAK: ’Va. H3 camoro
onpenenenus cremyer, uto (y a)'=a. _

OTO DaBEHCTBO MONET CAYXHTh IJS MPOBEPKH NPABHIABHOCTH NpPO-
#3BcAEHHOTO NEeHCTBUS HBBJeueHHA KopHA. [lycTn, Hanpumep, Mbl HaLUAH,

11/ 9nia
yro 'Y/ 2048=2. s mpoBepku BOZBHICHM 2 B OIYHHANIATYIO CTeNeHb,
noayunM 21=2048. 3HaunT, KOpeHb HakaeH npaBuabHO. TOYHO Tak

xe :/39,0625=2,5, TaKk Kak 2,5%=39,0625.

12. HprGanmeEnuste kopuu moGok crenenn. B yueSunke aare6pu
mns VI—VII xnaccos Bapcykosa (§ 96) nano nousTHe 0 NPUGIHNKEHHOM
KBaJpaTHOM KOpHe € TouHocthio A0 1; 0,1 m T. n. Crasannoe o xsaz-
DPaTHOM KODHE MOXET ObiThb NPHMEHEHO K KODHIO BCAKOH APYroft cTemeHil.

P 3 oy
Hanpumep, npuGMMEHHLIM 3HaYeHHEM /2 C TOYHOCTBEIO QO 'f(l)f) Hasbl-
BAETCY TaKadA NCCATHYHAA NPOOL, COCTORIUAS M3 LEAMX, OECATHIX H CO-
THX, Ky0 KOTOpOH He Gonnwe 2, uo ecnu yBeAHUUM e Ha T(l)ﬁ H BO3BBI-

chM B KyG, TO moayunM Goabie 2. Mu He OyieM BHIBOLHTH npasuaa
A/ HAXOKICHUA TOYHBX H NPUOIMKEHHBIX KOPHEH KyOMUHBIX M ADYruX
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cTemeHet!, OrPaHHYMMCA TOMBKO YKA3aHHeM C/CAyIOUIEro MpoCTOro npué-
Ma IS HaXOMXJAEHHS TaKHX KODHeR.

Ilycte TpeGyeTrca Ha#iTH ‘2/2. FHpuGamxéunne KOPHH € TOMHOCTHIO
no 1 6ynyr, oueBunHo, uncna 1 (c vemocratkom), 2 (¢ u3GHITKOM), YTO-
6bl HallT LUGPY J2CATHIX [0Nel HCKOMOrO KOpHA, HalnéM B paay:
1; 1,1; 1,2; 1,3; 1,4; 1,5; 1,6; 1,7; 1.8; 1,9 nBa Takux psIOM CTOSLIHX
yycaa, urobbl KyG JieBOro uuciaa Ownl MeHbuwe 2, a Ky6 1paBoro —
Gonbiwie 2. JA 3TOrO BO3BMEM W3 uucen - Hamwero pana cpemsee 1,5 w
BO3BHCKM €r0 B Ky6. Mu natnem: 1,5%=3,375, uro Goabme 2. Tak
KaK uucna, crosmne Hanpaso or §,5, npu BO3BhILEHWH B KY6 OaOT pe-
3ynbTaT e 6oabluHuifl, TO MBI MOXeM OTOPOCHTH BCIO MPAaBYHO NOMOBUHY
pana u ucmuTaTh TOABKO umcaa: 1; 1,1; 1,2; 1,3; 1,4,

Boabm#m cpennee u3 Hux 1,2 u Bosseicum B Ky6. IMomyunm 1,728,
41O MeHbuie 2. 3HAUUT, MCIBITAHHIO NOMJIEXKAT Tenepb TOMLKO umcaa 1,3
u 1,4. Bossnicns B ky6 uucno 1,3, noayuum 2,197, uro Gonpme 2. Mu
nonyuuan, Taxnm oOpasom, nsa uncaa: 1,2 u 1,3, xoropwe pasusrtca
mexay co6o#t Ha 0,1 M Mexny KyGamMu KOTODBIX 3aKJIOM3ETCHd YHUCIO 2,

310 u O6ynyt npubanx€HHBE KyOUYHNE KOPHH H3 2 ¢ TOYHOCTBIO A0 —110-

C HENOCTATKOM M C H3OLITKOM.

Ecan xenaem Ha#tTH UKWDY COTHIX, MBI HO/DKHBI MCMBITATL CAELYIOLIME
qucna: 1,21; 1,22; 1,23;...; 1,29. Baas B 3TOM psay cpexHee 4HCho
1,25 ® BO3BHICHB ero B KyO, Hattmém 1,253=1,953125, uto Menbwe 2.
3uaumnT, Tenepb Halo MCOLITATH TOAbLKO umcaa: 1,26; 1,27; 1,28; 1,29.
Tak kak 1,25% oueHb Mamo pasHMTCR OT 2, TO eCTECTBEHHO NONPO-
6osaTh, He Oyner nu 1,263 Goanme 2. M ReHCTBHTCJALHO, BO3BHLICHB

1,26 B ky6, noayunm 2,000376. 3uauur, HCKOMBIR KyGHUeCKHUH KOpeHb
1

#3 2 ¢ TOYHOCTLIO OO 106 6yner 1,25 (¢ Hemocratkom) uau 1,26 (c u3-
GriTkoM). Ecau Oul MBI Xenann ganee HalTH UPY THICAYHBIX, TO KOMKHEL
GhiAM Obl MOROGHBIM e NYTEM HCNLITATh YHcaa psxa: 1,251; 1,252;
1,253; ...; 1,259,

KoHeuHo, NpHéM 3TOT yToMUTeneH (CyllecTBYIOT Bojee yao6Hble cno-
co6ei) 1), HO ¥3 HerQ fAICHO BHAHO, YTO JHECATHYHHE IMDPB NPUGIAKEH-
HLIX KOpHeH mo6o#t cremeHH MOryT OHITL HafAeHH B KaKOM YTOIHO
GOJILILIOM HUHCJIE. '

Ina %/2 MH TOAYUHIH OpPHOJIMKEHHKBE 3HAYEHHH C HEe/OCTATKOM;
1; 1,2; 1,25; 1,259; .... |

CocraBuM GeCKOHeUHyIo AecaTHdnyio npobs 1,259 ... . D1a 6eckoney-
yaw [eCATHYHas Apobb BbIpamaeT COG0R HEKOTOPOE MPPALMOHAIBHOE YHUC-
no o, a uscaa: 1; 1,2; 1,25; 1,259, ... npeacrasasior co6o# npubammés-
HBIC 3HAUYCHHA HPPAUHAOCHANBLHOIO 4YHCna a4, B3SATHIE C HENOCTATKOM.

Ky6 MppauHOHAaJAbHOTO 4YHCAZ @ ecTh 2. YTo6u yGemuThcs 8 3TOM,
BCTIOMHUM, YTO Ha3uiBaeTca KyGOM HPPaUMOHANBHOIO 4yucaAd «; a3 — 310
yHCa0, YOOBNETBOpsiIOWlEEe [IBYM YCJIOBHAM; OHO OJoapumie kyba no6Goro

1) Kopuu mofbrx cTemeHell BeCbMAa NPOCTO BHYHCJAMOTCR, KaK Mbl  YySIJIHAM
o3)Ke, MOCPCACTBOM JIOTAPHOMIIYeCKHX Tabmuu,
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NPUOMKKEHHOIO 3HAYEHHA ¢, B3ATOTO C HEJOCTATKOM, M MeHble KyGa
J060T0 NPHGAMXEHHOTO BSHAYEHHMA «, B3aToro ¢ H3GuTKOM. Ho umcao

Y2 srum YCIOBHAIM YAOBJETBOPAET, TaK KaK

12P<2, (1,2)°<2, (1,253 < 2, (1,250)3<2, ...
2352 (1,3)> 2, (1,26)3> 2, (1,260)°>2,...

3Hauut, UppaunonansHoe yucao 1,259 ... ecth KyGuueckut kopens 2.

Urax, nocje BBeLeHHS HPPaUHOHANLHLIX 4HCeN 3a0a%a u38ae4eHUR
apugmemuieckozo KOpHA a060l cmeneru u3 4106020 ROACHCUMEABHOZO
HUCAQ@ B0 BCEX CAYHAAX pPA3PEUUMA’ TAKOH KODEHb BCErla CyIIeCTBYET,
H NPHTOM TOJBLKO OIWH. )

3ameqanue. HeHCTBHE H3BJEUEHUS KODHAl  SBJIAETCA HCTOYHHKOM
MHOI'OUHCJIEHHBIX NPHMEPOB HPPAUHOHAALHBIX YHCEN, KOTOPHE NPUXOMHTCA
paccMaTpHBaTh B Kypce 3/leMeHTapHOH anre6pu. OaHako Gelio 6w rpyGoft
omM6Kof AyMaTb, 4TO BCE HPPAlMOHAJbHBEIE YMCIA SB/SIIOTCH KOPHAMH
H3 DAlMOHANBHHIX YHCEN HJIM CBOMATCH K 3THM KOPHSM TIPH TOMOLIH
_anre6pauyeckux JHeficTBuift: cymecTByeT 6eCKOHEYHO MHOTO HPPAUHMOHAML-
HBIX YHCeJ, KOTODHE He SHBIAOTCS KODHSMH HHKAaKO#f CTENeHH HH H3
KaKOro pallMOHa/JbHOFO YHCJAa M KOTOpHe BOOOIie HE MOryT OHTb NoJiy-
YeHbl MOCPEINCTBOM ajre6pauyecknx JHOeHCTBHA (CNOMEHHA, BLIYHTAHMS,
YMHOX(EHHUsl, A€JICHHH, BOSBENCHHA B CTeneHb, H3BJAEYEHHS KODHA) Ham
PalLMOHANbHEIMK YHCJIAMH, B KAKOM OHl YHc/Je, B KAKOM Obl MOPSALKE H Haj
KakuMH Obl DAlUHOH3JNbHBIMH YHC/IaMH MH STH AefiCTBMA HH COBepLIAJIH.
[IpumMepoM TaKOro HPPALMOHANLHOIO UHC/AA MOMET CAYKHTL YKCJIO TN,

IV. MNIpeoGpasoBanne HPPALHOHAJBLHBIX BLIpPAKEHHI.

13. PaunoHaJbHBE H HppauHOHAaJbHbIE anreGpaHyecKHe BhIpa-
JKeHHUsl. AnreGpaHuecKoe BHDaXKeHHe HA3LIBACTCR PALUOHAABHBM OTHO-
CHTeNBHO KakKOH-HHOYAb OYKBH, BXOIfIIEH B STO BHIpaXKeHHe, eCIH 3Ta
GyKBa He HaXONWTCA NOJ 3HAKOM DAAHKa/la; B NMPOTHBHOM C/ydae BLIPaKe-
HHe Ha3bIBAETCA UPPAUUOHANLHLM OTHOCHTENbHO 5TOH Gykenl. Hanpumep,
Boipaxenne 3a-2)/ X ecTb panMOHA/IbLHOE OTHOCHTEIbHO @ M HMPPalHO-
Ha/JIbHOE OTHOCHTENLHO X,

Ecan  rosopst — ,panuoHansHoe anreBpandecKkce BHIDaXeHHe®, He
106aB/1AR OTHOCHTENbHO KaKHX OYKB, TO MPEANO/Araercs, 4TO OHO pa-
LHOHA/IbHO OTHOCHTENLHO BCeX GYKB, BXOMAIMX B BHIPAXKEHHE.

14. OcHOBHOe CBOWCTRO pajHMKala. 3aMeTHM, uTO KOPHM (pazu-
Kajbl), O KOTOPHX Mb OylleM TOBODHTbL B 3TOH IJdBe, PA3yMeEIOTCA TO/b-
X0 apugmemuueckue. BoabMEM Kakofi-HHOymb panukan, nanpumep 3/ a,
M BO3BLICMM MNOJKOPEHHOE YMCIO B KaKyl-HHOYLb CTeleHb, Hanpumep
B KBaJPaT; BMECTE C TeM YMHOXHM TOKasaTe/lb pPajukana Ha NoKasarenb
TOH CTeleHH, B KaKYI0 MM BO3BHCHJAH NOAKOPDEHHOE YHCNO, T. €. B Ha-
1ieM CIyyae YMHEOXUM Ha 2. TOrna noayuuM HOBEIf PaauKan: W. Io-
KaweM, YTO OT 3ITUX ABYX ONePAlUHH BeJHYMHA PafHKAA3a He H3MEHH/IACh.
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3,
[TpeInoNOKHM, YTO Mbl BbIYHCIMIIH Vanu NONy4YuaH HEKOTOpOe YH-

3
cro x. Toraa M MOXEM HamHcaThb PaBEHCTBA: X= Van x3=a, Bospu-
cHM 00e 4YacTH NOCJAEXHEro pPaBeHCTBa B KBaupar: (x¥%)2=a? T. e. x®=q?%

har:
Ms nocieauero panencrsa Buano, uro x= V g?. 1aKuM ¢GpasoM, omo

3 6 3/~ 6,
# TO e YHCIO X paBHO U V a,H ¢ a?; clelORATENLHO: /a=/a’3.
IMono6so 3TOMy MOMHO yOeRWTLCH, 4TO:

r— 4y 6, 8/
Va=V a2= v a3 = /a4= ey
3/~ 6,7 95— 1o/
.Y m= /rn‘:/m6= Vims—= ... ;
'y 6
Vidx=V (1+x2=V (1+22=....
Benuqnua palMKajJa He U3MCHHTCH, eCAH MNOJAKCPESHHOE BLIDAXKCHHE BO3BLICHM

B KaKylo-HHOyAb CTeneHb H BMECTE € TeM M10Ka3aTenb PanMKala YMHOXKMM HMa MoKa-
3aTeab TOH CTefeHH, B KOTOPYI0 BO3BbICHAN MOXKODEHHOE BLIPaXEHHE.

IIpaBrio 3TO KOpOYE BHPAXKAIOT €IlE Tak:

Beanuuna panukana' He H3MEHHTCd, €eCJdH nNOoKa3aTeNls KOPHA H noxasareab
NMOJAKOPEHHOI' O BHIPANKEHHA YMHONHM (MAM PA3NENHM) H2 OAHO H TO K YHCAO.

Caedcmeus: a) Paaukaisl pasHbiX CTeNeHell MOXHO NPHBECTH
K OJWHAKOBBIM MNOKa3zateJsaM (nogofHO TOMY Kak APOOH C pPasHBIMA
3HAMEHATENAMM MOXKHO NPHBECTH K OIHOMY 3HamenaTenw). Has artoro
JNOCTATOYHO HaHTH oflliee KpaTHOe (/My4ille BCEro HaMMEHbilee) MOKa-
3aTelefl BCEX_ PAIHKAaIOB M YMHOXHTb TOKA31TeMb KAaMKAOTO M3 HMX Ha
COOTBETCTBYIOI[HHA AOJOJHHTENALHEIR MHOMXHTENb, BO3BHICHB BMECTE € TeM
Kaxwaoe IMOAKOPDEHHOE BbIDAMXEHHE B HaLJeXKallYIo CTeleHb.

— 3~ e/—
Mpumep. Vax; V a?; V x.
Haumenblllee KpaTHOEe noxasareled PajKKalOR eCTh 6; NOMOAHUTEJb-

Hple MHOWUTEnd OyayT: s Mepsoro paguxaia 3, Qs BTOPOro 2 u iJa
rpetvero 1. Torna:

— 6 6/~ B3/ 6/ 6, 65—
Vax=V (ax)3=/a3x3; v =1y (a%)= /a"; v X.
6) Ecou nogxopeHHoe BhIpaxenue eCTb CTENEHb, MOKasaTeldb KO-

‘TOpaii  MMeeT oOOUHA MHOXHTENb C MOKA3ATENEM pajMkana, TO Ha
9TOT MHOXKHMTEJb MOXHO pa3feantbh 00a nokasaTeds.

Mpuvepst. 1) §/76_¥ % 9) V{(1£xp=1"15 x.

8) Ecau nojxkopesHce BbipaleHUE €CThb NPOH3BENeHHE HECKOJbKHX
cTeqeHeil, MOKa3aTeJH KCTOPHIX HMEWT OMiH H TOT e oGmuii MHo-
KHUTeJb C NOKA3aTENEM pAAYKAAA, TO HA STOT MHOKHTENb MOKHO
pas3lleJMTh BCe TOKA3aTeJH.

Npumep. §/goers—V (2a%0)* =V 2ax.

15. Hseiederre apHPMeTHYECKOTO KOPHA U3 [POH3BELEHHS,
H3 CTeneHd W B3 Anodd., a) [lycTe Haxo wu3sBjJeun apudMeTHYecKuit
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KOPeHBb CTeNeHH n K3 npowuasefeHnst gbc. Ecam On TpeGoBasoch NpOU3-
BeJIeHHe BO3BLICHTL B CTeleHb, TO, KaK MBI BHIENH, HanO OHIO OBl BO3-
BHICMTh B CTereHb KawIbl COMHOXHTeNb OTHenbHO. TaK Kak H3BIeyeHHe
KODHS eCTh ne#icTBHe, OOpaTHOe BO3BLIMIEHHIO B CTENEHb, TO HAAO OMWM-
IaTh, YTO W NAS HM3BJEUEHHS KODHA K3 NPOH3BENEHH HAaNO H3BJeEYb €ro
H3 KaXJOTO COMHOXHTENS OTAENbHO, T. €. YTO

nS. AT ST on
Vabe=Va Vb -Ve.
YT1o6s y6eauTLCS B BEPHOCTH 3TOrO DaBEHCTBA, BO3BHICHM NPABYIO
93CTh €ro B CTeNeHb 1.

Va-¥b -V =(Va)y (Vo) (Ve
Ho, mo onpenenennio xopua, (Y a)'=a; (Vo) =b; (Ve¢)y=c.
Cnenosarensho, (Va Vb ¢ Jr=abe. v

n/yS—n/Son
Ecau xe 1-9 CTeNeHb NPOH3BENeHHS V a l/b ¥ ¢ pasna abc, 10 310
SHAYHT, YTO NpPOM3BELEHHe 3TO DABHO KOPHIO .n-f cremeHd us abc.
3HayHT:

¢ Yro6hl H3BJACYD KOPECHb H3 NPOH3BCACHHSI, HAJ0 H3BJCUb €M0 H3 KaXJ0ro
COMHOHTCAR OTACHBHO H PE3YAbTATH NEPEeMHOXKHTD.

6) Jlerko y6eiuThCst OPOBEPKOH, 4TO Va‘=a2, noromy uro {a%)°=q4;
V x1®=x%, noromy uto (x%)°=x'% u 1. W
oS
JBoo6me: v a™=a™, noromy uTo (a™)*=a™*. 3Hauur:
Yy

TOGBI H3BAEUL KODPEHb M3 CTEANEHH, TIOKA3aTelb KOTOpOﬁ NeNUTCA Ha NOKaaa-
TCAb KOpHS, BARO PA3NCAHTDH noxaaa'rem: CTENCHA HA TMOKA3aTeNAb KOPHA.

B) Bepuret 6ynyT Takxwe M chaenyolide PaBeHCTBa:

5 V9 3 (_3_)2 B 9.

—E——l/—l_ﬁ'——&—, NOTOMY 4TO 4 42 = 16’
3 r g Y8 2 2 )3_ 2 8

= Ts = MOTOMY YTO ( 3 3 97"

—_— n n n n/—\n -
BooG _" a Y a v a _ (/ a) . a _
oobe: — =————, NOTOMY UuTO vy (',’/—'"— A
b b)
Yro6m n3BNEYL KOPEHb M3 JPOGH, HAZO H3BJIEYL €r0 K3 YHCAMTEJN H 3HaMe-
HATENS OTAEAbHO M NEPBHIA DE3yAbTAT DA3NEHTH HA BTOPOH.

Hpuvepn. 1) V92305 =V'9 VsV ps=242p3;
9) V'125a°%° = V125 V 38 V x*=5a2x3; 3)1/ Sarb? . 2ah

9cxls  3ode
16. l]pocTeumue npeoGpazoeanusi paauxa’nos. a) Bomeceune
MEOXHTEJiell 32 3HAK KOpHs. EcaM TOMKOpeHHOE BHIPaXeHHE pas/iaraer-
Cd Ha TAKHe MHOXMTENH, 4TO H3 HEKQOTOPHIX MOXHO H3BJ€Yb TOYHHH KO-
peHb, TO TAKHE MHOXHTEIH, MO H3B/ICUCHHM U3 HHX KOPHI, MOTYT ObITb
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HATIMCAHB Tiepen 3HAKOM KOPHA (T. e. MOTYT GHTh BHHECEHH 33 3HAK
KOpHA); Hanpumep:

D Va=Vda=VaVa=aVa; 2) ¢/ 16xi=} 8x3.2x—2x}/ 3%.
6) IlonBeneHre MHOXHTEJEA mnox 3HaK KoOpHA. HHorma OwrBaer
Mo/Je3H0, HAo00pOT, MO N BECTH NMOK 3HAK KOPDHf MHOXHTENH, CTOSILHe
repex HAM; BJA 9TOTrO AOCTATOUHO BO3BHICHTb TAaKHE MHOXHTENH B CTe-
neHb, NMOKa3aTeJb KOTOPOM paBeH NMOkA3aTeNi0 KODHA, 4 3aTeM HAMUCATDL
MHOXHTCJ/H MO 3HAKOM KODHS; HanpuMep:

1) a*Va=V(a>)a=V a*a=Va5;
2) 2x V x=3 2x)Px="Y 8x°x =y 8x~.
B) OcBoGoXfeHHEe MOJKOPEHHOr0 BLIPAXKERWSA OT 3HaMeHaTesed.
[ToxaxeM 3TO Ha CJAeNyOIMX NpHMepax:

3x
1) 1/5— YrofH M3 3HAMEHATENSt MGWHO OGN0 W3IBAEYL TOUHHA

KBaIPAaTHHN KOPCHb, YMHOXUM 00a uieHa apobu Ha 5:

1/3x ]/3xs l;li: V?=%Vﬁs}.

2) ———.. YMHoxuM 006a uneHa npo6m Ha 2, Ha @ uw Ha %, T. e,

2ax
Ha 2ax:

an V 6ax _VBax 1 _
2‘”‘ 4adxt 1,‘4_02;‘4‘ T ooyt 2ax? bax .

Sameuanue, Ecin Tpebyerca wu3aRledb KOPeHb' H3 anrebpaudeckodt
CYMMBbl, TO HE/b35 M3BJICKATH €r0 M3 KaXWIOTrO CllaraeMoro NTHEJbHO.

Tax: Vo116=V 25=5, torma xak V94V 16 =344=7; snaun,
AeHCTBUE H3BJCUEHN KODHS NO OTHOWEHHIO K CHOXEHHIO (# BBIYUTAHHIO)
He obaadaem pacnpedesumenbusiy Ccsolcmeor (KaK M BO3BHIIEHUE
B CTETEeHL).
Ynpascnenusn.

BulHECTH MHOMXHTENH 3a 3HaK panukana.

. Va5 Véa's' V50asboe®; ¥ 16as.
12. V‘_;}, V3‘2; V‘g V 60; Vl?"'), Vﬁ?é
13. ‘E/—Sle'yz; 1//98(11 +-5)°; 3;/-250x7y.
nO}IBeCTH MHOXHTCIH, CTOSIUIHE TIepen pai’[HKaJ[OM, 10 3HaX 3TOro paleKa.na..
— - _ T
14. 2V 2,7V 10 5K 5, 3‘/?; a)/a.
I 1, 1
15. 2ab]/’_2‘a? V4 <5

16. 2a‘ /dab’ (a+ b)'l/ (a+b). 2(x — y)l//-—-— a¥x—y).

15



Ocsoéonm‘b nom(opeulbre BHDaXKEHUS OT 3HaMeHaTexeil:

]/ ' l/ ; ;
_ X —
L 600 540 49ay’ 2x  3ax

17. TIlonoGupie papukadbl. Ilogo6GHeIMH paauKaZaMd HA3BIBAIOTCS
TaKKe, Yy KOTOPHX OIUWHAKOBH NOAKOPEHHHE BhIpaXEHHA H OINHHAKOBDI
NOKa3aTeJn DajuKanosB. TaxoBH, Hanpnmep, panHKabl:

+3a/xy W o—5b xy.

Yro6H onpeaenuTb, NOZOOHBI M Mexiy COOCH HaHHBe pagukabl,
cnenye'r npeueapmenbno ynpocnn'b HX, T. €. €CJH BO3MOXHO:

1) BHIHECTM K3-NOA PaAWKana Te MHOXHTEIH, H3 KOTODHX MOXKHO
H3BJeYb TOYHHHR KOpEHb;

2) ocBoGOIMThCA NOL PaiaNKaNaMH OT 3HaMeHaTeldelt ApoOeft;

3) norH3NTh CTeNeHb DpajMKana, COKPAaTHB MOKa3aTelH paiukana M
[OAKOPEHHOIO YHCia Ha WX OOWMA MHOXNTeNdb, €CNIH TaKOH ecTh.

Ilo BBINOJHEHHH 3THX AeHCTBHA pagHKa/a NPHBEAETCHA K npocreduemy
BHIY.

Ipumepwi.

Papuxans /8ax3 B /64a‘y" OKAXYTCA NOROGHBIMH, €CAM yIpo-

CTHM HX: /80x3=2x /E' /64a TYR=2y? /a- =292 /a

ox 6 oy
2) Tpn panuxana —;, —_, Vex OKaXyTCA  NOLOCGHLI-
X

MH, €CJIH 0CcBOOOAUMCA TOX pagHKanaMyd OT 3HaMeHatenae#:

2x-3 6x Vex 1/
]/ ‘/33 3* 3 "?Vex'

V S5 _ ?ﬁ___‘/_a‘=_11/6_x

x x? x X
YnpajcHeRuR.
ITpHBeCTH K OAUHAKOBLIM MMOKA3aTeNsIM CAelYIOIHEe pagHKadbi:

Ve Ve Ve Ve V2 Ve Ve, Vs
e 4— — 7 3
20. V07, Ve, Ve, V_L_,_._l_' l/L_L.
a x

YNpOCTHTL ClenyiouHe patHKamb (COKPATHTh MOKA3ATeNH KODHA M MOLKOPCH-
HOI'O BHIDaKEHHR):

21. Vo, V8, Y/ 10000, Y 5500, ¥ T6avpie.

9/ ——
22. }/8x°; 6'/121a‘b‘; ls;/Sa“b"-'c“’.
YnpocTuTh CAerylOIWKEe PanHKAABL ¢ LEAbIO OOHAPYXHUTL HX mojobHe:

Ve VB Y/ ir/ sy el

24. Vaix, Vars, Vax. 9. 1/’1” /bx‘ K
}

. ab
16



18. JlciicTBHS HaJ HPPAUMOHAJIBHLIMH OJHOWIeHamu, a) Cio-
HeHHME B BHYHUTaHHe. UTOOsl CNOXKHTL HIM BBIUECT HPPALMUOHAML-
Hble QJHOWIEHBI, COENMHAIOT MX 3HAKAMH IUIIOC MM MHHYC M JeidioT
npHBefieHKe NOAOGHEIX YJIEHOB, €C/AH OHH OKaXyTcs,

IIpumepnl.
1) -—x V9x +6xl/—— — x? l/ - =2 t]/_-}—'%xVx - xVx__

=4z x'
_ 3
3 _

9 15V 4—3V 32— 16‘/—1%— V108=

3 3,— 3~ 3/~ 35—

=15V4—6Va—4V4—3Vi=2V4
6) YMHoxeHue, Mu Bugenu (§ 15), 4TO 4R M3BAEYEHHA KODHA
M3 NPOHM3BEJeHHs HAJO HM3BIEUL €r0 M3 KAXKIOTO COMHOXHTENS OTHENbHO;

3HayYHT, HAcOoOpoT:

Y1066 NepeMHOXHTDL HECKOJBKO I(ODHEH OJIHHQ.KOBOH CTCNEHH, Hauo nepemloxmrb
nonKOpeHHHe BHIDA XCHHA M H3 MPOH3BEACHUA H3BJICUL xopeub TOH Xe CTeneHy.

Tax: Va Vo Ve=Vabe, V3 Vy=Vxy.

Ecnd anq nepeMHOXEHHA JaHB DaiMKalH C Pa3;IHYHBIMH [0Ka3aTe-
nAMH, TO MX HAA0 NPEABAPHTENbHO MDHBECTH K OIAHOMY [10Ka3artedio.
Ecnn nepen pauukanamu HMeloTcd KO3(QOHUMSHTH, TO MX HepeMHO-

WKalor.

Ipumepor.
1) aVox. ——V?x—iVGx ¢ "V_

? m/ VY BTV
= 33"3“7,_17= 323323 _‘/ -2?—]/—

B) Jle ne Hue. Msi sHaem, uTO 19 u3BJEUCHHA KODHS H3 APOGH HAano
Hanicyb ero K3 4YMCAHTEIs W 3HAMeHaTessl OTAENBHO; 3HAUMT, W HaoGopoT:’

Ve .
Vb_—‘/ -—b—, %,* l/ —HT ., T. €.

Yrobul pPa3ieanTh KOPHM C OIMHAKOEBIMH MOKA3A1eJsMy, HAAO DPA3NESHTL HX
TOAKOPCHHbIC BBIPXKSHHS W H3 YACTHOrO H3BAEUb KODEHb TOil XE CTENEHH.

PajuKaqs C DA3/MUHBIMH [I0KA3aTENAMH HAA0 NpPHBECTH TpPeABapH-
TeqbHO K ONHHAKOBHIM noxasaTenam, Ecau ecTh k03 HIMEHTH!, TO HX LeaaT.

2 Amre6pa, 1. 11, 17




Mpumepw.

2a——2b a— b 6.5 Ha—bY26x*
l)—G‘/ l/2b"’= - —x—’_(a—b)_—_lsVD
L2 /T2 _8(8 /@t ®/ 8
]/ —=x 5 a—x 2 ]/ (a— 27 (@a—xp|=
_ a(a——x)
_2 8§

r) Bosssimedue B cTeneHrb. YToOGb BO3BLICHTL pagukan
B cTeMeHb, HAJO BO3BBICHTb B STy CTelleHb MOJIKODEHHOE BLIpAXeHHe,
OCTaBHB TOT iK€ NOKa3aTesb paiukalia.

Tak: (%)==ﬁ-i/a=/?z‘2; (V)" =Vx-Vxeou ¥V x=y x5

m pa3

IMpumepsnr. .
1) (V/2ab%x%)? =}/ (20637 =/ 80357 xB = b2xy/ 8a%b%;

6 x \* ¢ 25 \3 ox
2) (“/n—;) =‘/(l+—x) =l/———l+x. -
n) Uasneuenne xkopus. Uro6n H3BNEUL KOPEeHs W3 KOpHS,

HA0 NEPEeMHOKHTHP NOKA3ATENH KopHef.

Tak: V‘Va: f/a.

Yro6ul y6enuThca B 3TOM, NONOXUM, UTO Vf/ a=x. Bo03BHCHM 06e
4acTH 3TOTO DABEHCTBA CHA4aJNa B KBaApPaT, a NOTOM B KyO:

Va=1x? a=(x?)3=x8
6 _ e —_—
Orciona BraHO, uTo X="9/a H, CreNOBATENbHO, Vf/a-_—';’/a,
lipumep. V‘I_)x ‘;‘/x—z
MoaBeném COMHOMMTeNb 2X NMOX 3HAK PAaNHKaia TpeThel Crenenu:
V3 (@2xpe = V8.

3ameTuMm, 4TO B 3TOM OpUMEDPE (# B ADYTHX, eMy MOJOGHBIX) MOKHO
NOCTYNHTL HHauYe: 3aMETHB, 4YTO BHIPAXKEHHMe, CTOsILEe IMOA 3HAKOM KBam-
PATHOTO pajlMKana, eCrb TNPOH3BEJEHHE, MBI MOXEM IPUMEHHTb TEOpEMY
06 H3BJIEeYeHHH KOPHS M3 TNpoHzBedeHua. Torina moayumm:

V2V VYV E=V2-VE- ) 2=V2-VZ-Vx
Ipreens Tenepr pamMKasnl K ONMHAKOBOMY TIOKAa3aTenio 6, HafosM:
SR YR YR &,
18



Fapancuenus.

26.2V'§—7VT8+5;/‘72— 50, Y2421/ T — 3/ T5+9)/ 8.

o 2y Lysm g S,

25. VB- V- V& 6/8.5)/2 2. 2V .§~+V§O-Vﬁ+
30. /56+}/ 185+ I/ 48, 3. :;LJ,I/%"..VLWT
2. YT Y2 LY s Va2l at-3y a

3. Va-ya 'V—5 VEVE Y VR

a. 2, /38,4 37?-' 36. )/ 120a%: }/3ab; 18}/ 27a: 3}/ 30a.

x!

3. Vx:¥x V8:YE yat: /?

o

a7. ( V?ab) ; (2 ‘3/_%_;-;) : (3etxy/at)?.
B (Vaeay)s (V2 YE): (3ay/am)"
N ATE VW VeaVaye Vevaye

3 3
'l// / QaV——a
19. BelictBua Han UPPAUHOHANBHEIMA  MHOTOYJIEHAMH TNDOW3BO-

JATCH MO TeM Xe MNpasBHaaM, Kakue 6BAN  BHIBEAEHLI JJA8 MHOTOUJIEHOR
pauvoHaasHbix. Hanpumep: :

2 _ ~—\2 — —
(?Vs _ 51/0,3) =4 — 4V 15 47,5=83—4/T5.
Ynpaxcuenus. . .
0. (V= VIV (YT (Ya—2)
A (YVrHi—yE=1) (V¥F+)/>x=—1).
(ByeT—2y3)(2V3-3Y72).
V=1 x—y/ 1
43. YnpocTHTb creayiouiee BLIDAXKCHIHe: x—y/:c—*‘—l—T—x+]/x—=——j .

l’lposepu'rb. qTO caenyioulde YpasHCGHHS YHIOBJAETBOPSAIOTCA IPH YKa3saHHHX
3HAYCHHAX X2 .

4. 2 —4x41=0, npn x=2+}3.

45. x* —10x413=0, mpu x=5—21F

20. OcsofoxaenHe 3HaMenatess Japobn OT pajnukasos. [Ipn
BBIYHCACHHHM APOOHBIX BbipaXKeHHH, 3HAMCHATE/W KOTOPBIX COAEPKAT panu-
Kasibl, B HEKOTODWX CAy4asgxX FOJE3HO NPEABAPUTENLHO NpPeobpasoBaTh
Apo6s TaK, 4TOGH 3HAMEHaTeNb €€ He comepiKan pamuxanos. Ilycrs, Ha-

npAMep, HaAO BBIYMCIHTD:

1 - -1 ~1
=raye - vl o

Lo ' 19



Mpl MOXEM TIPOHM3BOAUTbL BLIYMCAEHHE MR MNpPSIMO 10 3TOH q)opmynlc',
MM Ke NpellBAPUTENbHO CclenaTh e& 3HaMeHaTeNlb DPAUHOHAAbHEIM, A4
Yero JAOCTaTOMHO YMHOXWTb o06a 4uaeHa JaHHO# napobu Ha cymmy

Vi+Ve:

VI+VE VIV I_g, s
S e = T B R K 0

dopmyna (2) ynobuee 1A BHUHCICHHA, YyeM dopmyaa (1), Bo-nmepBhIX,
NOTOMYy, YTO OHA COJEPHKHT B ce6e BCero TPH NeHCTBHMA, a He 4HeThipe,
kak ¢opmyaa (1), a, BO-BTOPBIX, H MOTOMY, UTO NPH BEUHCACHHH, KOTOpOE
N0 HeOGXOIHMMOCTH MOXET ObiThb TOJIbKO NPHOGJIHXEHHOE, IOrPELIHOCTD
pe3y/ibTaTa CPaBHHTENBHO NPOCTO ompelensercda no ¢opmyne (2). Tak,

Hatizn )/ 3 n})/ 2 ¢ TOYHOCTHIO OO MOJOBHHEI THICAYHOH JO/HM, IOAYUHM:
: x=1,732-}-1,414=3,146.

p 4T 3TOT TOYEH JO —l——{—-l- THICHUHOR e. 10
€3ybTaT (2 3 » T. € JIO 55

"pHMepbl.
)——. YMHOXUM 062 umena xpo6u Ha )/ 5:

3y 5 _3y'5_3V5 —03VE.
2(y 5% 25 10 7 )

2) Ecnu moa 3HaKOM pAafMKana CTOMT IeJOe COCTaBHOE YHCJIO, TO
HMHOraa ObiBaeT MO/E3HO PA3NIOKHTEL €0 HA NPOCTHE COMHOMKHTE/H C LEAbI0
OonpefeJuTh, KAKHX COMHOXHTeNdeR HeIHOCTa&T B HEM Ias TOrO, 4TOOH
OHO OBIIO TNOJHBIM KBaapaToM. TOrIa JOCTATOYHO YMHOXHTB 063 uieHa
le06H Ha KBaleaTHbIﬁ KOpeHb H3 TIPOM3BEAEHHSI TOJAbBKO HeZOCTAIULINX
comHOxuTeneft. Hanpumep:

3 38  3Yy2s 310 _3Vi0_3)10

Vi V2225 255725 1/94‘52 225 20 -

9
3) 5/;’,,2 * YMHOXHM 06a usneHa apo6u Ha /;53:
y .
5 JE—
2VE _2ym oy w
;/'32 x: %/f35 3
n 'T‘m
Boo6uie: —a=‘ﬂ_.
Vw6
2
4) 3—+‘7_5— YMuoxum o6a uieHa APoOSH Ha pasHOCTh 3 — J/ 5:
;
2(3—V'5) 5—0/5_6—2V5 3—V5
G+¥Y5) 3—y5) 95 4 =
—Ve )
Boo6me: a_ _alb—Ve
- b+yc b —c



YuHomuM oGa uneda ppobu Ha cymmy 3+ VY 5:

2(3+y5) _2B+/5)_3+V5
B—v 5@ty  &—5 2
e _a(6+V/ o)
6—V e B—ec
YmHOXUM 06a uneHa apobu va V3 —V 2:

2
5) Ya-) ak

Boo6ie:

6) = .
V3+y 2
S(V3—y'2) 5Y3—5/2 —5/3—5)2
(V3+V 2) (V3—1/ %) 3—2
~oWVe—Vo)
Vi T
5 5(V3+v72) 5]/3-!—51/—i =5 5
N5y Vi—v2 (Ja—vVDWi+y2  3— V3+sv
a — a(Vb+;/—)
Voe—Ve b—c

8) Ecan 3Hamenares b eCTh ABYY/JIEH ¢ KODHSIMH TpeThe#t CTENeHH, TO

Boo6ute:

BooGiue:

ero MOXHO Caenarbh pandOHaNbHBIM, OCHOBLIBAsiCh HA TOXIECTBAX:

(x—y) (X +xy+y") =x3—p%;
(*4¥) (F*—xy +y%)= x’+ v

[lyctb, Hanpumep, aHaMmeHaTenb OyHeT 1/ 1/ 2. Torna yMHO)KHB

yKCAUTENb W 3HAMEHaTesnb JPOOH HAa TpEXUNeH 1/-) —}-}/3 1/2+

+(%/—2)2, MBI TIOJIyYHM B 3HaMeHaTele (%/5)3——()/2) » T. €. 3—2,

1. MonoGro sTomy Hafia¥m:

5 5[3 —3y 34 (V7)% 45—15/ I+5Y 16
31vd (347 4)[3’—3/ 1+ 97 +(V3)?
: _ 4515/ 4 45y 16 _ 45—15}/ 4+103f 3
= 31 3 .
Ynpaxcrerua.
@ L ._2 .5 . 10 . _a
V2 ' v2’ y5 '3y5’ ya’
4. 1 2 13 48 V2 x

1—V2 ' 34V 2 Ty 6 V2+Vd’ Vi—ya’©
@ V=1 24V x| atbV x|
x—y 3= ’ 2:—;/; ’ _a-—b;/; ’ -;/x+ —2°
50, 3+‘/.Z+3—V7 v x 4 vV x
3—V7T 34y 7 1 —yx 1+V,\
51 1 ) 10 3%
Y ! $3° T3 3s
Y245 7=y"3 Y+ 3

2



V. UppannonanbHble ypaBHEHHS.

21, 3agaua. [lepumerp NpPAMOYroJbHOIO TpEYroJbHHKa pasen 10 &,
a2 OOWH M3 ero KaTeTOB paBeH 2 M; HallTH 1Be ADyrHe CTOPOHH 3TOrO
TPEYTONbHUKA,

O6osnauke BTOpOH KateT GyKBOH X, HaHAEM, UTO THIIOTEHY3a MOJIKHA

DABHAThLCSA V‘22+x2, H, ciegoBaTenbHO, GyleM MMeTb ypDaBHEHHE:

2Lx-+V 44+ x=10.
Mel noayumau ypaBHekHe, B KOTODOM MO 3HAK D2IMKaNa BXOAMT
HeusBeCTHoe. YpaBHEeHWS TAKOrO DOAa HA3LIBAWTCA UPPAYUOHANGHLLMU.
Yro6sl peluHTh HppalLHOHanbHOe ypé_BI-Teiiue, ero HaZo NpPenBAPHTE/ILHO -
o0c60600ume om padliKaoe, NOLKOPEHHbIE BHIPANEHHA KOTOPHX COAEPHKAT
HemsBecTHoe. EcAu B VpaBHEHHE, KaK B Hauwel 3anade, BXOAHT TOJbKO
OIMH paguKan, TO OCBOGOMHTHLCSH OT HETO MOXHO TakuM 06pasom: npexie
BCETO yelIMHHM paaHkal, T. €. nepeHecéM BCe uieHbl, He COmepXKallHe
pamWKana, B OAHY YacTh YDaBHeHHS, OCTaBMB DalmMKad B APYro#t yacrtu:

Vi4x2=8—x.

Tenepb RO3BHICHM Of€ yacTH YpaBHEHHS B KBAApAT, O‘leBHIlHO, 4TO
ecM paBHHE YHC/Ia MH BO3BHICHM B ONHY H Ty Xe CTeNeHb, TO H MOMY-
UM PpaBHBIE YWCJI3; MOITOMY 110CJe BO3BHIIIEHUS B KBAXPAT 3HAK paBEH-
CTBAa COXpPAHAETCA:

44 x*=(8—x)? 4L x*=64—16x}x2

PeivB 310 ypasHeHue, HaHuém:
' ., 60 15 .3
16x—-64—-—4=60, x-—Té-——T—-B-—‘I-

Torna runorenysa Gymer:

15\2_ 295 644225 285 171
I e R e e e e

3 ,—
Hyctb Tpebyercs pewmts em@ ypaBHeHue: 10—1/3x+21:7.
Yenuunm pamukan u BossbichM 06e 4aCTH ypaBHeHHA B Ky6:

K J
3=y 3x+21; 27=3x4-21; x=2.
Mposepxa: 10—/ 3.9021=10 —)/ 37 =10—3=7.

22. TMoctopornne pewenns. BosBhuleHMe uacTe#t ypaBHeHHs
B KBAJpPaT MOXET BBECTH TaK Ha3biBaeMble ,MOCTOPOHHHE® DellieHHs, T. e.
TdKHe, KOTOpble JNAHHOMY YpaBHEHMIO He yAO0B/NeTBOPAI0T. [IpuBeném stomy
npumep. Hycrb HaM JaHbpi pgsa ypaBHeHm:

1=Vx+7, (1); xtl=—V}=zx+7, @)

KOTOpbe OTAMYAIOTCA ONHO OT APYFOTO TO/ILKO 3HAKOM Tepel panHKa-
n0M. BO3BEICHB B KBaADAaT o0e 4aCTH KAXKAOFO H3 STHX yPaBHeHHH, MH

22



MNOAYUUM OJHO H TO XKe ypaBHeHue:
2%+ 1 =x47, (3)

TaK Kak (—Vx_—}-—7)2 Hu (me PaBHH OIHOMY H TOMY Xe unciy x--7.

Ypasuenne (3) wumeer aBa KopHs: —3 W 2. Yucno —3 ynomaerso-
psieT ypaBHeHuio (2}, HOo He ymosiersopser ypaeeennio (1); mao6opor,
YHCNIO 2 TORHO oA ypasHenus (1), HO He TONUTCA NN ypaBHeHus (2).

Moxer oOkazaTbcd, YTO ypaBHeHde (1) He uWMeeT COBCeM pelLIEHHH;
Toraa ypasHeHHe (3) COZePKHT TONBKO pellleHHs ypaeHenms (2), W, 3ma-
yuT, BCe OHM OYyIyT MOCTOPOHHHe ans ypasHerus (1).

Bozssuueriue wacmeti ypasHeHus 8 K6adparm MOXCem npusecmyu K Ho-
80MY YPABHeHUID, He DABHOCUABHOMY C NepBOHaHAAbHbLM,

23, OcBoGomjienve ypaBHCHHA OT JBYX KBAAPATHbIX paavKa-
JIOB. nyCTb HalOo PEeNIdTh ypaBHeHHe ¢ NBYMA KBANPATHHIMH DafKKaNlaMH,
NONKOPEHHBblE BHIPAXEHHS KOTODHIX CONEPHKAT HEH3BECTHOE:

Vax—4—V x4+5=1.
YWenan ocsoSomnThcs OT pamukana } 2x —4, yemunnm ero:
' V2x—4=14+V x45.
Tenepb BO3BBICHM O0e uaCTH STOTO YPaBHEHHA B KBaapart:
2% — 4=142V x 454245,

y1o nadr:
x—10=2)x+35.

Hakouel, ocgo6oaumM # MOCAENHee YDaBHEHME OT panukana nocpen-

CTBOM BTOPUYHOTO BO3BLILUIEHHS B KBAaAparT:
x3—20x-+100=4x-420, nin x*—24x-+-80=0.
PewinM 3TO ypaBHeHHe:
x=12 +7141 —80=12+7164=1248;
X ==124-8=20; x,=12—8=4,

TMoacTanorkolt y6emaaeMcss, 4TO NAHHOE YDaBHEHWe yNOBAETBOPAETCA
TONLKO uMcaoM 20, a YHCIO 4 eMy He yIOBIETBOpPSET.

Ynpaxcnenus.
52. x—5=)x+1; 3+9/x=5; y5x—5—4=05.

53, 5 Y x—7=3y x—1; 7y/3x~1=5}/3x+5 (B 1BYX noOCTeZRMX npH-
Mepax NpellBapHTEbHO CleaaTh MNPUBEJICHHE TOJIOBHHX PAAHKANOB ).

84, Y B —3x — 147=2x; x—y B T=1



OTAEJ BTOPOIL |
SYHKUUN ¥ UX FPAPUKHM.

. PynkumonanbHas 3aBHCHMOCTB.

24, IlocToAHHblE M nepeMeHHble BeaH4MHBL, Ilycth 1 K2 Kakoro-
au60o TOBapa CTOMUT g pyOaef. Y3HaeM CTOMMOCTb X k2 3TOFO TOBapa.
O603HauuB HCKOMYI0 BEJIHUYMHY yepe3 Y, NOJYUEM:

y=ax.

Ora (OopMysa MO3BOJSET HAM BEMYHCAHTL CYMMY, KOTODYIO HYXHO
3anMaTHTbL 32 n1060e KOJAHYeCTBO NAHHOTO TOBAapa. Tak:

CTOHMOCTb 2 KHJIOTPaMMOB BHIDAXaeTci B Cymme 2a pyOne#,
» 5 » » n » 5a »
» 3,5 n » » n 3,90 , HT. A

B nannyo ¢GopMyny BXOAAT TPH BEJIHMHHBI: X — KOJHYECTBO TOBApa,
Y — ero CTOMMOCTb M ¢ — LieHd OAHOFO KHAOTpaMma ToBapa. Mo BHamM,
YTO B TO BpeMS KaK MepBee [Be H3 3THUX BEIHYHH X H ) NPHHHMAIOT
pasiuyHble YHCAOBHE 3HAYEHHA, TPEThI0 BE/MHUMHY @ MH NpeanonaraeM
ocTaluelcs HeuaMeHHOM.

Bosbmim dopmMyay, BLHIPaNAOILYI0 ATHHY OKPYKHOCTH B 3aBHCHMOCTH
0T pajnyca:

. C=2nR.

3nech M eCTb YHCAO, BHPAXaloLiee OTHOUIEHHE IJMHB OKPYXHOCTH
K Axametpy. IlpunsiB 3a BeamumHy m uncac 3,14 ¢ rousocteio ao 0,01,
GyneM uMeTb npHOmuxEnHOE 3HAYeHME NJIHHH OKPYMHBOCTH:

C=6,28R.

Jlasas pasqHYHHE YHCAOBbIE 3HAYEHHH DANHYCY, Mbl CMOXKEM BHYHCAUTD
no 3104 ¢GopmMyae COOTBETCTBERHO NMMHY OKPY:xHOCTH. Tak:

npu R=1 pauxa oxpyxuoct# 6yzer C= 6,28,
» R=3 , » . C=18:84,
» R=42, , » C=26376 u 1. 1.

3nechb, KaK M B neprOM cayyae, ceauyunsl C B R uamewsiores (npu-

HHMAIOT Da3THYHHE YHCAOBble 3HadeHils), KoIpduuuent xe 6,28 ocraéres
HEH3MEHHBIM,

0«
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Te BenHuMHBI, KOTODHE COXPAHAIT HEH3MEHHHM CBO® 3HAaueHMe, HA-
BEIBAIOTCH NOCMOAHHNMY. Bemruuuusl, Moryue nNpPUHUMAaTh pPasaduHble
3HauyeHrd, Ha3LBAlOTCA nepe»teuuumu.

3amMeruM, YTO CYMTATh HEKOTOPble BEJHYHHH MOCTOSHHBIMH MOXHO
NHIIb B OTHOCHTEJAbHOM CMBIC/e, B NpeienaXx pacCMaTpHBaeMOro BOMpoca.
B nefictBuTenbHOM IKH3HH MBI He MOXeM YKa3aTb Ha TaKylO BeJHYHHY,
KOTOpas He noAaeepranach 6Bl M3avMeHeHnsaMm. B anBE}léHHOM BHILIE TIpH-
Mepe IeHA TOBAPa IO HCTCYEHHH M3BECTHOIO MPOMEXKYTKa BPEMEHH MOMET
M3MEHUTbCA B TY WJH IDYTYIO CTODOHY.

O0biyHO BXOAdAIHE B OPMYNY MOCTOAHHBIE BEJMUYHHH 0003HAYAIOTCH
nepBeIMH GykBaMH andasuta: a, b, ¢, ..., M, a nepeMeHHsle — NOCAA-
HIMH: X, ¥, 2; KOHE4HO, 3TO yc/laoBHe COOMOAAeTcd He BCEraa.

25. Apryment u ¢yHxkuus, PaccmarpHBas nepeMeHHbie BeJHYHHBH
B NpHBEISHHMX MPHMep4X, MH 3aMeuaeM, 4TO B TO BpeMf KaK [Be H3
HHX (KOJIWYeCTBO TOBAPA, IUIMHA PAfUyCa) Mbl H3MEHAIH NPOH3BOJILHO,
ABas KM NPOM3BOJIbHEIE YHC/AOBHE 3HaueHHs, ApyrHe JABe (CTOMMOCTb
BCETO TOBapa, A/MHHA OKPYXKHOCTH) MPHHHMAMH Te HJIH HHbIE YHCTIOBBIE 3HA~
YeHUS y¥Ke B 3ABHCHMOCTH OT TOTO, KaKHe 3HAYEHHH MBIl A3BAJIH NEPBHIM.

Ta u3 08yx CBA3QAHHBX MeIHCOY OO0 NEPEMEHRBLX BEAUUH, KOMOPO
MOJNCHO npuoasams npou3BOAbHBE HUCAO8ble 3HAUEHLSA, HA3HLBAENCA
He3a8UCUMOL NePeMenHOd, uAu apyMenmox.

Ta nepesmennas 6enl4una, 4UCLOBbE 3HAYEHUSL KOMOPOL U3MEHAIOMES
8 3ABUCUMOCIU OM HUCAOBBX 3HAYeHud Opy20d, Ha3nsaemcs 3a8UCUMOL
nepemennol, uarn @dynxyueld moi Opyzoli nepemeHHOl 8eAUHUHM.

Tak, B npuBeJ&HHHIX Bblllle NPHMEPaX CTOHMOCTh TOBAapa ecTh (HyHK-
1M ero KOJHYECTBA; JVIHHA OKPYXHOCTH eCTb (YHKUMA painyca OKpyx-
HOCTH. o

HuHorna nepemednass BeJHYHWHA 3aBHCHT He OT OZHOM, a OT IBYX,
Tp&x U 6osee APYruX NepeMeHHHX BeJMuHH. Toraa ona HassisaeTcsl GyHK-
uyet AByX, Tp&X H T. XK. HCPEMEHHBIX,

fpumMephr.

1) dopmyna myTn pABHOMEPHOTO NBHIKEHWS BHIDANAETCH TaK:

y=0ux.

3neck v (CKOPOCTh) — MOCTOSKKAA BeNHYMHA; X (Bpema) — He3aBHCH-
Mas nepemedHas (aprymest) H y (Upo#medHHHM nyTh) — GyHKNMS 3TOTO
apryMeHTa.

2) Ilnowmaxs Kpyra BHpaxaerca Qopmymo#:

S=nR?2,

3necs R (pamyc) — apryment; S (mromans) — GyHKiua: & — MOCTO-
fIHHAd BeJHYHHA. !
3) YnenbHHHA BeC Tena BHIPAKAETCH (opmyaols

P
d=--,



Bnech d (ynenvHuft Bec) ects ¢yHklda npyX nepemeHHnx: P (Beca
Tena) m v (o0bEmMa Tena).
4) 3axon I xoyaa — Jlenna seipaxaerca ¢opmynofi:

Q= q[zRf.
3neck Q (xonmuuecTBO TEMAOTH) €CTb QYHKUHA TPEX MepeMeHHbIX!
I (cunn TOK2), R (conporrsienna npoBoaHHKa) M ! (Bpemenn). [Tocronan-

HaA BeJiHYMHA ¢, paBHas 0,24, eCTb T3K Ha3bIBaeMbld TeN/NOBOT 3IKBMBA-
JEeHT 3J7eKTDHUYeCKOH 3Heprud, T. e. 3Hadenue Q npu [=1, R=1, I=1.

26. Tpu cnocofa Buipaxeuns ¢GYHKUHOHAJIBHOH 32aBHCHMOCTH.

a) Ilpu wnaydenun GyHKUHMOHAILROH 3aBHCMMOCTH MEXKAY NBYMs Nepe-
MEHHbLIMH BE/MYMHAMU Mbl MpEXAe BCEro CTapaeMcs OMNpeleTdTh, Kakue
YHCJAOBBIE 3HAYEHHA NPHHHMAeT OHA4 M3 HHX B 3aBHCHMOCTH OT HM3Mene-
HHR YUCJAOBBIX 3HAueHHR IPYroOH.

IlycTb, HanpuMep, MBl KENaeM U3YUHTb 3aBHCHMOCTL, KOTOpag Cyile-
CTBYET MeX1y IJINHOH KeJe3HOro crepxus M ero Temneparypo#. Ilox-
BepraeM HarpeBaHHIO Medes3nbld CTepxXedwb MJINHOM, cCkaweMm, B 1 M
npr 0° u u3MepaeM er0 JVIHHY NpPH Pas/MuHBIX TeMmnepartypax. Pesynsn-
TaThi HaGJai0/leHUA Mbl MOXeM NPEeACTaBHTL B BHAE TaGauubl. B LaHHOM
cayvae oHa OyJeT HMMETb NMpuMepno Tarko#f BHA:

Temnepatypa | 0° | 50° ’ 80° 100° 350° ‘ 600° ‘ 1000° [
Ilauna crepxns |1 & Il,OOOGM}l,OOOQG #[1,0012 x11,0042 ur |1,0072 x| }-012 %

W3 sTOA Tabanubl MH BHAHMM, YTO AJIMHA CTEDIKHSA C MOBHILIEHHEM €ro
Temnepatypsl yBeJuunsaerca. Takol cnocob BupameHus GyHKUHOHAJILHOM
3aBHCHMOCTH MEXHY BEJAHUHHAMW HA3bIBACTCH MAOAULHBIM,

6) TaGauunwft cnoco6 BoipaxeHus QYHKUHOHANbLYON 3aBUCHMOCTH
Heyno6eH TeM, UYTO AAET HAM MOHATHE O XapakTepe 3TOH 3aBHCHMOCTH
HenoaHo. Tax, B npeablayuleM PnpUMEpDE Mbi U3 TAGJNHUB! y3HAEM JJHHY
CTEPKHA JIMUIb NPH HEKOTOPHIX ONpefeN¥HHBIX 3HAYEHHAX TeMAepaTypH.
Jdas Toro uroOnl 3HaTh AJANHY CTeDXHA npH JA060ff Temnepatype, Mbl
LOJMXHBE 6yleM BLHIPa3UTh 3aBHCHMOCTb MEXAY AJNHHON CTEPXHA M TeMne-
parypo#t B ofbuelt popme, B BHIe QOPMYJIHI,

BBIYKCAHM, HA CKOMbKO VBEJHUHBAETCA IJAHHA CTEPXHI NPH NOBHILIE
HHH Temnepartypw Ha 1°. Tlpn Ttemmepartype B 50° nnuna crepxus Gslia
1,0006 . Ipa Temnepatype B 80° mauna crana pasHa 1,00096 m. 3na-
YHT, MOPH MOBBILEHUH TemnepaTypsl Ha 80° — 50°=30° yaauHenne
crepxud OHJO DABHO |

1,00096 — 1,0006 = 0,00036 ().

1y 3aMeTHM, 4YTO GAKTHYECKH B 3aBHCHMOCTH OT PA3JIHUHWX YCAOBHIT THHA
cTepXHs 6yAeT JAHWDb nPpHOAHSHTENbHU COBNAaAaTh C NPHEeAEHHbIMU 3/1eChb 3Haye-
HHAMH.
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Orciona, yAnMHeHWe nDY NOBHLILEHHM TemMnepaTtypw Ha 1° paeHo
0,00036 : 30=0,000012 (x).

Beps anuHy crepxHs Npu ADYrHX TeMneparypax, HanpuMep npx 80°
u 350°, W npox3BOAA COOTBETCTBYIOLIHE BHIYMC/IEHHS, Mbl ONSTH NOAYYHM
sesnundy 0,000012. Mrak, npu nosuilienun TemnepaTypnl Ha 1° wenea-
HbIR cTep:KeHb AjgHNOH B 1 a npu 1° yaamasierca wa 0,000012 . 3Han
3TO, COLTaBHM OOULYI0 (OPMYAy 3aBHCHMOCTH MEXAY IJAMHOH CTepkud ~
H ero TeMnepatrypoh.

Ilps# noBrillennn TeMmnepaTyph Ha 1° CTepKeHb YAIMHAETCT Ha
0,000012 . 3naudT, nNpH NOBBICHUM TEMHEPAaTYpH Ha [° YNAMHeHHe
6yner pasHo 0,000012f.- IlpuGaBnsst 3TO y/AlIHHeHHe K MEPBOHAYAILHOMN
anuse crepxua npu 0° (1 M) u oGosHauas Anuuy CrepiHst npu [° yepes /,
noayuuM ¢opmyny:

{=1--0,0000121.

Ora ¢opMyna NO3BOMAET BHYMC/IHTL IJIHHY CTED¥HA NPH 11060H TeM-
nepatype. B uactHocTth, naBas [ sHausenms 50°, 80°, 100° u T. a., MH
noAy4MM A4 [ Te 3HAYEHHS, KOTO-
phHie yxe uMeau B Tabiuue. Y

Taxo# ¢n0coG BrIpaweHHA QyHK-
LMOHA/IHOH 3aBHCHMOCTH IPH HOMO- 0,005
L GOPMYJIbl Ha3bIBAETCA QHAAUMU-
qecKui.

B) Hakonel, B e/ 9X HarasgHoO-  gqp3 |
CTH Mb 4acTo H300paxaeM 3aBH-
CHMOCTbL MeWAy ABYMs BenuuuHamu 0002 1
zpagunecius CnNOCOGOM—NpH MO- ;4 |

0,004 1

MOIH ueprTexa, auarpaMmsl (rpa- ! ‘ X
¢uka). B Hauem npumepe Mbl MOIVIH 0 S i T 200 250 300
Obl MOCTYNUTH, HAlpPHMEpP, Tak:

ITposesém ABe B3aHMHO nepreH- Yepr. 2.

ouKynspuue npavele OX v OY u
GyneM OTkAanbiBath no mpsmo#t OX or Toukw O OTPe3kH, NPONOPUHO-
HaabHble Temnepatype, a no npaMo#t OY o0Tpeskd, nponopuMOHa/ibHEe
YAJAMHCHHIO CTEPXHA, B onpeleéHHOM MacmTabe (Ha yeprexe OAHO Je-
JiIeHHe N0 TOPH3OHTaJbHOM npaMOR coorsercTBYeT 50°, a Mo BepTHKAMIb-
Hol npamott 0,001 ).

ﬂ,.’lﬂ KaXa0oro 3HaueHuda { orTKJiaabiBaeM OT coomenrsy:omeﬂ TOYKHN
oTpesok, napaaneisHoil OY u PaBHBI yAAHHEHHIO CTEPKHA (B MPHHATOM
macwitabe). Iloayunm rpaduk, H306pamEéHHHR Ha yeprexe 2.

[paduueckoe uaobpaxkenve (QYHKIMOHANBEHOK B3ARHCHMOCTH WIHPOKO
HCIIOIb3yeTcss B MaremaTixe. [IpH 3TOM upsmeHsercs oco6uilt meTon, Tak
Ha3bIBAEMBIH METOJ KOODAMHAT, C KOTODHM Mbi CeHuac M NO3HAKOMHMCS,

27. Metoa xoopapHaT. BO3bMEM B3aMMHO MepeHAMKYNADHBIE Npsi-
mple XX, n YV, (uepr. 3), nepecekaioumecs B Touke 0. IIpumem, nanee,
Kako#-HpOyab OTPe3oK NpsmMof (paBHLIN, HANIDHMED, CAHTHMETDY) 3a eln-
HHRLY AAHHB H YCAOBHMCH H300DaKaTb 3HAYCHHA HE3IABHCHMOTO mepewmeii-
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Horo x Ha npamoft XX;, HauuHaa OT ToukH O KaK Hayana, npHuEM
NOJICKHUTENbHBE 3HAYeHUs X OyAeM OTKAaasiBath 8npaso oT O, a OTpH-
uaTeibHne — Baeso oTr 0. Takum o6pasom, ortpesok OA H306pasuHT
3HaueHHe X, paBHoe -1, a oTpe3ok OB — 3HaueHne x, paBHOe -2,
orpesok OC — 3HaueHHe X, paBHoe — 3, U T. . Cama Touxka O uaoBpaxaeT
3HaueHHe X, paBHOe HyJo. 3HaueHHs QYHKUHH Y, COOTBETCTBYMOLIHE
STHM 3HAYEHMSM X, MH YCJIOBHMCS ¥300PaXaTh HA NPAMBIX, NPOBEAEHHBIX
yepes TOoukH A, B, C, ... napanaenn-
Ho Y'Y, (unade ckasaTb, Ha nepneH-
DUKyAspax K npaMot XX,), npHuém
NONOXHTENbHbE 3HAYEHHS  GYHKUHH
. Mel GyleM OTK/AIbIBATh BBEPX OT Nps-
Mo XX,, a OTpHLUATeIbHEIE — BHH3

Y

ot He&, Ecan, Hanpumep, npu x = +—é—

0
! sHauenne 3 Oymer -1, TO Ha nps-
W moft XX, mu BosbMéM orpesok OD,
1
paBHERA +—_2-, H BOCCTaBHM IepneH-

2
Y, mukynap DE, pasunifi4- 1= ; Toraa Tou-
Yept. 3. ke E COOTBETCTBYeT 3Hauenue y, pas-
Hoe 1%. PaBnuiM 0Gpa3om touke

3 1
COOTBETCTRBYET 3HaueHMe ), PaBHOe — lompn X=—2,, ¥ T. n.

3amerum, uto Touku E, K, ..., COOTBETCTBYIOLIME 3HAUCHHAM DYHKIIMH P,
MBl MOXEM NOJYUHTb HECKOMBKO MHaue, a HMEHHO: BMECTO TOFO YTOGHI
Ha nepnesankynspax DE, FK, ... oTkJanbBaTh OTpe3KH, H306paxaioliue
SHaYeHHs y, Mbl MOXEM HX OTKJaAnBaTh Ha mpsaMmold Y'Y ,, Hauunaa ot
toukd O, ¥ 33aTeM H3 KOHUOB 3THX OTPE3KOB NPOBOLMTH fpPAMbe, Napasn-
nenpuble X X, A0 NepeceveHis ¢ COOTBETCTBYIOWMMH NEePHeHANKY ARpaMH.

2
Tak, ornoxus OL=--1¢ u nposeas LE || OX, mul nonyuum touy E,
T. e. Ty CaMyl0 TOHKY, KOTODYI paHblle MBl MOJAYYHIH, OTIO0HKHB
2
DE = +1'5- -

Yucna, coorBercTRyiomme otpeakam OD, OF, ... | oTkaaxepaeMmm
sa npamoit XX, or rouku O, HasmBalores abcguccanmu Touex E, K,...

1 5
(?—- aGcuucca Touky E, — 5 — abecuacca ToukM K M T. 11.); qyHcaa,

cootsercTBytomiHe orpeakam DE, FK, ... , OTKnaneisaemMslM Ha mepren-
oskyaapax x XX; (unm Ha npaMoRt YY), HasbIBAiOTCR \ OpluHamamu

2 3
Touex £, K, ... ( 1—5~—opz1nHaTa ToukH £, — IT — OpDAHHAaTa TOY-
ke K nT. n.); Te M JAPYrHe COBMECTHO HAa3bIBANWTCA KoopluHamamu
Touek E, K, ... .
28



Heorpannuennan npsamas XX, Ha3HBaeTCA 0cbo QOCLUCC, WIH OCHIO
x-08 {OCBIO HKCOB); HeorpaHwueHHas npsmas Y'Y, nasuBaerca ocswo
opouram, HIX OCbI0 ¥-0B (OCHIO HIDEKOB); Ta H APYras NpAMbE COBME-~
CTHO HA3KBAKTICA OcAMU  Kooplunam. Touxa O HA3LIBAETCH HAYQAL0M
koopdunam 1),

28. OnpejeseHre NOJOKEHWR TOYKH HA NAOCKocTH, [loas3yacs
CcHCTeMON KOODAWHAT, MB MOXeM DEIUHTL TaKHe 3aJauH:

a) Jana mouxa KHa naockocmu;
onpedesums €€ KOOPOUHQAINGL OMHO-
CUMenbHO OAHHOE cucmems Koopou- Lo
Ham. TlycTb naHa  Ha MJIOCKOCTH L ST |
touka P (uepr. 4). Onyctum u3 Hed ! T
nepnedaukynsp PQ Hva och  x-0B. PR
HamepuB NpHHATON eAWHMIER oOTpe- ' :
ok 0Q, nHatigém abcumccy Toukn P, X —p—! ——i
ViamepuB ortpe3oxk PQ, Hahaém opau-
Haty Touykn P. Ha nawem uyeprexe a6-
cuucca Touxn P pamna 42, a opavna-

1
Ta -+ 17. O6HBIKHOBEHHO KOOD IHHATE! M

TOYKH TNHIIYTCS B CKOOKAX pAaoM v
¢ G6yxBoft, Tax: P(+2,+l%), UIH Uepr. 4.

1
npocTo P(2, 17). Ha nepsom nnawe nuilercs aGcumcca, Ha BTOPOM —

OpAMHATA.
[Mpy HaxOXAeHHM KOODAHHAT TOUKH He CJAEAYeT YNyCKaThb H3 BHAY
3HAK, KOTOpDWH 6yner HMeTb Koopiandara. Taxk, KOOpAMHATH Touxku M”

ByayT l»;« (a6cuncca) u — 2 (opAuHaTa); KOOPAUHATH Touku M” Gy-

ayT —Qé— u —3 u T oA

Ecan BO3hMEM TOUKY HAa OCH X-OB, TO OpAWHATa €&, O4eBHAHO, GyueT
paBHa HyJ0, a a0bCUMCCa — IOJOXKHTENBHOE HJIH OTPHIATENLHOE YMCIO,
paBHOe 110 aGCOMOTHON BeJHYMHEe DPAacCTOAHHIO NAHHO/ TOYKM OT To4kH O,

Taxossl, Hanpumep, ToukHh N (3, 0) # N'(— 1%, 0).

Ecan Touxa B37Ta Ha OCH y-OB, TO ef abcumcca paBHa Hy[dIO, 4 OpIH-
HATA eCTh YMCJIO, PABHOE MO aGCOJNIOTHOR BENHUHHE DACCTOSHHMIO JaHHON

touku ot touku (. Takosw, nanpumep, Touxu K (0,1) u K’ /0, — 2%) .

A6cuucca H OpAMHATA HAYanad KOOPAMHAT, OYEBHAHO, DABHHI HY 110,
6) Haidmu mouxy no OQHHHM €& KOOpOuHamax. Paccmotpum ne-
ckonbko cayuaes. 1) I[lycTe koopaunaTe TOuku 6ynyT (1,3). OTkaantsaem
Ha ocH x-oB oT ToukH O BN pPaBoO OTPEe3OK, PaBHLIA NPUHATON enHHHLE,

1y Onpenenerne NOJOXeHHS TOYKH HA MIOCKOCTH TNOCDPEACTBOM ABYX YKa3aH-
HBIX KOODJAHHAT BBeleHo Onino GpaHUY3CKHM mMaTeMaTHKoM PeHe Jekaprom
(1596 —1650), nouemy KOOpAHHATH 3TH H HA3WBAOTCA Oexapmosvimu,
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noro x Ha mnpamoit XX, HaunHaa oT ToukH O KaKk Hauama, TNPHUEM
[MONOXKHUTEeNbHEIE 3HAHEeHHA X 6y11€M OTKJAaAbIBATh BIPABO OT 0, a OTpH~
uatenbHbe — Baeso or 0. Takum o6pasom, orpesok 0OA u3obpasur
sHaueHHe X, paBHoe -1, a orpeaok OB —a3Haueune x, pasHoe -2,
otpesok OC — suaueHue X, papuoe — 3, u T. m. Cama rouxa O naoOpaxaer
3HauesHe X, paBHOe Hyar. 3Hadeuus QyHKUMH Y, COOTBETCTBYHOLIME
3THM 3HAUYE€HHAM X, MH yC.TlOBHMCﬂ HSOGDH)K&TB HAa NIPAMLIX, I]pOBelléHHbXX
vepes ToukH A, B, C, ... napaaiess-
Ho YY, (unave ckasaTh, Ha nepreH-
IMKyaapax X npsamoRt X X)), npuuém
NOJIOKHTENbHBIE 3HAYEHHA QJYHKHHK
. MBI 6y1leM OTKIAABIBATE BBEPX OT npsi=
Mot XX,, a oTpuuaTeNbHbiEe — BHU3

Y

[ S

ot neé. Ecan, nanpumep, npu x = _f__é_

F

3 2

' sHaueHne ) OyneT +1§, TO Ha npsi-

Pt bl ] moit XX, mm BO3bMEM oTpesok OD,
1

pasuuft +-.—2-, M BOCCTdBHM [epneH-

v, auxyaap DE | paBubiit 4 1—?— ; TOTHA TOU~-
Yepr. 3. " ke E cooTBercTBYyeT 3HaueHMe y, pap-
Hoe - 1—:—. PasrsiM 00pazom touke K

3 1
COOTBETCTBYET 3HaueHHe Y, paBHOe — l-mpu x=—2,-, u T. n.

Bamernm, uro Touxku E, K, ..., cooTeTcTByIOMHE 3HAUCHHAM DY HKUMH P,
MBI MOMEM MOJYYHTb HECKO/JbKO HHAYEe, 2 MMEHHO: BMECTO TOr0 YTOGH
Ha neprnenaukyaapax DE, FK, ... oTknaansars OTpe3kH, n3obpaxarowme
BHa4YeHHA 3, Mbl MOXEM HX OTKaaibBaTe Ha npsmoft VYV, nHauunas ot
ToukH O, ¥ 3aTeM W3 KOHLOB 3THX OTDE3KOB NPOBOAKTL NpAMLIE, mapas-
neapunie XX, 1O nepeceuyeHis ¢ COOTBETCTBYIOLMMHE MEPNEHAHKY IS DAMH,

Tak, OT/IOXHB 0L=+1—§— d nposens LE || OX, vul nonyuum Touky E,

T. €. TY C3aMyi0 TOUYKY, KOTODVIO paHblie Mbl HOMYYHJIH, OTIOXKHB
2

DE=+1+.

HYucna, coorsercrsyromme orpeakam OD, OF, ... , OoTKaansBaeMbiM
na npamoRt XX, ot toukm O, HasupaloTcR abcyuccamu touek E, K,. ..

1 5
(—5— a6cuucca Touxy F, — 5 — abcuncca  TOUKH K nr n.); Yncaa,

cooTeReTcTByowwHe orpeakam DE, FK, ... , OTKaanmiBaeMbIM Ha nepred-
aukynapax Kk XX; (uau va npsmon YVY,), vazuBaiorca. opduxamamu

2
Touexk E, K, ... ( lg — OopamHaTa TOukH E, — 1—3— — opannHata  TOu-

ki K u T 11.); Te M APYrde COBMECTHO HA3MBANTCA Koopluxamamu
Touek E, K, ... .
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Heorpanunuennas npsamas XX, Ha3wiBaeTcs ocs0 aboqucc, BAA OCHIO
x-0oB (OChI0O HKCOB); HeOrpaHHuYeHHas unpsmas Y'Y, HaswiBaercs ocsro
opouHam, KA OCbI Y-0B (OCHI0 MrDEKOB); Ta M Ipyrasa MpsMble COBMe-
CTHO HA3BBAlTCA ocsmu KoopduHam. Touxa O Ha3LIBACTCH HaA%AA0M
xoopounam ).

28. OnpepeneHne NOJOXKEHHA TOYKH HA NJIOCKOCTH. [loap3yach
cHcTeMof KOOpIAKHAT, Mbl MOXEM DELIHTb TaKHe 3anauu:

a) JaHa mouxa Ha naockocmu;
onpedesums eé KoopOuHamol OmMHO-
CumeAsHo OAHHOL cucmemsl Koopou- L -,
na:mn. [IlycTh pawa  Ha NJAOCKOCTH - '
touka P (uepr. 4). OnycTuM H3 Hed ‘ -
nepneHaukynsp PQ Ha och  X-OB. PR
Hamepus npuHATOR enauHHile#t oTpe- 1 |' 1
3ok 0@, Hattném abGcumcey Toukn P, X,——1—l—ot 7 fffé ———X
Hamepus orpesok PQ, Ha#aéMm opamu-
Hary touku P, Ha nawem ueprexe a6-
cuucca Toukd P pasHa <2, a opAnHa-

1
Ta -+ 17. OO6bIKHOBEHHO KOOPAUHATHI M

TOYKH [HIUYTCA B CKOOKax pAIOM v
c OGykBOH, Tak: P(+2, +1%—), HJIH Yepr. 4.

npocro P<2, l%) Ha nepeoM nnaHe nmmerca aGcumcca, Ha BTOPOM —

opzu«mara.
[Tpy HaXOxOeHMH KOOPAHPAT TOYKH He ClAefyeT YNyCKaTh M3 BHAY
3HaK, KOTOPWH OymeT HMeTb KoopamHara. Tak, koopaMHAaTH Toukn M"

Gyayt 1—;— (aGcuncca) 1 — 2 (opauHATa); KOOPAUHATEH TOuKH M” Gy-

1
nyr—.??u —3u T 0

Ecan BO3hMEM TOYKY Ha OCH X-OB, TO ODIWHATA €&, O4eBHUAHO, OyaeT
paBHa HyJal, @ aGCuHMcca — MOJOXHUTENbHOE HAH OTPHUATENBLHOE UHCAO,
paBHOe 10 abCOMIOTHOM BeAMYHHE PACCTOSHHIO JAHHON TOYKH OT Touku O.

1
TakoBel, Hanpumep, Toukn N (3, 0) u N’(—l?, 0).
Ecnu Toyka B3jATA HA OCH y-0B, TO e€ abCumcca pasHa HYJIO, 8 OPAd-
HATa eCTb YHCJIO, PaBHOE NO aGCOMIOTHOR BeMHUHHE PACCTOSHHIO JaHHOH
- /
toukn ot toukn 0. Taxosel, HanpuMep, Toukn K (0,1) u K’{0, — 2%) ]

A6cuncca ¥ OpAMHATAa Hayala KOODIHHAT, OYEBHAHO, DaBHH Hymo.
6) Haidmu moxky no OaHHolM €€ Koopouramax. PaccMoTpuMm He-
cxonsko cayuaes. 1) INycre koopaunate Toukn 6yayt (1,3). Orkaaguvsaenm
Ha ocH X-OB OT TouKM O BN P2aBO OTPE3OK, PABHHHI NPUHATOM! efHHHLE.

1) OnpefieNeHne MONOKEHHS TOUKH HA IJIOCKOCTH MOCP2ACTEOM JBYX YyKasaH-
HBHIX KOGDIHHAT BBeleHO OO (PAHIV3ICKHM MaTeMaTHKoM Pene [Jeka pTOM
(1596 —1650), noweMy KOOpAHHATH 3TH H HA3WBAIOTCH OeKapmosvimu,

29



M3 nonyueHHOH TOUKHM BOCCTABUM NEPNEHIMKYNAD M Ha HEM OT/IOXKHM
BBEPX OTPe3OK, paBHMM TPEM eauHuuam. [loayuednas Touka M
u Oyaer HMCKOMOH.

Ha cxasaHnoro Buiue sCHO, 4YTO MBI MOraH Onl Hattry Touky M H
APYTUM Crioco60oM. VIMEHHO: OT/IOXHM TIO OCH X-OB OTPE30K, PaBHb# 1,
3aTeM NO OCH -OB OTPe30K, PaBHHM 3, M M3 MOJYYEHHHX TOUYEK NPOBe-
‘nEM NpsiMble, napaijenbHele OCAM. TOYka mnepecedeHHA 3THX MNPAMBIX
Jact onstbh TOYKYy M.

/ 1
2) Ilycts KOODAHMHATH TOYKH OYAyT (—— 2, 2—2—). OueBuano, uTO
3nech abecumccy (— 2) NPHAETCA OTK/AZALIBAT B/AEBO OT TOUKH 0, a opau-
1
HarTy (2%) — BBepX. [lonyuenHast Toyka M’(— 2, 27) H Oyner MCKOMOfL.
1
3) Ecan KOOPAMHATHL TOYKH OyayT (——2?, 53), TO aGCcunccy
NpUAETCS OTKAAAblBATL BJAEBO, a OpPANHATY — BHM3. [loixyumm Touky

M (—2%,—3).

p—

4) Haxoseir, MO KOOPIAMHATAM (13, —2) NOJAYYUM  TOUKY
1 ’
me(1h, =),

Mb!l BuMM, YTO KOCOPAHHATH TOUKH MMEIOT TOT MJAH HHOH 3HaK, T.e.
OynyT TONONHMTENbHE WA OTPUUATENLHE, CMOTPS MO TOMY, B KAKOM
KOOPOUHAMHOM YIAY HAXOAWTCA TOuKa. Mbl MOxeM NpeaCTABHTb 9TO
B caepywoue TtabaMmue, C4YHTas TMEPBHM N0 MOPAAKY NpPaBbift BepXHui

KOODLHHATHRH Yrol u Bels OT HEro <CudT NPOTHB [BHXKEHHH 4acOBOH
CTPe/IKNU:

KoopaunaTHeit  yroa Abcuucca x Opaunara y
1-# k-
2-# — +
3-it — —
4-# - —
Ynpaxcaenus. i

YKa3saTb Ha qeprex(e TOYKH NO CﬂellytOULHM KoopmmaraM:
55. (2, 3) (3, 2), (8 —3), (—3, 2), (—3, —2).

1 1 1 1
s (0, 25). (o.—Q?). (37.0). (—3z.9). 0. 0
II. [lpavas u oOparHas NPONOPUMOHAILHOCTD.

29. lpsimas nponopuHoHaJbHAA 3aBHCHMOCTb. Kaaw#t 3 onwiTa
3HaeT, 4YTO eciiH OODBEM BOAB YBEAHMYHTCA (MW YMEHBLIUMTCS) B KAKOM-
HUOYAb OTHOLIEHMH, TO M BEC e YBeJHYHTCA (MAH YMeHBLLIHTCA) B ToM
®e oTHOMWeHnH. Hanmpumep, 1 2 Boaw Becur 1 ke, 2 4 Boauw BecsT 2 ke,

1 1
2+ 4 BOMb BeCAT 2—2— K2 W T. A. (NPEANOJAraeTcs, KOHEYHO, 4TQ BCe
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NpPOUYHE YCTOBHS, BAHAKOLIME HA BEC BOAB, OCTAOTCA HEHIMEHHLIMH] Ha-
npuMep, Boja GepéTcs OOMHAKOBO UYMCTasA, NPH O4HOM H TOR e TeMne-
parype M np.). Takast 3aBHCHMOCTb Mexiay OGBHEMOM BOLL U €& BECOM
HA3LIBACTCA NPONOPUUOHAALHOL 3aBHCHMOCTbIG. B apudpmMeTHice rosopsr,
YTO ABEe BeJMYHMHBl HAXONATCH MEXAY COGOH B MPONOPLHOHAILHOK 34BH-
CHMOCTH (WM DPONODUMOHANbLHBI ADYT ADYTY), €CAR € YBesuseHuesm (uisu
C YMeNbuieHuem) 0OHOL u3 HuX 8 KaxKom-nulyde omuowenuu O0pyzan
1MOJCE YBEAUNUBACINCA (UAL YMEHOULAEMCA) 8 MAKOM Ce OMHOULEHUU.
Tax, croumocrh TOBapa, NpPOXaBAEMOrO HA BEC, MPOINOPIHMOHAAbHA €ero
BeCy; njara palouMM DpPOMOPLMOHA/AbLHA MX uuciy (MPH OOHHAKOBBIX
ApOUYHX YCJAOBHAX); Be/MUKHA APOGH MNPOTIOPLMOHA/IbHA €8 YHC/HTENIO TIPH
HeW3MEHHOM 3HaMeHaTesie; NJAOWEALL MPSAMO YrOJbHHKA TNPOMNOPUHMOHAIbHA
"ero OCHOBAHMIO IIPM HEM3MEHHOH BBICOTE H [IPONOPUMOHANLHA €rO BHCUTE
NPH HEH3MeHHOM OCHOBaHMH M T. I '

Ilycte mbl umMeem 1aBe Kakue-HuGyAb NPONOPHHOHATbHBIE BeJTHUYMHBI
(Hanpumep, BeC TOBApPa W €ro CTOHMOCTh) M MOJOXKHM, YTO KOraa oaHa
A3 HMX paBHAa €AMHH L € OZHOK BEJHWUHHHW, Apyras nycTh OyneT Torua
paBHa K emnHHLAM 310# Apyrofl BeauuuHbl (HanpHMep, KOraa Bec TOBapa
paseH 1 ke, CTOMMOCTb ero, nonoxum, OymeT 1 py6.). Ecan Teneps
JOMYCTHM, YTO HePBas BedHYMHA CHeNaeTCd PaBHOH X eMHHHAEM, TO TOria
ApYyras BeNMnYHHA H3MEHWTCS M CHeJdeTcs PABHOM Y emuHKHUAM (HanpuMep,
ecau ToBapa Gyner B3nTo He 1 ke, a 3 Ke, TO CTOMMOCTb €ro OKamercs
He ! py6., a 3 py6.). Tak KaKk B3aTbie HAMH BEJHUYHHB NPONOPUNOHANBLHEL,
TO YHCAO Y HOMKHO ObiTh GOJbIlUE M/IH MeHbile YMCAA K B TaKOM OTHO-
LIEHHH, B KAKOMYHCIO. X Goabile uax MeHbwe 1, 3Hauut, Mu Oynem
MMETb MPONOPHHIO:

y:k=x:1,
H3 KOTODOW Hafin&m:
y=kx,
[ et -

30. Obwee onpegeneHre [PONOPLHOHANLHON 3aBucHMocTH, [a-
M caegyloutee o0Lliee onpejelqeHHe DPONOPUHOHAJILHOR 34BHCHMOCTH,

JABe BeJHuUMHbl HA3LIBAIOTCH TNPONOPUUOHANBHBIMH, €CJAH 3aBHCH-
MOCTb MeXAy. HEMH MoxeT ObiTb BbipaxeHa dopmynoil: y=kux,
B KOTOPOH X M J— YHCJIA, BbipaRaiouueé COOTBETCTBYIOIHE aApYr
APYry 3HaueHHs B3ATHIX BEJHYHH, a R — MOCTOSIHHOE 4YHCJAO (paB-
HOe TOMY YacTHOMY 3HAYEHHIO ¥, KOTOPOE COOTBETCTBYET 3HAYECHHIO
x=1). D10 NOCTOSIHHOE HKCI0 HABLIBAETCA KOIPPUYuUeHmoMs nponop-
{UORAABROCHLE OQHHUX 8E€AUHUH.

“JlayHOe omnpefeneHHe OT/IMYAETCS OT apudMeTHUecKOro TeMm, 4TO
K03 PHUMEHT NPOHOPLUHOHANLHOCTH K MOXKET OHTh OTPHLATEIbHBIM YHCIOM,
B 3TOoM mocienHeM ciyuae 3HAKH 3HAUEHMH aprymeHra M ¢yHkuud OyayT
pa3nnuus. Kax M3BeCTHO M3 reomerpuH, LAHHA C OKPYXHOCTH pamuyca R
Bhipaxaerca Qopmyaon: C=2nR, 8 xotopoft R u C — nepemenHsie
BeTHUYHHH, 4 21T — NOCTORHHOE 4YMCJIO, MOITOMY Mbl MOXEM CKasaTh, YTO
IIHHA OKDYXHOCTH TNPOMNOPLHOHAIbLHA €€ pasuycy.

31. OfparHas npONOPUHOHANLHAR 3ABHCUMOCTb. Moxer cay-
UHTHCH, MTO B (leDeMEHHBIC BEJHYHHB 3ABHCHT OfHA OT APYro# TaK,
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4TO € YBCAHUYEHHEM OAHOHf W3 WHMX ApYyras mno aGCOaIOTHOA BelHUHHE
yMeHblIaeTcd, H MPHTOM YMEHbIUAETCH B TAKOM Ke OTHOIUEHHH, B KAKOM
nepBad yBeNMUMBAETCH. TakHe BeNHYHHB HA3HIBAOTCH B apHdMeTHKe
obpamno nponopyuoHassHuMu (2 BeTUIHHB!, MPOCTO NPONOPUHOHAMBHEE,
Ha3KWBAIOTCA HHOCAA MApAMO nponopryuonasshusimu). Hanpumep, uucro
YACOB, B TEUEHHE KOTOPOTO MOe3[ ese3Hoff NOPOrHW NPOXOJHT BeCh DYThH
oT Mockshl 10 JleHHHrpana, o6paTHO NPONOPUHOHAILHO CPelHelt CKOPOCTH

1
JIBMXKEHHN 3TOTO NOe3Ad, TAK KAK € yBeJuueHHeM CKOpOCcTH B I pasa,

B 2 pasa, ... , BooOlLle B HEKOTODOM OTHOUIEHHH, YHCIIO YaCcOB, B TeueHHE
KOTOPOTO MNOe3f TpoHAET paccTosHMe oT MocCKkBH 10 JIeHIHIpaga, yMeHb-

1
LIKTCA B l? pasa, B 2 pasa, ... , BOOOlIe B TOM e OTHOUIEHH, B KAKOM

CKODOCTb yBeanunsmacs. I1omo6HO 3TOMy, BeC TOBapa, KOTOPHIH MOWHO
KynuTb Ha JaHHyl0 cyMMy IeHer, naupumep Ha 100 pyG., oGpaTro mpo-
MOPIHOHAJMEH lleHe KHJIOrPaMMa 3TOTO TOBAPa; BpeMsl, B TeUEHHe KOTOPOro
BhINOJHAETCA PA0OUHMH 23[JaHHAA HM padoTa, oO6pATHO MPONOPUHOHANBHO
yHcay 3THX pa6oumx (KOHEUHO, NMPH YCJOBHH, uTo BCe pabouue paGoraior
OJHHAKOBO YCIEUHO); BeaxunHa ApoOH oO6paTHO NpONOPHHOHAMLHA €8
3HaMeBaTemo (ﬂpH NOCTOSIHHOM ‘iHC.TlHTBJIE) N T. JL.

SaMevarnue. JJag TOro 4yToOb HBe 3dBHCSULHE APYr OT APYra BeJAHUHHBI
GBlIH TPONOPIHOHAAbHH (NPSMO KJIHW OCPATHO), HEZOCTATOYHO TOJNIBKO
TOTO, YTOOLI C YBeJAHUeHHeM OIHOH BeJMYMHH IpYyTasi TOXE YBeJHYHBAAACh
(nis npaMod NPONOPIHOHANLHOCTH) HJAM uTOOH C yBeNHueHHEeM ORHOM
Be/IH4HHEl Apyras yMeHbluanach (A8 OOpaTHOf NpPONOPHHOHAALHOCTH).
Hanpumep, eciau kakoe-HHGyIb C/laraeMoO€ YBEJHUHTCH, TO W CyMMa yBe-
JHYHTCA; HO OBLJIO OBl OWIKOOYHO CKa3aTh, UYTO CYMMa NPOIOPUMOHANbHA
3TOMY C/IaraeMOMY, TaK KaK eC/IH YBeJMUHM CJaraemoe, HanpuMep, B 3 pasa,
TO CyMMa XOTH M YBeMItunrcss, wo He B 3 paza. ITono6uo stomy, Henmbss,
HafnpuMep, CKasaTh, YTO PasHOCTh OOPATHO NMPONOPIMCHANIBHA BHUKTAEMOMY,
TaK KaK, eCJH yBe/JHYMTCA BHYHTaeMOe, HampHMep, B 2 pasa, TO Pa3HOCTH
XOT# ¥ yMeHbUIHTCH, HO He B 2 pasa. HywkHo, 4TOGHl yBeJHueHHE HAH
yMeHbIIeHHE O0eHX BeJHUHH NPOHUCXOAHIO B ORHHAKOBOM OTHOUIEHWH.

Bos3pMéM kaxue-HHOyIb IB€ 0GPaTHO MPONOPIHOHANLHLIE BeJTHUHHbI
M DpeINOJNOKHM, YTO KOrAa OAHA H3 HEX DaBHA ejuuaue, Apyras Oyner
paeHa k. Eca Teneps nONyCTHM, YTO 3TH BENHUMHBI M3MEHMJHCh, TPUUEM
neppas clesanack PaBHOH X, 2 BTOpas ), TO UHC/AO Y JOMKHO OKA3AThCA
GoJsiblie MAH MeHblie uncAa K B TAKOM OTHOLIEHHH, B KAKOM YHC/IO X
MeHplie HAH Gonabwie 1, T. e., ADYrHMH CJOBaMH, B TAKOM OTHOLIEHHH,
B KakOM | Gouplie HNH MeHbile X. 3HAUHT, Mbl OyIeM HMETb NPONOPLHIO:

y:k=1:x, orkyna yx=Kk.

32. O6mee onpexecnenne oGpaTHOH NPONOPUHOHANBHON 3aBH-
CHMOCTH.

JBe BEJHYMHBI HA3LIBAIOTCA O6GpPATHO NPONOPLHOHANBHBIMH, €CIH
npoH3BeJeHHe YKCIEHHOrO 3HAYECHHA OAHOH H3 HMX HA COOTBETCTBYIO-
ulee YHCTEHHOE 3HaueHHe JpPYroH PaBHAETCS NOCTOAHHOMY HHCAY.
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3aMeTHM, YTO NAHHOEe B HacTosleM mnaparpacde onpeneneHue ot apud-
METHYECKOTO OTAMYAETCA TeM, YTO IOCTOSHHOE YHMCJAO K MOeT OblTh Kak
MOMOMUTENLHHM, TaK M OTpUlaTelbHWM. B mnocnenHem ciayyae 3HaKH
3Ha4eHUN aprymeHTa H QYHKUAHX OYAYT Pa3AUUHBL.

k
dopmyna yx=K paBHOCHAbHA (OPMyle p=—, KOTOPYIO CNOBECHO
MOXHO BLIDa3HTb TaK:

EcaH IABe BENHUHHMW OOPATHO NPOMOPLUMOHAJBLHB, TO YHCACHHOE 3HAYUEHHE OAHOH
H3 HUX PABHO HEKOTOPOMY NOCTOSHHOMY YHCJY, JAEJEHHOMY Ha COOTBETCTBYloLLEE
4HCACHHOC 3HAYCHHE NPYrof BEJHYBHDI.

Ynpaxcnenus.

57. B kakofi 3aBHCHMOCTH HaXORATCA NpH PABHOMEPHOM XBMMEHMI:

a) nyTb, NPOXOJHMAEIA B HAHROE BpeMs, H CKOPOCTb JBHIKEHHS;

6) BpemMs, B TeueHHe KOTOPOro NPOXOAHTCA JAAHHBIA MNyTh, H CKOPOCTb ABH-
KEHHA,

B) IYTb H BpEMA, B TeyeHHe KOTOPOro OH NMPOXOJHTCA (NPH RAHHOA CKOPOCTH)?

3ameqarue. DTH 3aBHCHMOCTH JErKO YCMATPHBAKOTCST H3 GoOpMyJinl DaBHOMep-
HOTO JIBMXKEBHs: $=¢f, rfie § —NyTb, U -—CKOPOCTL JIBHKCHiiA H {-— BpeMd,
B TeueHile KOTOPOrO NPOAJEH NYTb.

58. B kakoli 338BHCHMOCTH HaxoIaTcs:

a) naomwank OPAMOYTOALHHKE H ero OCHOBaHHe (IIPH HEN3MEHHOH BHICOTL);

6) njonlaib H BBLICOTAa (IPH HEHM3MEHHOM OCHOBAaHHH);

B) OCHOBAaHHE H BHICOTA (IIPH Heu3MeHHOR I[LICIIANH)?

3ameyanue. DTH 3aDHCHMOCTH MOMHO BHIBECTH H3 (OpPMyan, onpeaeasiaitel
MIOMAAb NPSAMOYTOJbHHKA: p=bh, rAe p — MIOWAaAb, b — ocHOBaHHe H /i — BhHICOTA,

59. Byayr mH npomOpHMOHAnBHE APYT APYTY CJeAYiONlie Tapel [IepeMeHHbIX
BEeJIHYHH:

a) Ayra OKDYXHOCTH H IEHTPAJbHbIR YTOoJ, ONHpalOMHACA Ha Heé,

6) xopjla M UeHTPANbELIA yros, onupaiomufica HA Heé;

B) ANHHA OKPYIXHOCTH H e& pajgHyc; *

r) njaowajb KBajpaTta H ero CTOPOHa;

J) naomagb Kpyra H ero paauyce

33. I'paduk npaMolt NPONOPUHMOHANBHON 3aBHCHMOCTH. lLokameM,
uro rpapuxk ¢yHkuuH y =Kkx ecTh npamas auHnd. Jas NpoOCTOTH oOrpa-
HUYHMCA CAY4YaeM NOJIOXHTEABHOIO K.

Jna x=0 nmeem y=%k-0=0; 3nauut, TOuUKa, 0O6e KOOPAMHATH
KOTOPOH DaBHH HYJ/IO, 1. €. HAYaJ0 KOODIMHAT, EXHT HAa HCKOMOM I'pa-
¢duke (uept. 5).

Jas x=1 umeem y=kx=Ek. Touxky c aGcurccol | u opmmuatoh K
o6o3HauuM uyepes N. Dra TOUKa JeXHMT Ha HameM rpaduke.

IlokaxeM, YTO Ka¥mas Touxa npaMol ON nexuT Ha HallleM rpaguke.
JpyramH caoBaMH, JOKaxeM, 4TO abcLucca X H OpAHHaTa y M060H TOUKH
M npamoti ON cBazaun Mexny CoGOi COOTHOUIGHHEM:

y=kx.

BosbMEM npousBoabHYIo Touky M npsMmoh ON. TIpoeensm uepes M

npsmyio MP, napannensnyro ocH opauHar. Hs nomoOusi Tpeyro/bHHKOB
OPM u OQN cneayert:

PM:0P=QN:0Q.

3 Anre6pa, a. 1L ‘ 33



Ho 0Q=1, a QN =F,
nosTOoMy PM:OP =k, PM=Ek-OP.

Tax kak PM ectv opnupara, a OP — a6cuucca Toukn M, TO Hawe
yTBepxkJeHHe JOKa3aHO: Kaxaad Touka npamo#t ON nexwur Ha rpaduxe
dynkuun y=—kx. Ocra¥Tcs I0Ka3aTh, YTO HeT HH OnHON TOuku rpaduxa,
He newame#t na npavot ON. Ho ecan 6b Takas Touka Z Owmna, TO,
NpoReNs uepes Heé NpsMyio 7Z TrapanjieNbHO OCH V-OB H Geps TCUKY
nepecevenns V npsmott 7Z c npsamoit ON, ML MOAYYWIH NPOTHBO-
peune. B camom nene, Tak Kak Touka V, mo 10KasansoMy, TaKme AEKHT
Ha HalleM rpaduke, TO OLHOH M To# xe abcuucce OT COOTBETCTBOBA/H

Y
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T 4 0 @
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g » 7 |
[} X X v
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YepT. 5. Yepr. ba,

651 nse opauHatThl rpaduxa, a umenno: TZ u TV, torma xak a6cuucce
OT cooreeTcTBYeT B IeHCTBHTEABHOCTH €ANHCTBEHHas opauHata 7TV,
pasuas k-OT.

Hrax:

Tpaduk npsmoil nponopuKoHANLHOH 3aBUCHMOCTH (y=RX) ecTb
npaMasi, npoXoAsulas uepe3 Ha4aJd0 KOODAMHAT M uyepe3 Touky N,
y Kortopoii abcukcca ectp 1, a OpAUHATA PaBHA KO3(DPHUHEHTY Mpo-
NOPLIHOHANBHOCTH (Halu yepTéx chenan aas Kk=2).

Samenanue. Mb paccmaTpHBaiH rpaduk ¢yHxkuuH y=Kkx aumb nis
c/yyas TOJIONHTENpHOro k. Bce Hamm paccyieHHs,, OJHAKO, COXPaHAKOT
cHNy TaKxke W 1A oOTpHuaTeabHoro K. Toabko npsMas, SBAAIOLLAACH
rpaduxom PyHKIUM Y=FKkX, B ciAydae OTpHUaTenbHOro K OyneT nexarth
B yrnax X'OY u XOVY’ (t. e. BO BTOPOH ¥ 4eTBEPTOH ueTBEPTAX); B Ca-
MOM neje, NpU OTpHllaTesbHOM K Touka N ¢ koopauHatamu (1, k) nexur
B UCTBEPTOH YETBEPTH, a HCKOMHI rpatdnk ects npamas ON (uepT. 5a).

34. H3MeHeHHe HOJOXKeHHS NPSMOH NpPH H3MekeHHH Koaddu-
HHEHTa MPONMOPUHOHAJAbHOCTH. IlOCTpOMM Ha ORHOM M TOM Xe vep-
Texe 6 npamble, nM3oGpaxawive GYHKIHH:

y=% x; y=x; y=2x,
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Y KOTODHIX KOS(OHUHEHTH NONOKHTEALHH M MPUTOM BOSpacraoT. M3
yepTeXd MH BHIAHM, YTO 1O Mepe BO3PACTaHUA KOsd(ullneHTa npdIIOPIIH-
OHA/IbHOCTH NpPSMIA OTKJAOHAeTCH BcE GoJsee H §OMee OT OCH X-OB, NPH-
Gauxasce K ocH y-0B. Takum 06pasoM, KOIDGHUHEHT K B QyHKUHH Y =KX
XapaKTepuayer COGOH yroJ, cOCTaBJAeHHEIf mnpsmoft ¢ noayockio OX;
MOSTOMY HYHCIO K HasblBAETCA TaKKe Y2208blM KKO3PuLuenmom NPIMON,
usobpaxaiouedt rpapuueckn ¢yHKumio y=kx. Tak kax H3 3TOr0 COOT-

HOLUCHHA BHINO, YTO k=—i— » TO MOXHO CKa3aThb, YTO Yr/I0BOH KO3¢(pu-
IHEHT paseH OTHOLIEHHIO KaKOTO-HHOYAb 3HaYeHHs OYHKUNH (KakOH-HHOY Db

”
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Yepr. 6. Yepr. 7.

OpP/IMHATH) K COOTBETCTBYIOUIEMY 3HAYEHHIO apryMenTa (K COOTBETCTBYIO-
ekt abcuucce) (uept. 7): )
k=m=M,—A;—= e =tg(1.
OA OA

O1ciona BuaHO, uTO K ecTb raWredHc yria, oO6pa3oBaHHOrO mnpaMof
€ MOJNOMHTENbHKLIM HANPAaBAEHHEM OCH a0cuMcC (KaK H3BECTHO W3 TPMro-
HOMETPHH, OTHOILUEHHE ONHOTQ KaTeTa K JADYTOMy KaTeTy pPaBHsETCH
maszency yraa o, TIPOTHBOJIEKALIEMY [IEDBOMY KaTeTy).

IMone3no 3ameTHTh, 4TO eciih K=1, T. €. ecan dyHAKUHI wMeeT BuI
y=2x, TO npsiMas, n3obpaxarwolas e, ecTb GHCCeKTPHCA npamMoro yraa X0V
(torga rtpeyronsuuk OAM — paBHoGenpennblift u o=45°). Ecau k=0,
T. €. ecnu QyHKUMS uMeeT BuA y=0, TO NpsmMas cIHBaercsi ¢ ocvio OX.

35. Tpadnk ob6partHoii nponopunonanabHocTH. Takas npomop-
HMOHAILHOCTL BBIPAXKAETCH, KAK MH BHHenH, dopmysoft:

xy=k, HJIN y’-——-—x—.
Tocrpoum rpaduk ans uyacTHOro caydas, korma k=6, T. e. xoraa
$yHkuHsa Oyger y= 5

CocrasuM Ta6nuLy 3HAaueHHH 3TON QYHKUMHM IS MOMOKHTEILHBIX 3HA-
UEHWH apryMeHTa; HanpHMep, TaKylo:

% 1 , 2 3 4 | 5 6 7 8 l .o
1 6 3
¥y 6 ‘ 3 ‘ 2 1*2— l_:;— 1 5 —4—‘ ‘es
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Haneca sHauenus, yxaszaHusle B Tabnuue, Ha 4YepT&X H obBels Bce
ToJsy4YeHHBHEe HAa rpadMKe TOYKH KPHBOH (OT DYKH HIM € IOMOILBIO OCO-
Goii uepTEWHOH NHHeNKM, HA3LIBAEMOR JAe€KAA0M), MH NOAY4YUM rpaduk

6
O6DATHOH NPONOPUHOHAJIBHON 3aBHCHMOCTH y=—— (uepT. 8).

O6paTtum BHHMaHME Ha CJedyloliye ocobOeHHOCTH 3TOTO rpadmka: NpH

HeOrpaHHYEHHOM yBeduueHHH abcumccwl x (x=9, 10, 11, 12, ...) opau-

Y

N W s 0 o

-2

HaTa KpHBOH BCE ymeHbluaeT-
¢, npuOGIHAKaARCh K HYJIO,
TaK 4YTO KpHBad, NO Mepe eé
NIPOAOJIXKEHHA HAmNpaso, Bcé
6amxxe H OaHXKEe TOIXOMMUT
K OCH X-0B, HO HHKOrjaa eé

HNOCTHTHYTb H€ MOXET (llpOGb
6
—— HHKOrzaa He MOXeT Che-
X

7aThCA  PaBHON Hymo). Pag-

HbiM o0pasoM, ecad Oaa X

1 1
Synem 6path APOOH -, —f,

—é— M T. n., Bc& O6onee W

Gonee NPHOIHKAIOUIKECS K HYMO, TO y OyaeT BcE Gosee H GoJiee BO3-
pactaTh (y=12, 24, 48, ...), Tak 4TO BeTBb KPHBOH NpH MPOXOMKEHHH
e HAa/NEeBO HEOTPAaHMYEHHO NONHHMAeTCA BBEPX, NPHOIHWasAch BcE Gonee

¥ Gojee K OCH y-OB, HO HOCTHIHYTh €& HMKOTIA HE MOXET (HPH x=0

6
apoGb < nepecraér cymecrnonan).

Uepr. 9.

Ueprx 9, cnenanHufi B Golee KPyMHOM MaciuTabe, YeM Npemstnyuu,
NpeACTaBafieT TPuU rpaduka yHxuun y=——:— npu k=2; 1;—. Ounu

2

MMeOT T e OCOGEHHOCTH, KaK H TIpaQuKk NPeXbIAYWIErO uepTexa,
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OTJANYAACh APYT OT APyra TONbKO GOoJbHIel MM MeHblle# BIAaBJIeHHOCTHIO
K BepLUitHe NpPAMOro yraa.

Fpapuk yuxuun —-*_ HasmBaetcs zunep6oaod. IMycts  k>>0.
\y X p

Torma DOMOXMHUTENbHHM 3HAYEHMSM X COOTBETCTBYIOT HOJIOMHUTENbHHE
3HaYEHHA Y, M MH TOAYYHM TOYKH THNepGOJB, Jexaine B TNEPBOM
kBajgpanTe. [IpH OTpHLATE/NHHBIX 3HAYEHHAX X MOMYYHM TOYKH THnepGOJb,
nexaliMe B TpeTbeM KBanpaHTeq Taxk xak sHauenntoo Xx=0 Hukakoro
3HaYeHHA Y HE COOTBETCTBYET, TO HA OCH OPIMHAT TOYEK FHOEPGOJBI HET;
NO3TOMY BCA KDHBas DacralaeTCs Ha [ABE BETBH, H3 KOTODPBIX OfHA JIEKHT
B NepBOM, 4 Apyrad —— B TPEeTbeM KBaJpalTe.

IMycrs k<C0. Torma oxma BeTBp renepOOAbl Oy@eT JeXAaThb BO BTO-
poM KsaapaHTe (T4, KOTODas COCTOHT M3 TOHEK C OTPHIRTENbHLIMH
abcuuccaMu), a BTOpasd — B 4eTBEPTOM KBaApaHTe. '

k
Hrak, 2unepbosra y=-— ecmbs Kpusas, cocmosujas u3 08yx sem-
X

8eli; NpU NOAOHCUMEALHOM K smu semsu seicam 6 nepsonw u mpemses
Kgadpanmax, @ npu ompuyamesbor K — 80 smopon u 8 wemsépmons.

YnpaoicreRun.

60. Ipeanonarad CKOpOCTb U PaBHOMEPHOTO JBHXKEHHs HeH3MeHHOH, BHIPa3HTH
rpaduyeckd u0yTh S KaK ¢(YHKIHIO BpeMeHH { (MMEHHO: §=Uf), [pAHHMAA { 34
nepeMeHHYI0 abCHHCCY, @ § — 33 NEpeMeHHYI0 OpIHHATY.

61. [Ipu cBOGONHOM TaJeHHH TeJa CKODOCTh U, BhlpaXXeHHAsl B MeTpax B Ce-
KYHAY, MOXeT OWTb BolpaxkeHa QopMynodi: v==gf, TAe ¢{ 03HAYAET YHCJO CEKVHJ,
npoTeKiee OT Hayasa NajesHs, a g eCTb YCKOPeHHe NpH NajleHHH, pasHoe 9,8 u
B CEXYHIY.

Buipa3uTb rpadHueckd v Kak GYHKIMIO BpeMeHH f (TPHHHMAS CAHTHMETp 3a
eHHHLYy aGCUHCCH ¢ M MHIAHMETD 33 eJHHHILY OPIHHATH V). :

62. I[locTpoHTH Ha OfHOM ueprexke rpadukH GynKuuA: y== X Y =2x;
y=3x. 4 .
63. TTocTpoHTs rpadukr ¢ymxumi; y=— < V=g

64. [ToctpouTh rpadpx ¢yHKnHH y=2—;‘1. nasasg x 3HaueHus: S; 4; 3; 2;

1; 0,7, 0,5; 0,4 u Takxe OTpHuaTeNbHHe 3HAUEHHA (34 ENHHHLLY NPHHATL CaH-

T}l;l)eTp)- g?t HayepuYeHHOMY IpauKy ONpelleIHTb BeJIHYHHY Y, ecau: 1) x= —2,2
H X = 3,4.

Hl. Jlnuefinas ¢yskuus.

36. Jnyuned nepsoik crenend. 3agada. JIHHA KeAe3HOTO CTepxK-
HA npu Temmepatype 0° cocrasaser 1 M; onpedenutb, Kakas AaHHa [
OKaXeTCsl y 3TOTO CTepxHsl, KOraa OH Gyner Harper JO {°, eC/NH M3BECTHO,
YTO € KaX/bIM IrpajyCcoOM HarpeBaHds [VIMHA CTepXHd yBEJAMYMBAETCA KEa
0,000012 ToM nnaMHBI, KOTOpPYIO cTepxeHb uMmeeT hpu 0°,

Tlpu narpesasun Ha 1° AIMHA CTepXKHA, PaBHas MpH 0° OAHOMY MeTpY
(100 cm), nomwua yseanuneatecs Ha 100 X 0,000012 ¢, 1. e. Ha 0,0012 cu.
Yanudenne npH Harpesasud ga {° A0/xHO GHTb B { pa3 Gonble, 4yeM IPH
HarpeBauun Ha 1°, nostomy ec€ ymmmsenne Gymer 0,0012f ¢m. Ilpu-
6aBMB K ITOMY YAJMHEHHIO HAYaJbHYK AJHHY CTepxH# (npHn 0°),
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T, e. 100 cM, noayumum;
1=0,0012{4100.

HerpyaHo srpeTs, 4TO 3TO Ta e camaa Qopmysa, KOTODYIO MbI [ONY-
yunu yxe patbe (§26), ToNAbKO AiMHA [ BHpaxeHa Tenepb HE B MET-
pax, a B caHTuMETpaX.

Ecan TeMmneparypy !, 00 KOTOpOH HArpeT cTepxeHb, OymeM paccma-
TPUBATH KAK HE3ABUCHMOE MepPeMeHHOe, TO LAUHY [ Mbl MOXeM PACCMATPH-
BaTh Kak QYHKLUHIO TeMOEPATYPHI. O6o%uavas 1o OOLIENPHHATOMY npa-
BHJ/ly HE31BHCHMOE TNlepeMeHHoe OyKBOR X, a8 QYHKUMKO — GyKBOH ), MH
MOEeM 3aBHCHMOCTb MEXAY IJIHHOH CTePKHS W ero TeMIepaTypoH BHi-
pasuTth Takol ¢opmyoh:

y=0,0012x-} 100,
nin B Gonee ofiem BHae:
y=kx-}0,
ecnu Oyxsamu . m b O00O3HAauMM MOCTOSIHHME uMCAa, BXOAAHIME B HAIWY
depmyny.

Anre6pandveckoe BbipaxkeHne buaa kx--b, B koropom Kk n b — xaxue-
HUOYdb TMOCTOSAHHEIE HHCNA, 3 X — HE3aBHCHMOE NepeMeHHOe, Ha3LBaeTCH
0evisnenos nepsoli cmeneru {OTHOCHTEeNAbHO Xx). Taxkuwe dyHkunm BCTpe-
YalOTCA Npn pellleHHH MHOTHX 3aJauy M BOMPOCOB.

Hoprex nByuneHa Ha3biBaeTCd TO 3HAUEHHE APIryMeHTAa X, NPH KOTO-
poM mByuneH ofpauiaercd B Hy/Jb. UTo6bl HafiTH TaKOe 3HAYEHHE, HAKO
TIPUPABHATL ABYUYJIEH HYJI0 W DellNTh [OJyYyeHHOe ypaeHeHMe. Tak, Ko-

1
peHb  JABYyY/JeHa 1—2—x+2 MOJYYMTCH, €CJH pelldM ypaBHEHHe:

1 »—é.\'+2=0,
1_1-—x=—2v x=—2 :—g«-: B .;4_.:___1_1_

3 3’

37. 'papnk naByuteHa nepBod cTeneHH. BoabméM Kako#-unGynb

9acTHHA cayyaft ABydJeHa, Hanmpumep Taxko#:
1
y=l-2— x42.

OT6pocum MOKa YHCNO 2 H BO3bMEM Oolice MPOCTYI0 GYHKIUIO: Y=

1
=1—-x. ®PyHKUHA 3Ta BEIPAXAET NPONOPUAOHANBHYIO 3aBHCHMOCTh MeX-

Iy ¥ 4 X ¥ noromy rpapHiecku H3006pa3UTCH, KaK Mbl 3HaeM, NpPAMOHR
(uepr. 10}, mpoXomsule#i uepe3 Hauai0 KOODHUHAT M uepe3 TOuky M,

y Koropo#t abcumcca ecrth 1, 4 opauHaTa l—é—.

Ecan apryMeHTty x GyIICM LAaBaTb HE TOJBKO NOJOXHTE/AbHBIE 3Haue-
HHsi, HO W OTpHAUaTe/bHbHIE, TO TNpsAMad 3Ta NPOAOXKHTCA BHHM3, NMPOXoua

1
uepes Touky M’, y kotopoft aGcumcca ecth — 1 H opanHaTa — |
Ecan Tenepb BOCCTaHOBHM OTODOIWIEHHOE mpexae uKciIo -2, T. e.
38



BO3bMEM QYHKUHIO y=1-é— X-+2, TO yBumMM, U4TO BCe OPAMHATHL TOH

dynxunn 6yayT 607b1Ie COOTBETCTBEHHMX OPAHHAT QYHKIHH y=1—;—x Ha
1

2 enunuupl. 3Ha4HT, rpauK GYHKIMH y=lTx+2 MBl [OJYYHM H3

rpaduka pyHKUHH y=l—;— x, ecnd npsamyio anuro MM’ nepenecém na-

pannenbHo camo#t ceGe BBepX Ha 2enu-
suuet. s saToro ornoxum Ha ocu OY
otpe3ok OA=2 u uyepe3 TOuky A npo-
BeNEM TpAMYI0, ' HapaiiensHyio MM’
Dta npsaMas u 6y11eT CHYXHTb IPacdHuKOM

bYHKIHA y-l— x-+2. A6cnncca OD

——— e

TOUKH, B KOTOPOH 3Ta nmpAaMas nepece-
KaeTCs C OChI0 X-0B, PABHA KOPHIO ABY~
uleHa, TaKk Kak OpH 3TOM abcumMcce
opaxHarta Y (T. e. BeJHUHHA CAMOTO ABY-

yjieHa) paBHa HyJIO [Ha HallleM YepTe-

Ke OD:—I—;—)

Ecau Bo3bMEM dyHKUMIO

1
y=17x—2, Yepr. 10.

To orpesok OA HanO OTJOXKHTL BHH3 OT TOUKH (), TAK KaK TOrAa Bce
1
OPAHHATH (PYHKIMH y=1Tx NPHILIOCH Obl YMEHBIUMTb HA 2 e IHHHIUH.

Mp noayumm torma mpsamyio A’B’, napaanensnyro MM’ u orcekaomyo
or ocu y-oB orpesok OA =-—2. KopeHnb 3TOro MAByuIeHa paBeH
a0cuMcce TOYKHM, B KOTOpoH mnpamaa A’B’ nepecexaerca ¢ OChIO X-OB

Ha vyepTexe 3Ta abcuucca pasua —{—1—:1;-

Ecan B QyHKOHH Y= kx+b xoada(puuueur k Oymer 9Hucno OTpHLa-
TenbHoe (uanpnmep, y=—1— x+2) , TO Bcnomorarenbﬂau npaAMas,

BHIpANKaOWAH rpaduk cpym(uuu y=kx, npo#ndr uepes yram X,0Y
n XOY,, coo6pa3HO ueMy H3MEHMTCA W HanpasieHwe npamolt BC.
Takum ob6pazom:

Tpadux gsyurena y=—=FKXx-b eCtb NpsMas RHHHS, nNapaatesbHas mpsAmoil,
H3o0paxaoled QYHKUHIO Y—RX, H OTCEKAWAA OT OCH Y-OB OTPE3OK, PaBHMRA b.

Beaencreie Toro uro rpadux  dyHkuu y=Kkx-4b ectn npamas
JIMHUS, CaMa 3Ta (PYHKUHWSI HA3LIBAECTCA LuUHEHHOL.

Jinsg KpaTKOCTH peuH B AadbHeHIIeM H3/I0XEHHWH, BMECTO TOro uToGH
FOBODHTb: ,NpAMan, H3oOpaxaiomwas oyHkunle Y=Kx+4b“, Mum Gyrem
FOBOPUTb KOpoOue:  mpAMas y=Kkx+: b¢, ¢
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Yroa, o6pasyemmit mnpsamo#t y=~Kkx-+b ¢ oceio X-0B, paBeH yray,
COCTaBJEHHOMY C OCBK) X-OB MpAMOR y==kXx; C/le10BaTeAbHO, STOT YroJa
34BHCHT TOJALKO OT BeAMUMHH Ko3hdHiumenta K, u mostomy kosdduuuent
3TOT B ofuleM BMIe JIBydaeHa Kx-+b HasnBaerca yz4o8uM KO-
gdunyuenmon.

Uucno b B nryuneHe kx-+b ecth Tak HasbiBaemas Haxassnas opdu-
Hama, COOTBETCTBYIOLAds HAa4YaJbHOMY 3HaueHHlo X=0; OHa NpeaCTapadAeT
cOGOH OTPesOK OCH Y-0B, OTCeKaeMOH mpsamol, maolpawamowmel neyused.

Koadguunent k, xak mbl Bugean (§ 34), pases TaHreHcy yria, oGpa-
30BAHHOTO C MOJOXHTEAbHBIM HANDAaBIEHHEM OCH X-0B MOpsAMo# y=kx
(4, ciegosatenpho, napaanenbHolt et mpamoft y=kx--b).

38. Hzmenenne nasByudeHa y=~Rx-+b ¢ uamenenuem x, Ilpsmas
y=Fkx, napannenpnas npamolt y=kx--b, npoxomut uepes yram XOY
i XOYI, ecnn k>0, n uepes yranl X,0Y u XOY,, ecan k<0.

N ,
' k

Y P <0

y./fx+6

/ X .X; \ ) ¢

X Yyokx+b 0
Y,
’ 2
Yepr. L1, Uept. 12.

CnepoBaTesbHO, B nepBoM cayuae mnpsamas y=kx-}b noanumaercs
BBepX (uept. 11), a BO BrOpOM cayuae OHa onyckaercs BHH3 (ecian ed
paccMaTpHBaTh B HAMpaBIeHHH C/eBa HanpaBo, 4epT. 12).

Ecan mpuMem BO BHMMaHWe, YTO OTpHUATe/NbHbE YHCaa TeM Goablue,
YyeM MeHbille HX a0COJIOTHble BEIHYWHBI, TO Mbi MOXeM CKa3aTb (uepT. 12),
4YTO 3TO BO3pAaCTaHHE HJIH yObiBAHHE HEOZPAHUYEHHO W TIPHTOM pPABHO-
MePHO, T. €. C YBeJHYEHHEeM X HA OJHO M TO XKe YHCJIO tpyﬂxmm BO3pacTaer
UM yOBIBAeT TaKke Ha OHHO M TO XKE YHCIO.

39. Samenanus. 1. Ecan yraoso#t xosdduument k pasen HY/0, TOTaa
AByuseH oOpamaercs B OAHOYIeH Y=~54. 2TO B3HauUHT, YTO B rpa-
¢uveckoM M300paeHHH AO/KHA MOJYYHTHLCA TaKad MNOPsAMast, Yy KOTOpOH
BCE TOUKH HMEIOT ONHY H Ty e OpPAMHATY, PaBHyIo b, a abcuucca MOXeT
ObiTh Kakam yronHo. Takas JWMHHA, OUEBWIHO, eCTb OpsMad, napasniens-
Hasg OCH X-OB H OTCeKawllas OT OCH )-OB OTpPe30K, paBHbift b. 3Hauut,
npH b MOMOXHUTENRHOM 3Ta NPAMAS PACMOAGKUTCA HAN OChi0 X-OR, 4 MpH b
OTPHUATENIEHOM — NoA Hew (uepT. 13); ¥ B TOM H IpPyroM caydae npm
u3MeReHHH X (YHKUAA OCTAéTCA MOCTOAHHOH (paBHOR b).
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B uacrtHoctH, ecam npu k=0 em® b=0, T. e. ecnH JauHelHaAd
dyukuua 6yner y =0, To rpadpuk byukuuu 6yaer och X-0B (W14 BCAKOH
TOYKH 3TOH ock opauHata Y=0, a abcuucca MPOU3BOJBbHAA).

2. Ecnu kakadg-suOynb TNpSMas MapanienbHa ock y-oB (uepr. 14), To
OPAHHATH TO4YeK 3TOH npAMOH MOryT HMeThb MPOU3BOJbHLIE 3HAYEHHHA,

Y Y
b m
X b X X X
m
Y %
Yepr. 13. Yepr. 14.

a6CHUMCCH e 179 BCEX TOUYEK OJMHAKOBHLI, 2 HMEHHO: DABHBI NONOXHTENL~
HOMY WJIH OTDHIATEILHOMY OTDe3Ky /1, KOTODHIH OTCEKaeTCs MNpsMoit oT
OCH X-OB. Cnenosarenbno, TAKYK) NPAMYI0 MOXHO BBHIPa3HTh ypaBHEHHEM
TaK: X=m 7{OpA4HATa Yy, He BXOIAU@AA B YpaBHEHHe, OCTA&TCA IPOH3-
BonbHOH). B uyactuocrs, ecmn m=0, rto moayuyaerca ypasHewue Xx=0,°
BhIpaXaioulee, 4To abcuucca Beskoft Touku ecth O, a OpAMHATA — KaKas
yroano. Takas npamas ecTb och y-0B. y

40, NMoctpoenne npamoit y=~kx-+b
no JABYM ToukaMm. UYToOb NOCTPOHTH
npamMyo y=kx-4-b, MOXHO Onao 6

CHa4aJ1a MOCTPOHTh BCIOMOraTeNbHYIO Npsi-

Myto, usebpaxamowyo d¢yHkuHio y=kx, /
 MOTOM NPOBECTH NapaleNbHYIO IPAMYIO, 12343 X
OTCeKaIlyIo OT OCH Y-0B OoTpesok b. Ho 9 Q

npowe nNOCTPOMTL npsMylo y=kx-+b, o o

3
Hatas MpeaBapHTENbHO KaKHe-HUOYAb OBE /
TOYKH 3TOH npAMolt. [Tonoxum, HanpuMep,
Hano MOCTPOUTh HPSAMYIO:

y_____;__x_-s. Yepr. 15.
IIns 3TOro HaMEéM KOOPAHHATH KaKHX-HHOYAbL ABYX TOHEK, MpHHALIE-
KalMX MCKOMOH NpAMOH, HANPHMED KOOPAMHATHI T€X TOYeK, B KOTOPBIX
npsiMas MepeceKaeTcs C OCAMH KOODAMHAT. JlAs HAXOXIEHHH HX HOJIOXKHM
B AauHOM ypaBHeHuH Xx=0 W onpemennM - COOTBETCTBYIOLIEE 3HAYEHHE Y,
a 3aTeM NOAOXKHM Y=0 H ompeieinM X; TOrAa HaHmEM:
1) ecim x=0, To y=-—3;

2) ecmn y=0, 10 -2i—x—3=0n x =6.
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Touka ¢ a6curccot O u opmunatot — 3 ecrb Touka P (uepr. 15),
TOYyKa ¢ abcumccolt 6 m opauHatod O ecth Touxka Q; 8HAYHT, HCKOMBIH
rpadguk GyaerT npsMad PQ, npoxonsiuas yepes 3TH ABE TOYKH.

Ecan ToukM mepeceueHHs ¢ KOODIMHATHHMH OCAMH (MJIH OJHA U3 HHX)
He TOMEINAIOTCH B Npeienax YepTeXa, TO MOXHO MOABICKATh APYTHE TOUKH,
KOTOpHie MOMewannch 6 Ha yepTexel),

Ynpaxcuenus.

65. EciH x ecTh YMCAO TpajycoB, YKasuBaeMoe TepMoMerpoM Llenbcus, a
y — WHCAO rPajycoB, YKaswBaeMOE NPH TeX JKe TeMnepaTypHLIX YCJNOBHSX Tep-
MoMeTpoM (apenrefiTa, TO 3aBHCHMOCTb MEXKAY 3THMH UYHCJBMH MOXeET OMTDb
Bup&XKeHa Takof dopmynol:

9
=‘5—x + 32-

Moctponts rpadux 3ToR GyHKUHMH, NMPUHHMas X 3a abcoMcey, a Y — 3a OpJiH-
HaTy (32 efuHUNY aCCIUCC MOXHO NDHHHMATh CAHTHMETP WIH NOJCAaHTHMeTp3, a
3a eMHHUY opAHHAT 1 MM).

66. Kaxaufi pybab BKA3Ja OTAaHHOro no p %, NpHHOCHT B rof JAOX0Aa

P_py6., a B x ner RoxoA cocrasaseT Tg—o -% (py6.); cleNOBATENbLHO, uEDE3 X JeT

100

KaxAuifl py6no ofpataren B 14 1—8_0,& (py6.). Takum o6pasoM, o6oaHauas Gyxuoi
y BeJHUMHY «Hapam@HHoro pyCiss, Mbl MoOXeM HamucaTh (GopMyJy:

=1+ P x

=t 106 ¥

MoctponTb rpaduk 3TO% GYHKUHH, NpHHHMas p==3 (3a emMHALY abCLHCC
M OPAHHAT MOXHO B3SiTb 2 CM).
[ToCTpoHTh DpAMBbIe, H3OGpaXalomue GYHKUHI:

67. y=1+ x; y=2x—3; y=.%.x+3.

3
68. y=— —%— X3 y=—¢*— »Z’—; y=0,7xL2.

69. ITocTpoHTb NPAMBIE, BbIpaxKaeMpie YpaBHEHUAMH:
3y+4+x=0; x4+y+5=0; 4x+3y=18.
70. IIporepHTh TpadHUEcKH, UTO TPK NpsAMble, BbipaXKaeMmble ypaBHEHUAMH:
243y=13; bx —y=7; x— 4y4+10=0,

nepecexKarTCs1 B oJHOR Touxke.

1) JIns yMeHbEHHA MOrPelIKOCTH NPH UEpUeHHH NpRMOA JKenaTenbHo, UTobw

_ /B TOUKH, uepe3 KOTOpHe NPOBORMTCK NPSIMAs, OTCTOSIH APYF OT EPYyra mo Bo3-
MOXHOCTH AaJbllie; T0ria HEKOTOPAsA HETOUHOCTb B MOJNONKSHHA JHHEHKH (H3Be-
KaTh € CUEHb TPYAHO) MEHbIUE OTPASHTCH HA HANPABCHHH RPOBOAMMOH RpPAMOILT.



OTZEJ TPETHUMN
KBAZIPATHASl ®YHKLHS.

I. HdonoanutenpHbie CBeAEHHS © KBAAPATHHIX
ypaBHEHHSIX,

41, dopmysa kopHeH KBajpaTHOro ypasHeuws. B mepso# vactk
Kypca Obuin BHBEACHH caeayiouue GopMy sl Aas onpefeNeHHd KOpHel
HETIOJHOrO M TO/MHOTO KBAAPATHHX YDPaBHEHHH:

1) ax*=0; ouesn1HO, 06a KODHA YPABHEHHS PAaBHH HYIIO.

2) ax®*4c=0; dopmyaa nna xopuet Gymer: x= 4+ l/ —_°.
a
3) ax*4-bx =0; rorna x,=0; xz—————s—.

4) x4 px+-g=0; dopmyna xopue# naér:

x=——g— x V (—g-)z-— g, HMM: x=—_—-pl‘/2p___—"1q .

5) Haxowneu, obuias GopMyna ans kophe# noJHOTO KBALPATHOrO ypaB«
Hewusa BHma ax*-Fbx-Fc=0 Oymer: x= :—[ﬂfg—_——-‘;—ac.

IMocaennas dopMyna asasercs Hanbonee oOulelt; H3 HEE KAK YaCTHblE
CAYYaH NOJMY4AWTCH BCe OCTaabHble. Tak, mosaras B 3ok dopmyne a=1,
nonyuaeM cayya#t (4) (B sTom cayuae b=p u ¢=¢); nonaras c¢=0,
nonyuaem cayua#t (3); npu b=0 Gymem umerb ciayda#t (2) W, HakoHel,
nepBHi cayyalt noayuum, naeas B o6uwelt ¢opmyne sHauenus b=c=0.

42. Ruckpumunant. PaccMoTpuM pasiHuHble Cy4aH, KOTOPHE MOFYT
BCTPETHTBCS NP PElIeHHH KBANPATHOrO YpPaBHEHHs B 3aBHCUMOCTH OT
YUCAOBOIO 3HAUEHHA KO3(DPHINEHTOS.

1. b>— 4ac>>0. B 3Tom ciyyae BeipaxeHne NMOX KOPHEM MOAOKHTENb-
Ho. KBagpaTHbiff KODeHb M3 HEro HMeeT JBA 3HAYEHWS, U, C/IELOBATEMLHO,
ypaBHEHHE MMeeT 1BA PA3IHYHBIX BEHIECTBEHHLIX KODHS:

— b4y 63— dac 0 ox —b—+v B—4dac
2a )

2= 2a

x1=

2. b*—4ac=0. B 3ToM cayyae BTODOH uAEH UYHCIAHTENd pPaBeH
HyMI0 M yDaBHEHHe HMeeT 1BA PABHBIX KODH::

b
X=X =—'2? .

3. b*— 4ac<0. O6a xopua — MHHMBIE,
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Mu BuauM, TakuM 06pa3oM, HTO KBAAPATHOE YpaBHEHHE MMeeT Belle-
CTBEHHHE (PA3/IHYHLIE WIH PABHblE) HIH MHHMblE KODHH, B 32BHCHMOCTH
OT TOTO, GyAeT MK COCTABJAEHHOE H3 KO3PPHUIIHEHTOB YPaBHEHNS NMOAKOpEH-
Hoe BhipakeHHe bH%— 4ac Gonbiuie, PaBHO HAH MeHbile Hyad. Beuay oco-
60ro 3HadeHHd 3TOTO BHIpaXX€HHfl OHO HOCHT cneuHaJpbHOe HasBaHHE
Suckpumuranma ypasHerus. (JIACKDUMHHAHT — 3HAUAT B NEPEBOAE D 4 8-
AMYHTEAB).

43, Cpoiicta KOpHeH KBaEpaTHOro ypaBHeHus (Teopema
Bueta). Bo3bmeM ¢(OpPMyay KOPHEH KBaADATHOIC YPABHEHHH, Y KOTOpOro
KO3dumenT npu x? paBeH eNHHHLE, T. €. ypaBHeHus BHAa X*-|-px--

+9=0:

xl_—_,’———~+ —q,) 2=——*——I/

Ecnan cnoxuM NOYJIEHHO 3TH paBeHCTBa, TO paaHKaJAbl B3@8HMHO YHH-
YTOXATCR, H MBI NOJYUYHM:

Ecnu Te Xe PaBeHCTBA MOYIEHHO MEPEMHOXHMM, TO NOAYYMM (npousse-
JeHHe CyMMH [IBYX YHCel Ha HX pasHOCTb DPABHO DPAa3HOCTH KBaAPATOB

STHX 4YHCeN): \ ,
(= E) = (Y (B —e )

KakoBo 6bl HH OH/IO NOAKODEHHOE YHCIO, BCeraa

V (&r=a) (4]
na=5 — (B —g)=q.

Cymma xopHefl npHBEJEHHOrO KBARDATHOTO YPaBHEHHS paBHa BTOpoMy Koahdn-
LHEHTY, B3ATOMY C NPOTHBONOJOKHLIM 3HAKOM, a4 NMPOH3BEJEHHC 9THX KODHEH paB-
HO CBOGOJHOMY 4jeHy.

Tenepr BO3LMéM KBaapaTHOe ypaBHeHHe ofluero Buaa ax>--bx-4
+¢=0. PasgenuB Bce ero uaeHsl Ha @, MH NPABEAEM 3TO YPABHEHHe
K TOJIBKO YTO PacCMOTPEHHOMY Buny:

X — x—{-—-O

CJ1€eJOBATEAbHO, OJ/4 Hel'lpHBelléHHOI‘O NOJHOIO0 YypaBHEHHSI MBI JOJKHH
HBMETb:

CnenoBatenbHO:

Takum o6pasom:

b ¢
X xg=— o M XXe= -

Caedcmsus., 1) Tloapaysach 3THMH CBOACTBAMM, MH JETKO MOMeM

COCTaBHTb KBaJapaTHOe YypaBHEHie, Y KOTOpOro KOpHsAMH 6bag 6bl
JAaHHLIC “HCJa.
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ITycTh, HanpuMep, HaAO COCTABHTH YPaBHeHHe, Y KOTOPOro KODHH

6uian 6b uucaa 2 u 3. Torma us pasenctsa 2+4-3=—p n 2-3=g Ha-
XomuM: p=—> U ¢=0; caenosate/lbHO, ypaBHeHHe Oyaer: x°>—5x--
+6=0.

Iono6no 3romy HaWaém, 4To 3 ¥ —7 GYIyT KODHH ypaBHeHus Xt—
— B+ (—Nx+3(—7)=0, 1. e. x*+4+4x—21=<0; wuucna 3 u O
Gynyr KopHu ypasueuns x*— 3x=0.

2) Ilpu noMow¥ Tex e CBOACTB MH MOXeM, He, pelias_ KBaapaTHOro
YDaBHEHUS, onpedesums 3HAKUE €20 KOpHel,-eCIA 3TH KODHH BelLUeCTBEH-
uole. [Ilycth, Hanpumep, HMeey ypaBHeHHe x?4+8x412=0. Taxk xax

B 3TOM NPHMepe Bbxpameﬂne( , —gq, T. e. 4°—12, ecrb ynCAO nO-

JoXHTeAbHOe, TO 00a KOpHA BemeCTBeHHHe. OGpauian BHUMAHHE Ha
CBOGOMHLIR 4/MeH, BHIMM, YTO OH HMeeT 3HaK -}-; 3HAYHT, NPOU3BeleHHe
KOpHe# DOMKHO OBbITL MONOMHTE/NbHHM YHCJAOM, T. €. 00a KOPDHA HMEIOT
ONIMHAKOBHE 3HAKM, DTH 3HAKH JNOMXHH OHTb MHHYCH, TaK KaK CyMMa
kopHe#t oTpunatensHa (oxwa pasHa —8). VYpasuenne x24+8x—12=0
HUMeeT KODHH C DasHBIMH 3HakaMH (NOTOMY YTO HX TPOH3BEACHHE OTPH-
UaTeabHO), NPHYEM OTPHLATE/BHBLIA KOPeHb MMeeT 6G/buyio aGCOMIOTHYIO
seauyuHy (IIOTOMy YTO MX CyMMa OTpMUaTeNbHa) H T. I

Ynpaxcuernus.

Uemy paBHHI CyMMa B NpOH3BelleHHe KOpHell KaXJOro M3 CJEelyOIUX ypas-
HeHuni:

7. 3—8x—9=0; B— l=—x; ¥} 2=x; 6 —5x43x*=0.

72. _.;_x’=2x+l: x:—7x=0.

ITposepuTh TeopeMy Brera mns cheayiomux ypaBHeHHE:

73. x3—6x+4-9=0; 9x2—30x425=0.

74. x2416=0; x24-4x4-7=0.

75. OnuH KOpeHb KBaJpaTHOrO YPaBHEHHS € palHOHANBLHEIMH Ko3bhdunuenramm
paBed 3+ 2; KakoR OyjeT APyrofi KOpeHb?

COCTAaBHTb KBAAPATHBIE YPaBHEHHS, Y KOTODWX KOPHAMH ObUIH GObl CJEAYIOLIHE
qHCaa:

76. 81 2, 8 u—2;, —8 u 2, —8 n —2.

77.580;, —5u0;.4u4, —4 1 —4 :

44, Tpéxuned BTOpOH cTenenn. Brpaxenue ax?-4-bx-4c, B ko=
TOPOM X O3HauYaeT He3aBHCHMMOe TepeMeHHoe, a a, b u € — Kakue-HHOYLb
JaHHple NOCTOSHHBIE YKCAA, HA3BIBAETCH Kgadpamrod yHKLLued. WIA
TPEXWIEHOM 8/mopold cmenexu. Paznnuve Mexiy TaKHM TDEXY/EHOM H je-
BOW 9acThio ypaBHeHRs ax*4-bx-J-¢=0 cocrour B TOM, uTO B ypaB-
denud OyKBAa X O3Ha4aeT TOAbKO T€ YHCJA, KOTODbiE YAOBJETBOPSIOT
ypaBHEHMIO, TOrda KAK B Tp€XuieHe OHA O03HAUdET KAKOe YrOAHO YHMCIO.
3Havenns X, ofpaulalolMe TPEXWIEH B HY/b, HA3HIBAOTCA €r0 KOPHAMU;
3HA4HT, KOPHH TPEXuJieHa — 3TO KODHH KBaJPAaTHOIO YDaBHEHH::

ax?4-bx+4-¢c=0.

B uactHOM cayuae npu a=1 Tp&xunes npuHMMaeT BHL: X4 px--g;
npy b=0 wan npu c=0 rpéxuieH ofpaiiaerca B OByudeH ax*--c
nin ax’+ bx.
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45, Pasjoxenne Tpéxuiena spropoit ctemend. CHauana BO3bMEM
TpEXWIeH X%} px-+g, B KoTOpOM KO3dpduunesT mpu x? ectb 1. Pemme
npuseadHHoe ypasuenHe x®-4px-+g=0, M HaUIEM KODHH €ro X; H X;.
Kak Mp ceftuac BHAEOM: Xy} Xy=-—pP B X1X3=(.

Vs 9THX paBeHCTB HAXOMHM: p=—(X,~-X3) H §=X,X,.

MoAcTaBiM B TPEXUY/IEH Ha MECTO p H ' STH BHPaXeHHA H 3aTeM
npeo6pasyeM MOXYYECHHH# MHOrOU/IEH:

K2 pX+ G = X2 — (X F %) X X1 Xg = X2 — X X Xp X Xy Xp =
= (X2 — Xy %) —(XpX—X 1 Xg) = X(X— Xy ) — Xg(X— %) =
= (X—x )(x—xz)-

TakuM 06pasoM:

Tpéxuaen X4-px--g pasnaraercs Ha 1BA MHOXHTENd, N3 KOTOPHX mnepshfi
paBEH PASHOCTH MEXAY X W ORHMM KopHem TpéXuaeHa, a BTOpOR paBen pa3HOCTH
MEKLY X M APYrHmM kopHem TpEXUaeHa.

Mpumepw. ‘
1) x*45x—14=0; =__§_i]/ (_g_)z+' i — 2 il/_f_;“;
5 9 5 9

Hn=—7+3=2% L=—og—ag=—T

22455 — 1= (x— 2) [x—(—T)] =(x—2)(x+7).
2) *—8x+5=0; x=4+})16 — 5=4+111;
=44V 1T; x=4—V1I;
x*—8x+5=[x — (441 1D [x— (4 —VID)]=
=(x—4—V 1) (x—44+V1I).

3) %2+4-px+qg=0; x_—_-__g_.}_. (_g_)z__q;

o A T A TV E
o= (Y (-0 )| [ (-
VT =al)=(r 5V (7= ) (4541 (5 0)

Teneps BO3bMEM TpExuneH ax’--bx--c, B KoTopoM KO3ddHLUMEHT npH
X? eCThb KaKOe YFOIHO HYHCAO, 3TOT TPEXwieH MOMHO NPEACTABHTb TaK:

ax®*+bx+tc=a (x’ + %x-}-—:—) .

Buipaxenue, croguee BHYTPH CKOGOK, €CTh TPEXWIEH BHAA X2} px--
+g. Ero KOpHH x; ¥ X, OyayT Te xe camble, 4TO TpéxuaeHa ax?-- bx--c.
Ha#os ux, MH MOxeM, MO HOKAa3aHHOMY B MpeéfikiftyineM naparpade, pas-
JOXHTH 3TOT TPEXYJ/IEH TaK: - .

x’+-%—x+ —;—”—“ (x—x)(x—x) .
Cnenosatensro: ax?4-bx+c=a(x—x)(x—x;).
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Takum o6pazom, paanowenue Tpxunena ax?-L-bx4-c orauuaerca
OT pa3NoXeHHs TpP&XuieHa Xx?1px-Lg TONLKO AOMOMHATENBHLIM MHO-
KUTENEM 4.

Hpumepot.

1) Tpé&xunen 2x°—2x-—12, kopHn KOTOpOro 3 M —2, MOXHO pa3-
JOXKHTh Tak: 2(x—3)(x+4-2).
2) Tpexunen 3x?+ x--1, KODHH KOTODOro Chepyiowmme:
1 —11 —1 =Y =11
(o=l T, ey
pasnaraercs Tak:

S I I

= (6% 41— —TT)(Ex-+1-Y =T0).
3) 6abx®—(3b342a3)x-}-a*b2.

Kopuu 3Toro Tp&xwieda caenytoutue:
bs
2a

o]
"

l

X, = ;  Xu=

(S~
<o
.

IoaTomy:
’ 2
6abx?—(3b%-}-2a3) x4 a*b®=6ab (x—— “I;c_z») (x— %)=

2 - 3 3b - L o ) 2
_-:Gab( o 2ab ) ( xsb 2 )=(2ax-—b~)(dbx—a~).

4) CokpatuTh npobb:
2q% — 2q — 12
% fa—10 °
PasfoxkuM unuchauTenb W 3HAMEHATEeNb Ha MHOMXHTENM W 3aTeM, €CaH
MOXHO, COKpaTHM ApoOGb. Tak KaK KOPHK uHCaHTeas 3 M ——2, 4 KODHM
5
3HAMeHATEN — W —2, To npo6b NpexCcTaBUTCH TaK:

2(a—23) (a +2) __20-—-6

3(0 — —??\)(a-i-?,) T35

Caredcmsune. o pasHHEIM KOPHSIM MOXHO COCTAaBMTL KBajZpaTHOE
ypasienve, Tax, ypaBHexne, umewulee KOpHH 3 U — 2, OyZAeT:
(x—=3)[x—(—2)]=0, 1. e. (x—3) (x42)=0,
YTO NO PacKpuiTHH CKOGOK Haér: x°—x— 6=0. Koueuno, BCe unenn
3TOr0 yDAaBHEHHS MOXHO YMHOXHTH HA MPOM3BO/bHOE YHC/IO, HE 3aBHCALLCE
or X (Hampumep, Ha 2), OTHer0 KODHM HE H3MEHATCA.

Yupaxcuenusn.

Pa3sfoXHTb HA MHOMKHTEI:
78. x3— 7x470; x2-43x -— 88; 3x2—14x-+8; 6x2fx—1.
79. 20x®17x — 24; x(x+8) — 20.
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CokpaTHTb cleflylomue apofH (NpeAB2pHTENbHO PA3NONKAB HHCIHTENb H 3Ha-
MeHaTe,ib KaXKJIOA IpOGH H2 MHOMXHTEJNH):
x4 6x—91  2x748x—90 g x24+-3ax+2at4-ab — bt
xt4-8x— 105 * 3x%— 36x+4105 x2+2ax4at—8
PasnoxHe Ha MHOMKHTENH CJelYIOMHe TpEXUJeHH, ONpeleaHTb, JIA KaKAX
sHaueHHH X STH TpEéxuJieHn OYAYT A4BATH MOJONHTE/NbHHE YHCJA H AN KAKHX —
OTPHUATEJbHLE:
82. x*— 6x+9; x3— 14x4-45. 83, x*—4x—5; 12 — x — 6x8.
84, — x*4+x—12; — x*— bx — 6.

80.

II. 'pagux xBaapaTHOH ¢GyHKUHMH.

46, Fpadux Gyskuun y=x2. OO6paTuMm BHHMAHHE HA C/lELYIOIIHe
oco6eHHOCTH GYHKIUH y=x*:

a) Tpu BCAKOM SHAaueHHWH apryMmeHTa X (yHKUMS onpeieneHa M mnoay-
YyaeT TOAbKO OAHO 3HaueHue. Hanpumep, mpu x==—10 3HaueHHe QyHK-
uus  G6yner (—10)2=100, npn x=1000 3Hauenne ¢ynkuun Oymer
10002=1000000 ¢ T. 0.

6) Tax kaK (— x)*=x?% TO NpH IBYX 3HAYEHUIX X, OTJIMUYAIOIHXCH
TOJALKO 3HAKAMM, MOJY4aloTC EBAa OAMHAKOBMX TNOJOKHTENLHHX 3Haue-
HUA Yy, Hanpumep, npn X=—2 WK npM X=--2 3HaueHue Yy Oynmer
OOHO H TO e, uMeHHO 4. OTpHNaTeJbHBIX 3HA4YeHMR [/ ¥ HHKOIAA
He MOoJyuaercs.

B) Ecan aGconoTHas BeAHYMHAa X HEOFPAHHUEHHO YBEJIHMYUBAETCH, TO
H Y HEOTPaHHMuYEeHHO yBeaudupaercd. Tak, ecnH mia X OyneM kapath pan
HEOTPaHNYEHHO BO3PACTAIOMX NOJOXKHTEAbHBIX 3Havenu#: 1, 2, 3, 4,...
WK PSRl HEOrPaHMYEHHO YOBIBAIOMIMX OTPHIATENbHbIX 3HaueHuft: — 1,
—2, —3, —4, ..., TO AA% Y NOAYYHM DS HEOTPAHHUEHHO BO3PACTaIO-
wux sHadenntt: 1, 4, 9, 16, 25, ...

3ameTHB 3TH CBOHCTBA, COCTaBMM Ta6MaMIly 3HAUeHHA OQYHKIMH Y= X7,
HampuMep, TaKylo:

x{ ... —2 ]| —1,58/—1 | —0,5/ 0| 05

yl... 4 2,25 1 | 0250/ 0,2

HM3so6pasuM Tenepn 3TH 3HaueHHA Ha ueprewe 16 B BMAE TOuek, a6c-
HHCCHl KOTOPBHIX OyayT BRITHCAHHble 3HayeHus X, a OPAHHATH — COOTBET-
CTByIOLIMe 3HayeHHs Yy (HA uepTexe 33 ©IMHHUY JJIMHB MB TOPHHSIH
orpesok Ol); nonyyeHHsle TOYKM cOeaMHMM KpuBoH. KpHBas 5Ta Hasm-
BaeTCsl napabosof. PaccMOTPUM HeKOTOphle ed CBOUCTBA.

. a) Bes kpHBasm pacnonoxeHa mo oaHy CTOPOHY OT OCH X-0B, HMEH-
HO — MO TY CTOPOHY, MO KaKYIO JIeXKAT NOJOKHUTE/bHLIE 3HAYeRHA OpJMHAT.

6) MapaGona paspensercs ocvlo y-oB Ha Ase uactH (BerBu). Touxa O,
B KOTODOR 3TH BeTBH CXOAATCHA, HA3LIBAETCH SepuiuHod napabonan., 3T
TOYKA eCTb C€IMHCTBeHHad OOIWAd TOYKa NapalGoJe H OCH X-0B.

4R



B) OGe peTBM OeCKOHEUHBl, TAK KAK X H Y MOI'YT YBeIHYHBAThLCA
GecnipeesnbHO. BeTBH noOAHMMaiOTCA OT OCH X-OB HEOrPAHHYEHHO BBEpPX,
yAanasice B TO e BpeMs HEOTPaHHYEHHO OT OCH V-OB BNPaBO K
BJIEBO,

r) Oce y-0B chymuT Ans Y
napaGoas 0cbio cumMempui,

- TaK 4TO €CJIH NeperHyThb 4Yep-
TEX NO 9TOH OCH TaK, YTOOH
neBas MOMOBKHA YepTexka yna-
Jla Ha Impasylo, TO o0e BeTsH
COBMECTAITCS ; HAMPHMep, TOUKA
¢ abeuuccoft — 2 u ¢ opAuHaA-
TOH 4 COBMECTHTCH C TOYKOH,
uMetomet abcumccy 42 H
Ty e OpAHHaTy 4.

V' 47. Tpaduk dynkuun
y=ax?. llpexanonoxum cHa-
yaaa, YTO @ eCTb 4YHUCAO [I0-
A0XHTeNnbHOe. BospMmEM, Ha-
gpuMep, TakWe IBe QYHKIMH:

1, T
1) y=1454%2) y=—ygx%

—_ 11—

i

[/]
Yepr. 6.

PO — o - e —————
N ——— e, ———————

- ——
-~ ——

x

CocTapuM Tabmuubl 3HAYEHHH STHX dbyuxmu#, HampuMep TakHve:

xl—l —1lo| 1 |2l % |3 —2 ‘—Iolll 2 |
D 1 1 D17 1|1 T
6|1-L |ol1l |6]... a1 L|1lo|L 1__|

yl ‘ 5 3 Gl y’ l3'3 °|3‘ 3

Hauecém Bce 3TH 3HaueHuss Ha uepTéx 17 # nposeném kpueule. Jas
CpaBHEHHS Mbl [IOMECTW/IM HAa TOM e ueprexe (NPepHBUCTOH JAHHMel)
ewé rpadpux dyskumn: 3) y=x>.

. [EEC T
DN

U3 uepTema BHIHO, YTO NPH ONHOM M TOH Xe abclUucce OpAMHATA

nepeoft Kpuso# B 1 —- pasa GoJiblie, a OPAKMHATA BTOPO# KPHBOX B 3 pasa

MeHbllle, 4YeM OpJMHaTa Tperbelt KpHBOH., OTH KpHMBHE HMEWOT OGLIMH
xapakTep: GeCKOHEYHHIe BeTBH, OCb CHMMETDHH M M., TOJbKO NpH a>1
BeTBH KpHBUH G6ollee NPHNOAHATH! BBEPX, a NPH a<l oun Goxaee oTO-
rHYTH KHH3y, 4YeM y Kpusoft Y=x?., Bce TaKHe KpHBHe Ha3HBaIOTCA
Takwe napaboraru.

+ Anaredpa, u. 1V AD



[Mpeanonomum Tteneph, 4ro KosdhdHUKMeHT a GyAeT YHCAO OTPHIATENE-

Hoe. IlycTh, Hampuwmep, y=-——:13— x®. CpaBupBas 3Ty QyHKUHIO C DyBK-

1
uHeit y=+—§— X3, saMeuaeM, YTO NIDH OAHOM H TOM XKe 3HaueHHH X o6e
YHKUNY HMEIOT OOHY H Ty e aCCOMIOTHYIO BEAHUYHHY, HO INPOTHBOIO-
1
JOXHH NO 3Haky. IlosToMy Ha uepTexe 18 nmna GyHKRUME Y=— —S—x2

NoAy4YHTCA Takas e napa6oga, Kak H 118 (QyHKIUH y=+—:13—x"‘,
TOAbKO PACTNOJOKEHHas TNOA OChkIO X-OB CHMMETPHYHO ¢ napabouoft
y=—713— x%. B arToM cayuae Bce 3HaueHHf (PYHKLUHH OTPHUATE/]BHE, KpOMe
oAHOro, pasHoro Hymo npu x=0.

Y
\ ?

-t

f';’;?
o
R

=3 ~2 =t g 1 2 3 ' Y,

Yepr. 17. UYepr. 18.

Sameyanue. Ecnu aapicumocts MeXIy IOBYMS NEPEMEHHBIMH BEJAUH-
HaMH ¥ ¥ X BBIPAXKAETCH PABEHCTBOM Y =ax>, Tie @ — Kakoe-HuGyIb
NOCTOAHHOE YUCIO, TO MOMXHO CKa3aTh, 4YTO BEJHYHHZ Y NPONOPLMO-
HaJAbHA KBAAPATY BEJHYHHEI X, T4K KaK C yBeJHYEHHEM HJH YMeHbIle-
HUeM X B 2 pasa, B 3 pasa H T. . Be/JH4YHHA ) YBEIMUNBACTCA MIH
ymeHbmaercs B 4 pasa, B 9 pas, B 16 pas u 1. &.

Hanpumep, naomans xpyra passa = R% rae R ects paanyc Kpyra
H T -—— NOCTOSHHOE HYHCJO; NO3TOMYy MOMXHO CKa3aTh, 4TO IJOWAXb Kpyra
NponopiMoOHanbHa KBAaAPAaTy ero paauyca.

48. I'paduk dynkuun y=ax?-Lb. Tlycts MH HMEEM CaeayIouHe
TPH (QyHKLUHK:

1 y-=—;— X% 2) y=-:;—x2+2; 3) y=—:l,T x®— 2.

OueBHIHO, YTO NpPH ONHOM H TOM e 3HAYEHHH APryMeHTa X OpIH-

Hata BTOpod dyHKiHK GoAblie, 4 ODAMHATA TPeTbeh (QYHKUNH MeHbIIE

HAa 2 eIWHHIBI, YeM COOTBATCTRYIOIas OpJHHaTa NepBO# QyHKuMH.
IlosToMy BTOPad H TpeThbsi (YHKUHH H300pasziaTc Ha uepTexe TOH xe

€0



napa6onoft, 4TO ¥ mepBast (GpYHKUUA, TOALKO Mapabona 3Ta homkHa ObTh
noaHaTa BBepxX (AMs BTOPOH GYHKUMM) H OnyweHa BHH3 (I8 TpeTbeH
$YHKLYK) HA 2 €IHHHIB JJAHHEL.

BooGuwe rpapux ¢yuxunu y=ax3-}-b ecrs Ta e napa6ona, Koro-
pas H3o6pamaeT PYHKUHIO J=ax>?, TOJALKO napa6oaa 31a HOMKHR OHITh
nopHATa BBepX, ecan b >0, onywena Buus, ecar b<0, Ha & enm-
HHI JJTHHBIL.

Ynpasxcienusn.

85. Haueptuth npe ORHHX H TeX XXe OCAX M DPH ojJHOf H TOH e eamunue
BIUHH rpadHKH CHeAYOlAX (YHKUHI;

y=0,25x% y=0,5x" y=2x y=0,5x241; y=0,522—1,

86. To xe xns dyskuuft y =x* u vy =0,5x+41; onpenesUTb KOOpIHHATH
TOYKH nNepeceuyeHH STHX I‘pﬂCbHKOB H I[I0ACTaBHTL HX B JaHHHE ypanﬂemm
€ LEeJbI0 TPOBEPKH YCpTErKa.

49. Tpadpuk TpExuyireHa BrTopoi cTeneHd. CHauand Mbl DPACCMOT-
puM TpaduK TakKoro TpéXusieHa, KOTOPHH Moxer OnTb IPEACTABJIEH
B BHAC nmpoussenesds @ (x¥-}m)2 Hanpumep, BosbMEM Takue ABe QYHKLMM:

1 1
D y=(x+2? 1 2 y=—4(x— 2"
Jlns cpaBHeHHs M306pa3nM Ha TOM ke ueprexe eurd Napabony:
R
3) y=—7 X%

IlpenBapuTenbHO CcOCTaBuUM TabJHUy YacTHHIX 3HaueHHR 3THX TpEX
yHKIMHA; HANpHUMED, TAKYIO:

= —5 |—4| —3 |2/ —1 1 |23 |45 |6

1 1 1 1 1 1 1
Dy=_1 (xaop=]o L || L L oll 416l g li2llie
)y Y (x+2) 7] y 0 4 7y 7 3
y—=Lx—2= |12l 9| 6l 1 1 1 ol] 4
Dy=z6G-=2 T 7|43 3 7

1, 1], 1 1 1 ! 1
3)y y x 64 4 24' 7y 0 7y 1 ] )

HaHecs Bce 3TH 3HaueHdHs Ha 4YePTEK, MOAYYHM Tpu Fpacduka, H30-
6paxéHuble Ha ueprexe 19,

PaccMaTpHBag 3TOT 4epTéx, MH 3aMeuaeM, 4TO KpwBas 1 ecTh Ta
xe napabona 3, HO nepeHecéHHas Ha 2 eXMHMUb BAeBO, 4 KpHBas 2
ecTh Ta XKe mapabosa 3, HO mHepeHECEHHAas HA 2 eIMHHUE BIPaBO.

O60611ast 3TOT BHIBON, MK MOXEM CKasaThb, uTo rpAdHK GyHKUuH
y=a(x+m)? ectb mnapabona, Hzobpamamouwas ¢yuxuHe Y=ax?,

4% 5(



TONLKO napabosa 3Ta NepeHeceHa Baeso, ecaw m>0, m BOpaso,
€CJHn m<0, Ha CTOJIPKO €AMHHL, CKOJNLBKO HX 3ax/a104aeTcs B abCoJIIOT-
HOH BeJHuHMHE 4ucAa . Bereu 3TOR napaGoJinl Hanpase/eHbl BBEPX, €CAH

Y,

(AIRENIRE: , Al (3 L2
XN Y [N < ¢ | 4
‘\\ \ 5 / Il /

N o i
NENENVAY
YERUANDADAN4
\ \1 /
;CL<,¢4/

X1-7-5-5-4-3-z-1011 2 3 4 5s7x

Yepr. 19.
a>0, Kak B HalIMX TIpUMEepPax, M BHHU3, ecau a<{0, Hanpumep K3k
y napa6oJnl: )
y=— 4 (x+2)%

Tenepb ©03bMEM TpéxuleH BHMAA: Y=ax’+4-bx+e PaccmoTpum,
Hanpumep, TaKOA TpEXUYJeH: .

1 1
=¥ 3 24
x —6 —5 ' —4 —3 ’ -2 i J— | 0 I 1
1 1 1 1
2_ — 1| =2 |—1_= 2
y l 5 0 5 ] 15 0 (2| 6 )

ITocTpouB TOYKH, H300paxaioli#e NOMeIlEHHbe B TaGaHUe 3HAYEHHH,
M mpoBels uepe3s HUX KpHMBYIWO (xpuBag 3-a, uepr. 20), mMb noayuum
HcxkoMmplf rpaduk. TloxameM Tenepb, YTO 3TOT rpatuk eCcTb Ta e napa-

1

Gona, kotopas u306paxaer QyHKUHIO y:sz (nonyuenHyo oTépach-
BaHHEM B JAHHOM TpEXu/eHe BTOPOrO M TPEThero u/eHOB), rOALKO Ma-
pabona 3ta nepeHeceHa B apyroe Mecto. Jas sTOro mpeobpasyeM npan-
HuI TpEXuJeH CaedyloliuM oO0pa3OoM: BO-NepBbIX, BbIHECEM 33 CKOOKH
KO3 dHUHEHT NpH X2:

1, 1 1

—5 X*+3x +27=7(x2+6x+ 5),

BO-BTOPHIX, K TPEXu/eHy, CTOAWLEMY .B CKOOKAX, NOGABUM JBA B3AHUMHO
YHHUTOXAIOUMUXCA uneHa 9 u —9:

5 (46X £ 5) = (A 46549 — 9+5),
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H, B-TPETbHX, CTPYyNOHPyeM YJACHH MHOrO4YI€Ha B OBE IDYIIH, NOJMYUYHM:

5 (346x+9 — 9+5) =—-[(274-6x4-9) — (9 —5)1=

= [(x4-3)? — 4= (2 43)? —2
[MpuuuMas Tenepb BO BHHMAaHHE MPHMEPH, paéodpaﬂﬂue BhHItlie, MH!
MOXeEM MOCTYNUTh Tak.
Tloctpoum mapaGony, u306pa¥awuy ¢yHKIHIO y=—l2— Xx* (xpwsast
1-s, yepr. 20), 3arem mepeHec& e& Ha 3 eJHMHHMLL BJIEBO, TOTA NOJY-
ynM 2-10 napa6oay, uac6paxaioulyo QyHKIHIO y=-—;— (x+3)% 3ty na-

pabony nepeHecéM Tenepb Ha 2 eXHHHMLB BHH3, TOTAA NOAYYHM 3-10 na-
paGony, HM300paxaloulylo JaHHYIO (QyHKUKIO.

50. TpagpmndeckHit cnocob pelleHHs KBajApaTHOro0 YyPAaBHEHHS.
KBanpaTHoe ypaBHeHHe MOMHO rpadMueckM pelIMTh TaKHM CHOCOGOM:

1\ 514
!‘;——————:-!t-—- —-—--—-j

F—

|V S VA

-3
Y
Yepr. 20.

NoCTpOMB Ha MHAAMMeTpOBOH Oymare napaboay, u3oGparkaiollyi0 TpEX-
yneH, CTOALUY B JIEBOH YaCTH YPAaBHEHHA, HAXOAHM TOUKH IiepeCedeHHs
3TO# napabofnl € OChId X-OB. AGCUMCCH 3THX TOYeK M OYAYyT KOPHH
ypaBheuua, T4K KaK npH 3THX alcuuccax OpPAHHATHI, H306paraiomue
COOTBETCTBY!OIIME 3HAUYCHHA TPEXY/IeHa, PaBHbBI HYJO.

IMpumepni.
1
1) - ¥4 3xt2- =0.
I'paduk  seBo# wacTH 3TOTO yﬁasuex—mx u3ofpax&H Kpueoh 3
(uept. 20). Ha néM MBl BuAuM, uTO mapabosa nepecekaeTcd C OChIO X-OB

B JABYX TOuKaX, a6CUMCCH KOTOPHX —1 u —b5. D10 M 6yayT KOpHH
ypaBHe!Hd,

53



ST0 MOMHO NPOBEPUTb, PEIUMB YyDaBHeHME MOCPEACTBOM oOiteh dop-
MyaAs HAM NYyTEM TNOACTAHOBKH.

2) —5x* — 2x42=0.
Coctapur T26nuily 4acTHHX 3HaueHHH TpéxusieHa

y=—,1,-x2 —2x4 2,

X

—2!—1, 0 1 2

3‘ 4 5' 6| .. |

1
0| —
E

2i4ll 8

2

8

BREE

2] —

MH nocrpoum mnapaGony (uepr. 21). 3ra napabosa He nepecexaercs
C OCbI0 X-OB, @ TOJbKO e€ Kacaercd B TOuke C adcumccofl 2. YpasHe-

OO o e e e - — — ey San ————

Yepr. 21,

HHe B 3TOM CAyyae HMeeT TOJbKO OAMH KOpeHb 2 (TouHee, 1Ba PABHKX
KODH#).

3) 2~ x42=0.

x;—sl}_e —1 o’ 1’2!3'4)
inmle al 2 2 4’8314

IMapaGona (4epr. 22) He nepecekaerTci M HE KACAETCH OCH X-OB:
ypaBHeHne 1:€ HMCET BCUICCTBCHIILIN KOpHeﬂ.

o4



YKameM emg caemymowuit npuéM rpadguuecKoro pelleHHs KBaipaTHOro
ypasHeHnd. IlycTb Tpebyercs pelIHTb ypaBHeHHE:
x* — 1,6x — 2=0.
IlpeacraBuM ero Tak:
x*=1,5x42.

Kawnas uacte 3TOro ypaBHeHHWs, pacCMaTpHMBaeMas OTIENLHO, eCTh
HekoTOpass dyHkuus oT X. OG6osHaunM (YHKUMIO, BBPAKAEMYIO JieBOH
4yacThlo ypasHeHHs, OyKBOH )y, a ¢YHKUHIO, BHPAXKAEMYIO NPABOH YacCTbIO
ypasHeHus, Oyksoft y,. [lepBasn ¢yHKuMH Ha depreme 23, H306pasHTCH
napa6ono#t, a Bropas — npaMol. IToctpous Ha onHOM U Tobt e uepTexe
rpapuky 3THX ABYX (yHKUIKHA, MB Ha#laéM, 4TO NpsaMas M napaGosia nepe-

Y Y

t.\-—l

N —m e e e ——

R

Uepr. 22. Uepr. 23.

CexalTca B ABYX TOUKAX, aOCUHCCBHI KOTOPHIX MPHOJHSHTENBHO BRIPAa-
orca uMcaamu 2,35 1 —0,85. 310 M Gyayr npuSAHKEHHBIE 3HAYEHHS
KOpHEH J[aHHOTO YPaBHEHHA, TaK KAk TIpH KaXIOM H3 3THX abCcumce
OpAMHATBl ¥y, ¥, PaBHH Mexay coG6of#t, , cilenoBaTenbHo, x?=1,6x-4-2.

Ecnn cayuurcs, 4TO NpaAMaw ¢ napadono# He repecekaercs, TO ypas-
HeHWe HE MMEET BEUIECTBEHHBIX KOpHeH; eClH e NpAMas KOCHETCA mapa-
Goabl, TO YpaBHeHWe FMEeT OJHH KOpeHb, DaBHbift abCuucce TOUKH
KacaHHf. :

¥Ynpaxcuernur.

CoctapHe TabaMOB YacTHBIX 3HAUEHIA, NOCTPOHTL TPaPHKH ClALAYIOUIEX
TpEXYJEHOB:

87. y=i'—2x— 2; y = 2x%43x —2.
§8. y=x44x—1; y=—x42x—2,
89, x=—2'—4y—2; . y=ux—3x—5,
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PemnTs rpaguueckH cacaylolie ypaBHeHHs:

90. xt= x46; xt = 2x4+2; x2=2_— 3x.

3x+4
5

91. x2= 3x45; x*=12x—36; x2 =

51. bBuxBappaTHOe ypaBHeHHe. VYpaRHeHKHe ueTBEPTOH cTeneHH,
HanpUMep Takoe:
4. 13x*4-36=0,
B KOTCpO€ BXOAAT TOJBKO 4EMHBe CTENEHH HEU3BECTHOrO, HAa3BIBaeTCA
Gursadpamreiu. OHO HPUBOLHTCA K KBaADaTHOMY, €C/MH 3aMEHUM X>
yepes Yy H, CefOBaTeNdbHO, X% uepes )°; TOrAa ypaBHeHHWe 0ODATHTCA
B KBaapaTHOE: . :

¥y? — 13y-+36=0.
Pewum ero:

y=.‘2§i /@—36_ +V25——2§_t 5.

13 5
}’1—- + f_g Yi=—5 — 5 =4

Ho w3 paBeHCTBA X?=7) BHAHO, YTO x=i}/ 'y. TloacTasasia ciona
Ha MeCTO Yy HafilleHHble uuca1a 9 M 4, NONYYHM C/leayloulMe YeThipe pe-
LIeHUs AAHHOTO yPABHEHHA:

=+ g_-—_—3; Xy =— V§=—3;
=474 =2; Xg=—) 4 =—2.
CoctaBuM ¢opMyab OAA peleHHs OHKBaJPATHOIO ypaBHEHHMA OGLLEro
BUAA:
axt+ bx*4-c=0.
ITonowue x?=y, noxayuumm ypasresHe a)’-4-by-+c=0, us koTo-
POTO HAXOJHM:

—b+v b' — dac, —b—V b —4dac
y1= 2a ’ y". 2a *

Ho Taxk Kak ¥==+1/ ¥, TO nns GHKBAAPATHOrO ypaBHEHHS MHl [0~
JIyYHM CJEAYIOLME HYeTHIPE pelieHus:

— b+ YV b*—4dac .
=+‘/ 2(1 2

— b+ b* — 4dac,
A 2a ’

—b— b2—4ac —b—V b®*—4ac
+l/ e =

Orciofa BHAHO, uTO eCan b — 4qc<0, TO BCe YETHIPE KODHA MHHMBEL;
ecnn ke b%Z— 4ac>0, TO Moryr 6uTb TpH cayuas (Mbl mosaraem g>0):
1) BCe KODHY BeLieCTBeHHHE (kax B NpHBEJZHHCM BBILIE YHCIEHHOM npH-

mepe), ecan — b4} 6T —4ac>0 u —b— Vb —4uc>0; 2) sce
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KODHM MHHMMBIe, ecid 002 3TH BHpAXKeHHA AaAyT OTpHLATENbHBIE YHCNA,
H 3) RBa KODHS BellleCTREHHHE H 1BA MHHMBEIE, €CIH —b4+Vbr— 4ac>0,
a — b —) 62— 4ac<0. Haxonen, ecnn b2 —4ac=0, To HeThipe KOpH:
[0N1aDHO PaBHH.

Ynpasxcnenusn.
Peuwmnte crepyiomue ypasdeHus:

92. x* —5xt44 = 0; x*— 10x24+9=0.
93, x' —2x3 —3=0; 2x4 —7x? = 4.
94, x8 —25x2 4144 =0; x* — 2x2 = 63.

52. YpasHenus, JeBas 4YacTb KOTOPHX pasjaraetcss Ha MHO-
KUTenH, a npasasg eCTb HyJb. PelieHue TaKMX ypaBHeHHH CBOAMTCS
K DelieHHIo ypaBgeHHit 6Gofee Huskux creneHeft. Tak, Mb BHOENH, 4TO AAA
pellleHds] HEMOJHOrO KBaADATHOrOo ypaBHeHus BHOa ax®--bx=0 npocta-
TOYHO €ero JIEBYI0 YacTh Ppas/OXHTb HA ABa MHoxkHTend: x(ax-+b)=0
H 3aTtem, NpHHABR BO BHHMaHHe, 4YTO NPOH3BCIAECHHE PAaBHO HYJIIO TOJ/IbBKO
TOrja, Korjia ¥akoh-HUOYAb COMHOXHTEAb PaBeH HYJI0, CBECTH pelleHHEe
3TOr0 YPaBHeHHs K pelUeHHIO ABYX ypaBHeHWSt mepsoft creneHu: x=0
H ax+b=0.

Ilono6GHO 3TOMY MOXHO DELIHTb HeloJNHOe KyOHuecKoe ypaBHEHHe, He
copepakalee CBOOOAHOrO 4/JeHa; HAMPHMED, TaKOe:

x?4-3x% — 10x=0.
BoiHeca X 3a CKOOKHM, MH NpPeACTaBAM yDABHEHHE TaK:
x(x%4-3x — 10) =0,
W, CNei0BATENbHO, OHO PACMafaeTcs HA 1Ba yPaBHEHMA:
x=0 n x*43x — 10=0,
H3 KOTOPHX HaXOMHM TPH DenieHus:

=05 n=— 3 +}/ ~10=2;

K= — —y/%+ 10=— 5.
IMycTh HeKOTOpOe ypaBHeHHe NpPHBELEHO K TAaKOMY BHAY:
x(x+44)(x? — 5x-}-6)=0.
Torpa OHO pacnagaeTc Ha TPH YPaBHEeHHA:
x=0; x44=0; x> — 5x+6=0.
YpaBHeHHs 3TH HAKOT: _
x,=0; x,=—4; x,=2; x,=3.

53. AByuncHHOE ypaBHeHWe, [ByuneiHbM YDAaBHEHHEM Ha3LIBAETCH
ypasHene Buga ax"4-b=0, WM, uTO TO Ke CaMoe, BHIa
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b b .
x’"+—a—=01). O6ostauns a6CONIOTHYIO BEAHUYHHY uHMCaa 5 epea g, mit

MOXeM NByuJeHHOE yPaBHeHWe 3anucats uiu x™-g=0, man x™— ¢=0.
IIpu noMOIIM BEMOMOTraTeNbHOrO HEM3BECTHOTO STH YDaBHEHHS BCErla MOXHO
YOPOCTHTb T4K, uYTO CBOGOmHBIA wWieH y mnepsoro oGparurcs B -1, a
y Broporo B — 1. IleficTBuTenbHO, ToNoXHM, uto X=V"yq , rne”V ¢

eCTh qpugbmemudecrculi KODeHb IMm-R cTemenn u3 ¢; Toraa x"=qgy™, u
YDABHEHHs OPHMYT BHI: : :

gy™4-¢=0, 1. e. g(y"+1)=0; orkyma y"4-1=0,
ua
gy™ — ¢=0, 1. e. g(y" —1)=0; orkyna " — 1=0.

Urtak, peumiesue IBYHY/JEHHHX YyDaBHEHHR TNPHUBOAUTCA K DeLISHHIO
ypaBseHu#t Buna YT +1=0. PemeHne Takux ypaBHeHMH 3TeMEHTAPHEIMH
cnocobami MOKeT OHTL BHIOJHEHO TO/MNBKO TpPH HEKOTOPBLIX HaCTHBIX
3HaueHusx mokasarens m. OOGWMH npuEM, ynorpebiseMbfi TIDH 3TOM,
COCTOMT B DAa3JOKEHHH JeBOH YaCTH YDPaBHEHHS HAa MHOXHUTENH, nHociae
Yyero ypaBHeHHe NPHBOAMTCA K BHAY, DACCMOTPEHHOMY HaMH pawbie.

54. Pewenwe AByureHHbLIX YpDaBHEHHMHl TpeTbell cTenewu., Du
ypasHenns caepyromye: x3 —1=0 u x341=0.

3aMeTHB, 4TO

% — 1=x% — 3=(x — D)(x2+x41D
" .
234 1= 818 = (x-F 1) (22 — x-+-1),
MB MOXeM NPEeNNOXKECHHbIE YDABHEHHA 3AMHCATBH TaK:

(x —D(P4x+1)=0 n (x+1) (x* — x4 1)=0.

SuauuT, NEPBOE H3 HHX HMEET CBOWMHM KODHAMH KODPHH yDaBHeHHH:
x—1=0 n |(x*+jx+1=0, a BTrOpoe — KOpHM ypaBHeHHil: X41=0
H x2— x-+1=0. '

PewyB WX, HAXOAWM, 4TG0 ypaBHenne x3 — =0 umeer creayiomme
TpH KOpHA:

x=1; x2-="—————-——1+]2/_3 : xs=______1 "2' —3 \
K3 KOTODHX OJMH BELIECTBEHHHH, a ABa MHUMHX; ypaBHeHwe x3-11=0
HMeeT TPH KOpH::

n=—1 x=

1+¥—3, _ _1—y—3
g K=
M3 KOTODHIX TaKXe ONMH BEUECTBEHHHA M IBA MHHMBIX.
55. Pasauunbie 3HauYeHHS KOpHS. Pemenue nByuneHHbix ypasne-
HHM HMEET TEeCHYI0 CBA3b C HaXOXIEHMEM BCEX 3HaYeHHWH KODHA (pa-

1) Koraa JAByuJekHoe ypaBHenHe HMeeT BHX @x™4-pxt=0, rge m>n, To
ero MOXHO INOACTABHTb Tak: xMaxM—n-1b)==10, H, C]EAOBATENLHO, OHO pac-
pajaeTcR Ha JiBa ypaBHEHHA: x" =0 U axM—74b =0,
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AMKana) M3 naHHOro uucra. B camom mene, matttu "y” A, ouemunmo, Bcd
PaEBHO, UYTO peluuTh Yypasuedne x"=A, T. e. X" — A=0, u norowmy,
CKOTLKO 3TO ypaBHEHME MMEET DasiMMuHHMX peuenutl, croasko 'y A uMeer
Pa3/MYHKX peneHufl.

OcHOBBIBasICH HZ 3TOM 3aMEUAHMH, TOKAKEM, HANPHMED, UTO KOpexs
KKYBULHBE U3 B8CAKOZO BeUECMBEHHOZO “UCAQ (He PABHOZO HYRIO) uieem
mpu pazaudHslx 3HA4EHUs.

Paccmorpum CHayana ciayvait nmonowutensHoro uucaa A. Ilycts Ttpe-
Gyercss Ha#tTH Y A, T. e., IDYTHMH CIOBAMH, TPEGYeTCH DEUIHTH ypaBHe-
nue x3 — A=0, O()osﬂaqua apudMeTRUeCKOe 3HaUeHue WYKBOH q,
nosoxuM, uto x=qy. Toraa ypaBHem:e x%3 — A=0 MOXHO mpeacra-
BuTh Tak: ¢3y® — A=0. Ho ¢®=A, nostomy ¢°y® — A=A — 1),
M ypaBHeHHe npuMer BuA: Y3 — 1-—(f

Mbl BuAenu B npepsiayfileM naparpade, 4TO 3TO ypaBHEHHE HMEET

TPH KOpDHS:
— 11V =3 —1—y=3
yl_—_l; y2= 2—; y3= ..._._?)/-___.'

<

Kawpoe 3 3TMx 3HauenuM, ynosiersopss ypasHewuw Y®=1, npex-
crasasier co0o#t KyGuuHeift kopenr w3 1. Tak kak x=gy, 10

L/ 8 —1=V=3

N=q-1=¢q; x,= 3 Xg={ ——p—

3/ :
310 M 6yAyT TPH 3HAUEHHSA V' "A; o1HO u3 HHX BewecTBeHHOE (apud-
MeTHYecKoe), a NBa — MHHMble. Bce OHM noayuatcsl, ecnxH apudmernue-

3 -
ckoe 3Hauenue A yMHOXHM Ha Kaxioe M3 TP8X 3HaueHHH ::/ 1.
Hanpumep, kyOHuHHH KOpeHb W3 8 uMeeT TPYU ClelyiOLMX 3HAYEHHUS :

0 2. =EV=R 4y, 2-:1-_—;/—_—3—=——1—V——§.

Ecnn A<0, TO TpefHIAyLIee PacCyMIeHHEe OCTAETCA B CUJIe, TONBKO
ClefyeT 0G03HAUNTH Yepe3 § NeHCTBATENbHOE sHauenne y — A M nono-
WKUTb X=— (Y.

656. TpéxunenHoe ypaBHeHue, Taxk HasslBaeTCd ypPaBHEHHE BHIA:

ax*?4-px"c=0
(yacTHBI# cayua#t Takoro BHAa npH 71=2 ecTs GMKBAJIpPaTHOE ypaBHe-
Hue). OHO INPHUBOIMTCA K KBaApPaTHOMY, €CJH BBEN&M BCAOMOTaTej]bHOE
HeuapecTHOe Y=1x", Torma ypaBHeHHe npuMeT BHAI:

ay*-by+c=0,

OTKyJHa:
= b+V 8 —dac
Y= 2a .

CnenosatesbHO:
=T bEY b —dac
% .
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Pews, ecay BO3MOXKHO, STO /ABY4YJ€HHO€ YypaBHeHHe, HaHaEm BCe
3HauYeHHa X.

Hpumep. x% — 9x3-1-8=0.

=y, P y+8=0; y=4 =} 5 —8=EL;

=8 =1,

C/IEN0BATEbHO
x3=8 u x3=1.

Pemns 3TH JByUJIeHHbIE ypaBHEHHH TpeTheil CTENEeHHU, NONYyUYUM -IUeCTh

3HaveHH# ana x: g
X, =2; X,=— 141V =3; x;=— 1 -V —3;
Xg=1; xg=— H';/'—_S ; x6=—l _;[__3.
Ynpaxrnenun.

PemnaTs ypaBHCHHsA:

95. x® =m?®; x*4-729 =0; x8= 64.
96. 8x847x2 — 1 =0; x| 2ax™ — 8a2,

Ill. Cucrembl ypaBHeHHH BTODOH CTemneHH.

57. CreneHb ypaBHEHHSI C ' HECKOJLKHMH HEH3BECTHbMH. Uro6u
onpeseNUTh CTeNeHb YPaBHEHHA, B KOTOPOE BXOIAT HECKOJbKO HEM3BECT-
HHX, HaIO NPEABAPHTENBHO 3TO ypaBHeHHE YNPOCTHTb (PACKPHTL CKOOKE,
OCBOGOAMTE OT PpagUKalOB M 3HaMeHaTesnel, KOTOPHE COMEPKAT HEeH3-
BECTHHIE, M CAeJaTh NpHBejeHHe nOAOOHBIX uwiaeHOB). Torma cmenewswo
VPABHEHUS HA3WBAEMCS CYMMA NOKA3amenel Npu Heu3BeCMHHIX 8 MOM
YypeHe YPABHEHUS, 8 KOMOPOM 3MQA CYMMA HAU60NbULAS.

Hanpuwmep, Tpu ypasrenusi: x°42xy — x-4-2=0, 3xy=4, 2x}y* —
— =0 Oyayr ypaBHeHWsSMH BTODOH CTeNeBM C ABYMS HEH3BECTHRIMH;
ypasienue 3x%y — y*-Lx+10=0 ecTp ypaBHeHHe TpeTLe#l CTenewH
(C OBYMSI HEM3BECTHbIMH) M T. I

3ameTHM, UTO CYMMa MOKasaTesell NMPU HEU3BECTHHX B KaKOM-HEOYIb
ufeHe YpAaBHeHHA HAa3LBAETCHA ero u3meperues. Tak, umenm 2xy, 5x%,
3y® — emopoz0 H3MepeHHN, UJeHH O,Qﬁxyz, -é—xyz — mpemsezo
M3aMepeuns u T. n. Ynen, He colepxalluit HeHW3BECTHHIX, HA3HBAETCH
YJIEHOM HY.126020 W3MepeHHS.

3ameTHM eld, uTO ypaBHEHHE HA3LIBACTCd 0OHOPOOHBM, €CNIH BCE ero
YJeHH — OJHOrO ¥ TOro ke HaMepeHus. Tak, 3x°+xy — 21°=0 ectw
OJHOPOJIHOE ypaBHeHMe BTOPDOM CTemeHW C ABYMS HeH3BeCTHBIMH.

Mpt paccMOTPHM ceftyac, KaK peWanTcd HEKOTOpHE Npocredmue
CHCTEMBl YPDABHEHHH BTODOH CTENeHH ¢ ABYMA HEH3BECTHHIMH.
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58. O6mufl BHA NONHOrO ypaBHEHHs1 BTOPOA CTeNeHH C ABYMs
HEU3BECTHBIMH €CTh Chaeayromit

ax’+bxy4-cy?+-dx4-ey+f=0.

B HEém nepBoie TPH 4Y/ieHa — BTOPOro H3MePEHHd, CieAyiouide 1Ba
yjeHa — NepPBOTO KW nocnaenuuft (cBOGOAHBIH) wieH — HyJaeBoro. Koaddu-
uMeHTH @, b, €, ... MOTYT GbITh YHCAAMH MOJOKHTEALHLIMH, OTPHUATEND -
HEIMH, @ TaKe PaBHEIMH HyMo (KOHEWHO, TpH KO3dpduuwenTa a, b W ¢ He
MpPeaNONaraloTCa OJHOBPDEMEHHO DABHBIMM HYJI0, TaK KAax B [POTHBHOM
cay4ae ypasHenne Onio Gbl He BTOpO#, a NepBOH CTeNeHH).

Mpl paccMOTDHM celuaC, KaK pPelaloTcs mpocrediune CHCTEMHM I3YX
ypaBHeHHUH BTOPOH CTeneHH C JIBYMs HEH3BECTHBIMH.

59. CucteMp! naByX ypaBHeHHii, H3 KOTOPHIX OAHO NepPBOH
cTenend, a Apyroe — BTOpoH. IlycTs nana cucrema:

{ x?— 4y*4+-x+4+3y=1 ... ypasHenue BTOpO#t CTeneuu;
2x —y=1............ ypaBHeHHe nepBO# CTeNeHH,

Bcero ynoGHee Takyl0 CUCTEMY PewdTh CROCODOM nodcmanosxy cne-
nylowum nyTéM. VM3 ypasHenus nepBoit cTereHM onpejenseM OLHO KaKoe-
HHOYIb HEH3BECTHOE KaK (yHKUMIO OT APYyroro HEHW3BECTHOrO; HalmpHMep,
onpcaensieM Y Kak GYHKUHIO OT X:

y=2x— 1.
Torga ypaBHeHHe BTODOH CTeneHH [OC/He MOINCTAHOBKH INatT ypaBHe-
"HHe C OIAHHM HEH3BECTHHM X
¥ —4(2x—1)24x4+3(2x —D=1;
¥ — 44 —4x+1)+-x+6x—3=1;
x> —16x34+16x— 44+ x4+6x— 3 — 1=0;
— 15x?4+23x —8=0; 15x* — 23x4-8=0;

x—%‘”/w_ 4.15.8  23+)/529 —480__ 231V 49,
= 30 »

315 = 30
9B4+7_,. . _2-7 8
n=—gm=bL %=—gp—=r

[Mocne 9TOro M3 ypasueuus y=2x — | mHaxomum:

8

1
P1=2.1—1=1; y,=2-ﬁ— 1=

15
Takum 06pasoM, NaHHas CHCTEMa WMeeT JBA pellieHus:

8 !
h n=1 p=1 2 n=r, p=

60. MckyccTBeHHble NPHEMBI, YKa3aHHH# NPHEM NPHMEHHM B TexX
cAyvasx, KOTAa ONHO ypaBHeH#He DEPBOYU CTeneHu; B HEKOTOPHIX CAyuyasx
MOXHO [10/1Ib308aTbCA HCKYCCTBEHHBIMH anéMaMH, MJIA KOTOPBHIX HeJAb3A
yKasaTb ofiiero npaBuaa, [IpuBeREM NpHMepPH,

Mpamep 1. x| y=a; cy=b.
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Hepeeul cnoco6. Tax kak RaHBI CyMMa U MPOM3BENEHHE HEHIBECTHHX,
TO X H ¥ AOMKHM OHTb KODHAMH KBaapaTHoro ypasuenus (§ 43):

22— g2-}-b=0.
CrnenosaTe/nHO:

x=zl=—g—+l/9‘; —b; y=zz=% — %i—— 6.
Bmopoit cnocob. Bo3BhCHM TepBOe ypaBHEHNE B XBaApaT M BHYTEM
U3 Hero yuersepénHoe BTOpoOe 1)
i 2xy 4yt =a®
— 4xy = —4b ,
x*— 2xp-t+yt=a*—4p

T. €.
(x —y)?=0a? —4b, oTkyia x —y=+} a®—4b.
Teneps mMnl uMeeMm cHUCTeMy:
x+y=a;
{ x—y=-t V& 17b.
CkJIafpiBast ¥ BHUHTA% 3TH YDAaBHEHUs, TOJAYUKM:

2x=a+V a® —4b; 2y=aF} a® —4b;
a+V a®—4b aFy a*—4b
2

Tak Kak OAHO M3 JAaHHBIX YpaBHEHH{t Mbl BO3BHIIA/VM B KB3aJpaT, TO
npoBsepsieM MOACTAHOBKOH, HeT JIM TIOCTOPDOHHHMX KOpDHe#t B unciae Hali-
JAEHHHX,

TakuM 00pa3OM HAXOAHM, YTO AaHHA® CHCTEMa HMeeT [B3d peLleHud

a+yV a*—4b a—y a*—4b
a—~) a® —4b H ‘1+V a® — 45"
= P) Vo= 2

Bropoe pelueHHe OTAHYAETCA OT NEPBOrC TOALKO TEM, UTO 3HAUEHHE X
B IIEPBOM DELIEHHH CHIYKHT 3HaUeHHEM ) BO BTODOM pelleHHH, H Ha060pOT.
310 MOKHO OLIIO MPEABHAETh, TAK KAK ZaHHLIE YPaBHEHMS He HBMEHATCA
OT 3aM€HH X Ha ¥, a ¥ Ha X. 3aMeTHM, YTO TaKHe yDPaBHEHHA Ha3bIBAIOTCH
CUMMeMPLYHBIMUY.

Ilpumep 2. x — y=a, xy=b.
Hepsoiii cnocob. TlpencrasuB ypaBHeHHS B BHIE:
x+(—=y)=a, x(—y)=—1,

1) IlogoGHrie ¢pa3m ynoTpeGIIOTCS YacTo PajfiM KPAaTKOCTH: BMECTO €BO3BEHI-
cHM ofe YacTH ypaBHEHHA B KBajpaTs, <€YMHOXHM o0Ce 4YacTH YypasHEHHT Ha 4»
HT I .
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3aMedaeM, UTo X H — y STO KOPDHH KBanpaTHOro ypaBHeHHﬂf
2—az—b=0,
CNenoBaTeALHO:

Bmopoii cnocob. Bo3BriCHB NepBoe ypaBHeHHe B KBaIpaT H CIOKUD
ero ¢ y4eTBepEHHEIM BTODHIM, IMOAYYHM:

(x4y)2=a>-4-4b, otkyna x+y=+V @+4b.
Tenepb mnmeeM cucTeMy: .
[ty 2V,
x— y=a.
CK7anmBast M BHUYMTAA STH YDABHCHHS, HaHIEM:

aﬂ:V02+4b_ . —axVaixdb
X = > y: G} ®

lipumep 3. x+y=a, x2+y~—b
Bo3sbicHB nepBOe ypaBHeHHe B KBaAPaT M BHUYTA H3 HEro BTOpOE,
NOJQY4HM:

' Y __
2xy=a? — b, orkyna xy=>1 5 5.

Tenepr BONpPOC NPHBOAMTCH K pemeﬂmo CHCTEMBL:
—b

xty=a, xyp="2

KOTODYIO Mbl Yyie DacCMOTpe/H B NEePBOM npnMepe.

61. Cictema JABYX ypaBHEHMH, H3 KOTOPHIX KaXJ0e BTOpOH
cTenenH, Takad cucTeMa B OGlIeM BHAE He pa3pellldeTcs 3JIeMEHTapHO,
TaK KK OHA NPHBOAHTCA K IIONTHOMY YDABHEHMIO YeTBEPTOH CTeNeHH.

PaccMOTpHM HEKOTODHE 42 CTHH € BHAB ypasHeHnﬁ KOTOPHIE MOXHO
peltuTh 3JMeMeHTapHHM INYTEM.

Npumep 1. x24-y2=a, xy=>.

Mepeviti cnocob (cnocob nodcmariosku ). Yia BToporo ypaBHeHHs Onpe-
OeJsseM  ONHO HEM3BECTHOE B  SABHCHMOCTH OT JPYroro: Hanpumep,
x=2_ Moncrasum 310 3Hauenne & neproe ypaBHeH#e M OCBOGOIMMCH
OT 3HaMeHaTe/d; TOTAA MNOJAyuMM GUKBAIPATHOE YpPaBHEHMHe:

yt — ay*4-b2=0.

Pemns ero, maitadMm ans y ueThipe 3HaueHus. [loncrasus Kawaoe M3
HHX B ¢oOpMy.y, BHBEICHHYK paHee I X, HaHaEM 4YeTHpE COOTBETCT-
BYIOIUMX 3HAUCHHA IAS X.

Bmopoii cnoco6. Cnoxue nepsoe ypaBHeHHe C YABOSHHLIM BTODHM,
_moayyum: ’

x2fyt4-2xy=a-+2b, T. e. (x4-y)°=a-20b,
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oTKyna:
x+y=+V a-t+2b.
BpiuTs #3 nepBOro ypaBHEHHSI YABOEGHHOE BTOpOe, HaWn&M:
x4y —2xy=a—2b, 1. e, (x —y)?=a— 20,
OTKyZna:
x—y=+Va—2b.

Taxum 06pa3oM, BONPOC MPHBOAMTCH K PEHICHHIO CIEAYIOIMX Ye-
THIDEX CHCTEM NepBOH cTemeHH:

n {x+y Vat2s; {x+y=1/a+2b;
Va—2b; x—y=—V a—2b;

3) {x+y=—]/a+2b; 8 {x-}-y: —)V a+2b;
x—y=Va—20b; x—y=—V)"a—2b.

Kaxnas #3 HMX peulaeTca BecbMa NMPOCTO MOCPELCTBOM anreGpanue-
CKOTO CJ/IOXEHHS YDaBHEHHH,

T pemui cnocob. BosBHCHB BTOPOe ypaBHeHHe B KBAaLPAT, MOYYHM
CICAYIOULYIO CHCTEMY:

BpP=g, x2pP=b2

Otcioma BHANO, YTO X2 M Y% — KOPHH KBaJpaTHONO yDaBHEHHs:
22 —az4-b*=0.
CnenoBarteanto:

O R e LR e a0

Mpumep 2. x2— y*=qa, xy=>b.

Cnoco60M NOACTAHOBKH JErKO MDHBEAEM STy CHCTeMy K GHKBagpar-
HOMY ypaBHeHHIO, BOT euié HCKycCTBeHHBIt TPHEM PELEHHA 3TOR CHCTEMBI,

Bo3BhICHB BTOpOE ypaBHeHue B KBaapaT, OyldeM HMeTb CHCTeMy:

__y =q, xzy‘.’._bﬁ

e
B (—yH=qa, xzx(——y), Py e )‘ ('ZJ “
Orciona BupHO, 4T0 X2 n — y? 6y11)'r KOpHﬂMH yp HEHHs:
2?2 —az —b2=0.

H/IH

ChenoBarenanHo:

x‘-’=z1=%+l/ aT,'H”- yﬁ_—_—z,:—(%— 24:+b’).

Otciona Haltadm x u y.
3ameuarue. Bo Bcex cnyuasax, KOrza TPHXOAMTCA BO3BOAHTL ypaB-
HEeHWsl B CTENEHb, HEOGXOAHMMA NpOBEPKAa KOPDHEH.

64



62. Fpapuuecknii cnocod pelwieHHs CHCTeM ypaBHCHHA BTOpOIl
creneHu. HauepTHB rpadMku KaxAOro M3 AalHbiX YPaBHEHHMH, Haxoaum
Be/HYHHB KOOPDIMHAT TOUYEK INepeceYeHHss 3THX IpadHKoB; 5TO0 H GyayT

KODHH ypaBHeHHH.
Npumep, Pewruts rpapuueckn cucremy:
1) y=x?—=3x42, 2) x=2y*— 3.

Cocrapum Taﬁnnuy YaCTHBLIX 3Ha4YeHHH x u Yy A4as uepBOTrO ypPaBHEHHS

-3 -2 —1 0 1 2 ' 3 4 5

]
}y. 20| 12 6 2 0 0‘2 6 12|...

¥ TaGAMLY YAaCTHHIX SHaYEHH# x W Y OJS BTOPOro yDPaBHEHHS:

1 2 3 4

-2 -—l' 0

\ X N 15

5 —ll —Sl -1 5 15 29

pom———— -
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Mo 3TuM 3uayednsm nocTponM rpaduku (3T rpagukn Oyayr napa-
6oabi, uept. 24).

I'paduku nepecekaloTcs B ABYX TOYKAX, KOODAHHATH KOTOPHX NpH-
Gausutensio Gyayt: x=03; y=1,3 n x=28; y=16.

MoxHo HaliTH KOOPAMHATHI TOUEK MEpeceveHHA TOYHEE, €CHH Hayep-
THM B Goaee KpyuHOM MacwTale Te YacTH [PAQHKOB, KOTODHE Nexar
OKOJI0 TOYEK nepeceyeHus,

Ynpaxcuerus,
Peumite cnefyioughe crctesst ypasHenni:
a\-+)}:“. x—-—y=3. Xy =a,
9. x
Xy = 24, xy = 40, 7=b
96 *"'H’; =25, [ 24yt =9, { x*—yt =156,
y=7% x—y=38, x—y==0,
(LAl el
gg' x_y=3l 100-{ x+-y=_6_l
l o1 xty =39,
' ya =

(ol { 00 — xy 4-2y244x = 20,
| 8= 1lxy4-2yt =0,

102. Jlsa newmexoaa pomkutt mpodth myth 8 270 ki Ofuw M3 Hix mpoxomut
exennesto na & xu Ooablue, ueM Jpyrod, RC/eNCTBHe Hero OH ynoTpeGAseT HA
Bech NMyTh KA 1,5 Jug Meabwe, wem fpyrofi. Bo ckombko jHed Kagabd H3 HHX
DPOXOIHT BECh NYTh?

103. [Tone umeer dopMy npamoyroaphnxa. OnpejefHTh €ro NJowagb, 3nad,
uro: 1) ecnl JHHY €ro YMEHbWMTb, 3 WHPHRY YBeAHY¥Th Ha 12 M, TO OHO
noayyaer GopMy KBajpaTa; 2) eCall e LIMHY YBeIHUMTb, a LIHPHHY YMEHBLUHTb
Ha 12 m, To nuomagb ero okaxetrcs 15049 2.

104, [lnarosans npAMOYroMbHOrO napaiiedenHnefa, BHCOTa KOTOPOrO pas-
Ha 3 M, HMeeT LuuHy 13 M, nepuMeTp ero ocHosaiHs paser 32 M. Hadlty mave
PeHH Napaaneleninesa.

105. B npamoyroibHOM TpeyronbhHKe rAIOTeHy3a, DaBHas ¢, BNCOTOMH, omy
WeRHOA ta Hee, pasjenena Ha 2 OTpe3kd, H3 KOTOPHX OLWH paBeH KaTery, He
npureraiomenmy K Bemy. Hafita xaretul.

106. B npAvoyrontHoM TpeyrombHHKE THUOTEHY3a pabHa ¢ H CYMM3 KaTeToB
pastia S. Halimu kareru.



OTHEN YETBEPTHHN.
HEPABEHCTBA.
I. Hepasencrea nepeofi cremenw.

63. TMpensaprteastoe aameuawne. Korna mu rosopum, uto 10 Gonb-
me 7, 3TO 3HAyuT, 4TO pasHocth 10—7 ects uMcno moaoxuTENLHCE,
TOrAA KaK PasHocTh 7 -— 10 ecThb YHC/AO OTpHUATENbHOE. YCMOBHMCA pa- -
CAPOCTPAHHTL 3TO MOHATHE M HA MOOble NeHCTBHTENbHHE YHC/AA, 3 HMEHHO!:
BepaxeHHe ,a Gonbiie b* (@ > b) osHayaeT, uTO DasHocTh @ — b ecTh
YUC/I0 TIONOKHTEbHOE, a Bhipawenwe ,a MeHblne b“ (a <{b) oaHauaer,
YTO 9Ta PAa3HOCTb — YHCAO OTPHUATELHOE.

64. OcHoBHbie CBOHCTBA WepaBeHcTB, JIBa YHCAa MAH 1BA  aAre-
GpaMuecKHX BBIDaXeHHA, CBR3aHHBIE MeXAy COOOH 3HaKOM > MM <
06pasyioT Hepagencméo, HepasencTBO COCTOMT M3 ABYX uacreft sesod
4acTH B NpPasoli YacTH.

OGo3HauuM neByi0 4acThb HepaseHcTBa OYKBOK Q H MPaBYK 4acTh
6yksoft b. Torna ocHOBHbIE CBONCTBA HEPABEHCTB MBI MOXEM BBIDA3HTH TAK:
1) Ecam a> b, 1o b < aq; nanpumep: —2> —3; —3<L -2,

2) Ecna>bub>c,10a>¢; HanphMep: —2> —3u—=3>-—-4;
Torfa — 2>—4.

3) Ecnna>b nce=d, 10 a+e>Sbtdn a—c>b—d, 1 e
ec/¥ K HepaBHHM YHCIaM anOBBHM WJIH BBHINTEM H3 HHX PaBHble JHCHa,
TO 3HAK HEPABEHCTBA He M3MeHMTCA (OGOnbIUEE YHCAO OCTaHETCA G0.abe
wuv). Hanpumep: 2>>—3; npuGasum nau BwureM no — 10:

24-(—10) > —34+(—10), 1. e. —8>—13;
2 —(—10)>—3—(—10), T. . 12>7.

4) Ecnn a> b w ¢2>d, t0 a4c>> b4-d; pasunm obpasoM, ecin

a<lbuc<Ld 10 atc<b+d.

Hanpumep, ecnu yacTi asyX HepaseHCrB: —7>—10 M — 3> —¢
[OUNEHHO CAOXKHM, TO MONY4YHM: — 10 >— 14,

PasyumM 06pa3oM, €CAH CAOHHM MOUIEHHO YacTH IBYX HepaBEeHCTB
2«8 n —4<C—2, 10 Gynem umern: — 2 <76.

5) Ecau a > b, ac<d TOd—C>b—-d i ectna<<b,ac>d,
10 aA—c < b—d.

Hanpumep:
—&> —10 _
Tl 2 3 T18>—2
—W>~—13 M 114
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YcnoBuMcs O JBYX HepaBEHCTBaX TFOBOPHTb, YTO OHHU OOUHAKOB020
CMBICAQ, €CNH B KaXKAOM H3 HHX HMMECTCA OJHH H TOT Xe 3HaK > HAH <,
M 4TO OHH MPOTHBOMOJOMHOIO CMEICNIA, €CJAH B ONHOM H3 HEDPABRHCTB
CTOMT 3HaK >, a B Ipyrom 3Hak <. Torma cBofcTBa 4eTBEPTOE M mATOE
MOXHO BHCKA34Th Tak:

J.IBa HepapeHCTBA OZHHAKOBOrO CMbicAa MOAIHO MNOYNCHHO CKJ/AaAnBaTb; JnBa
HEPABECHCTEA NPOTHBOROJMOKHOIO CMbICJ]A MOXKHO (104€HHO BbH4YHTaTb, OCTABJsIA 3HAK
TOro HEPaBEHCTBA, H3 KOTOPOro BLIMHTAJN0CH XPYroe HepaBCHCTBO.

6) Ecin @¢>> b 1M m —noloxuTeNbHOE YHCNO, TO am > bm n
a:m>b.m. .

Ecan ofe 4acT# HepaBeHCTBA YMHOKMM H.IH DA3NEAHM HA OJHO B TO Me IONOMKH-
TEALHOE UHCAC, TO 3HAK HEPAREHCTRA HE H3MEHWICH.

Hanpumep, ymHOXnB Ha -4 4acTH HepaBeHCTBA — 5 >— 7, noay-
yuM: — 20 > — 28.

7) Ecau a>b w® m —oTpuuaTenbHOe 4ucAO, TO am < bm u
a:m<lb:m,

Ecar 06e 4acTH HePABEHCTBA YMHOXHM HJH PA3feauM Ha OHO B TO )Xe oTpiua-
TeALHOE YUC/O, TO SHAK HEPAREHCTBA (EPEMEHHTCA HA NPOTHBOMOJOXKHbIN.

Hanpumep, yMHOXuB Ha —1] o6Ge uacTH HepaBeHCTBA —5 >—7,
noxyuum: 5 < 7.

65. OTHOCHTENbHO HepaBeHCTB (KaK M PABEHCTB), COREPHKAIIMX GYKBLI,
BO3MOXHHN BONPOCH ABYX DOJAOB:

1) pewnTb HeDABGHLIRO, CONEPAIUEE HEHIBECTHOE, T. €. ONPENeNUTh,
NpH KAaKHX 3HAYEHHAX HEW3BECTHRIX [AHHOE HEPABEHCTBO CHPABEJMEO;

2) nQKa3aTe TOMNECTBEHHOE HEDABEHCTBO, T. €. OGHAPYXKHMTh BEPHOCTH
ero nNpH BCEBO3MOMHHIX 3HAaueHHAX OyKB MAHM NO KpaHdHeR Mepe npu
3HAYEHHSX, OrpaHHYCHHHX 33J3HHLIMH HANEPE]X YCIOBHIMH.

Peitenne 0GOHX BONPOCOB OCHOBHIBAETC Ha HEKOTOPHIX CBOHCTBAX
HEpPaBEHCTB, MOAOGHBIX TeM, KOTOPHE CAYXAT OCHOBAHMEM AN Deluenus
ypaBHeHHA. ‘

66. PaBhocuJabHbie Hepaa.eucnaa. HepasencTsa, comepmailHe ORHH
H Te e HMeM3BeCTHBle, HA3LIBAIOTCA DAGHOCUALHOIMU, €CNH OHH YIOB/e-
.TBODAIOTCA OXHHMH H TEMH Xe 3HaUYeHUsIMM 3THX HEH3BEeCTHHIX; TaK, HBa
HepapenctBa 3x-4+3 <{x-}+10 u 3x<Cx-}8 pasdHocHABHE, TaK Kak
o6a OHM YOOB/IETBOPAIOTCH 3HAYEHHAMH X, MEHBIUAMH 4, H TOJIBKO STHMH
3HaUYEeHHAMH.

OTHOCHTENLHO PAaBHOCHJILHOCTH HEePABRHCTBA JOKAXKeM TeOPEMH!, BeCh-
Ma CXOAHHEe C NOAOOHHIMH e TeOpeMaMil OTHOCHTEAbHO PaBHOCHIBHOCTH
ypaBHEHHH,

67. Teopesma 1. Ecan k obeum uacTam HepaBeHcTBa (COlepiKa-
iero HeusBectHoie) npubGaBuM (HJAH OTHHMEM) ORHO H TO XKe YKo,
TO MOJY4YHM HOBOE HepaBEHCTBO, PABHOCHJAbLHOE MNEPBOMY.
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O0603HayYM JeBY0 HACTb HEPABEHCTBA, COUEPXKALIErO0 HEHIBECTHBIE,
onnokt 6ykso#t A i mnpaBy uyacTh — apyrolt 6ykBoit B, H nyctb m ecTs
KaKoe YroJHO 4YMCJ0; JOKaXKeM, UTO ABa HePaBEHCTBA:

A>B (1)
A+m> B+4+m\ (2)

paBHocuabHbl, [TonoxuM, 4TO mMepBOE HepaBEeHCTBO YAOBJETBOPAETCH NPH
HEKOTOPHX 3HadeHHAX OYKB. DTO 3HAUMT, YTO NPH STUX 3IHAUCHHUAX YHC-
JeHHad BenuuuHa A OGonbuwie uncaedHHoW BeauuuHs B; HO Torna, Ha
ocHoBaHun ceoficTBa 3 § 64, npu Tex e 3HaueHusX GYKB M YHCIEHHAA
BelHYMHA CYMMEl A-+m Goaplue YHC/IEHHOH BeNHYHHHI CcyMMu B-}-m,
TaK KaK ecad K OofeuMm uacTdM HepPaBEeHCTRA NPHGaBUM NMOPOBHY, TO 3HAK
HEPDABEHCTBA HE M3MEHHTCR. 3HAYMT, BCAKOE pelleHHe HepaBeHCTBa (1)
yOOBAETBOPAET M HepaBeHCTBY (2).

O6patHo, ecan NpPH HEKOTODHIX 3HaueHHAX OYKB UHC/IEHHAs BeJHUHHA
cyMvMu A--m 6Goablue YHCJEHHOH BeAMuYMHB CyMMbl B--m, To mna Tex
ke 3HauYeHWH GyKB M uHC/IeHHas BeanynHa A Gosbile YACHEHHOH BEaH-
uuHel B (HepaBeHCTBO He HAapYLIMTCHA, €CJAH K O0EMM YacTIM HepaBeHCTBA
npuOaBuM — 1m); CAeAOBaTeNbHO, BCe pelUeHMs HepaBeHCTBAa (2) yuos/e-
TBODSIOT H HepaBeHcTBY (1); 3HAYMT, S5TH HEPABEHCTBA PABHOCHJIbHHL

Tak KaK BBIYHTAHHE PABHOCHALHO CJOXKEHHIO C [POTHBONOJOMHLIM
YUCAOM, TO, CREeNOBAaTeJbHO, OT O0eHX yacTeft HEPABEHCTBa MOMHO OTHATH
OOHO M TO XKE YHCJO.

)4

Caredcmeue, JIo6oil 4uieH HepaBeHCTBA MOXHO MNEPEHECTH H3
OAHON 4acCTH B APYTryI0 € NPOTHBOMOJONKHLIM 3HAKOM,

Ecan, panpumep, nMeeM HepaBeHcTBO A > B4+C, 710, npHOaBHB K
obenM uyactam no — C, moayunm: A — C > B.

68. Teopema 2. Ecin o6e uactu HepapeHCTBA (Coneprkasulero ie-
H3BECTHHIE) YMHOXKHM (MJIH Pa3feyauM) Ha OJHO H TO XK€ NOJOMHTEb-
HOE 4YHCJIO, TO NOAYHHM HOBGE HEPABEHCTBO, PABHOCHJLHOE MEPBOMY.

JokaxeM, YTO JBAa HEPABEeHCTBA:

A>B (1)
Am™> Bm (2)

PaBHOCH/LHH, €C/AH TOMBKO 717 — NONOKHTENbHOE UHCAO.

[IycTs nNpH HEKOTOPHIX 3HAYEHHAX HEH3BECTHHIX YHCJEHHAS BeJIHUMHA A
Gonbllle uwHCIeHHON BeJMYHHH B; Torma npu Tex e 3HaueHMAX HeNW3BeCT-
HHX M UHC/IeHHAs BeJHYHHA Npou3BefeHus Am Gojblie YHCHEGHHOM Beu-
YyuHBl npou3BeneHus Bm, Tak KaK OT YMHOMeHuss 0O6eHX vacTeR Hepa-
BEHCTBA HAa MNONOXHTC/AbHOE WYHCIO 3HAK HECPABEHCTBA He H3MeHseTC.
3uaunt, BCe peurexns HepapeHcrtBa (1) ynosnersopsior u Hephsencray (2).

O6paTHO, €CJAH NPH HEKOTOPHX 3HaueHHAX OYyKB UYHCJIEHHAas BesH-
upna Arm 60AblIe 4YHCAeHHON BeJMUHHB Bm, TO npH Tex XKe 3HAYEHHAX
6yKB 1 uHCJAEHHasn BeNvudHa A GO/MblUE YKC/IEHHOH Beqnunhbl B, Tak kak
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OT AeneHus oGeux uvacrefl HEPABEHCTBA HAa NOJAOXHTEALHOe 4YUCNO 3HAaK
HEPAaBEHCTBA HE M3MEHSAETCH,
3ameuarue. TIor0MUTEIbHOE UYMCAO, Ha KOTODOE, MO JLOKa3aHHOMY,
Mbl HMeEeM TIpaBO yMHO)KHTb HJIH DPasieyHTb obe uacrTH HepaBeHCTBa (He
H3MeHsis ero 3HaKa), MOXeT OLIThb NAHO B BHAE OYKBEHHO20 BbLPAXNCEHUA,
NpHUY&M 3TO BEIPA)KEHHE MOMET COlepxkaTb B cefe M HeH3BeCTHLle, BXO-
aflue B HepaseHCTBO. Ho npu 3ToM Hamo o0co60 paccMOTpeThb, NpH BCeX
ni 3HaueBUAX OYKB, BXONALIMX B BhIDaXKeHHe, HAa KOTODOE MLl YMHOXAEM
HJAW ACJAHM obe yacTtH HepaBeHCTBa, 3TO BHIpaweHHEe HMEEeT NOoAOHCUInesLb-
Hble 3HAYEHus.
Hanpumep, ymHOxHM o6e uacTH HepasenctBa A > B na BEIPAXeHHE
(x— 5)%
A>B )
A(x —5)2> B(x —5)%. (2

Muosxurens (x-—5)? ocralTca NONOXKUTENbHHM YHCAOM NPU BCEX
3HaueHMAX X, KPOMe OJHOro: x==5. 34auuT, HepaBeHcTsa (1) U (2) pasHO-
CHbHBl B TOM Cly4de, eCliM MepBOe M3 BHUX HE YIOBJETBOPAeTCs 3Ha-
yeHHeM X=5; B NPOTHBHOM XKe Cay4ae HepaseHCTBO (1), yaoBaAeTBO-
pAfiCb BCEMM DeElieHHAiMH HepaBeHCTBA (2), wuMeeT e peigenne: x=5
(3TO peurenHe HepapeHCTBY (2) He ymoB/eTBopseT, 6O HNPH x=5 Hepa-
- BeHCTBO (2) o6pauiaercd B PaBEHCTBO).

Caedcmsene. Ecan ofe 4acTH HEpaseHCTBR COJEPKAT MONOKH-
TeAbHbIil OGLLHIT MHOXHTEAb, TO HAa HEro MOXKHO pa3ie/nTb ofe 4yacTH
HepaBeHCTBa.

Hanpumep, B o6enx wactax HepaBenctBa: (X—>5)2 (x—1)>> (x—5)%(3—x)
eCTb OOULME MHOXHUTENb (X-—5)%, DTOT MHOXHTEAb TIPH X=5 oOpa-
utaerca B 0, a MpM BCeX OCTANbHHWX 3HAUEGHHAX X OH — YHCAO IMOJIOXKH-
TenbHoe. PellleHHe X==0 He yLOBAETBOPAET HaHHOMY HepaBeHcTBy. YKenas
pEeLINTb, YAOBJETBODAETCH JIM HEPABEHCTBO TIDH ADYIHMX 3HAueHWAX X, Mbl
MOXeM DasfienuTh Obe ero yacTh Ha (X—5)3%, Kak HAa YHCIO TONOKHTENb-
HOE; MOoC/e LeJeHHs moayunM: X—1->3—x, Bce 3HaueHHs X, yaoBAETBO-
pfIOllHe 3TOMy HepaBeHCTBY, 33 HCKIOYEeHHeM X=0J5, yIOBaeTBOpAIOT
H [aHHOMY HepaBeHCTBY.

69. Teopema 3. Ecan o6e yacTu HepapeHCTBA (Colepxallero He-
M3BeCTHble) YMHOXHMM (HJM pa3jiesiiM) Ha OIHO H TO Xe OTpYUATEb-
HOE 4YMCJO H NMPH STOM MepeMeHHM 3HaK HEPABEHCTBA Ha UPOTHBONO-
JOXHbIA, TO MNOJYYHM HOBOE HEPABEHCTBO, PABHOCHJIbHOE NEPBOMY.

OTa TeopeMa NOKa3LIBAETCH COBEPUIGHHO TaK e, KAK K Teopema 2;
H3J0 TOJIbKO TPHBATL BO BHUMaHHe, YTO OT YMHOMEHHUS WJIH JejeHus
obeHX uacTe HepaBeHCTBa Ha OTDHUIATEeNbHOE HHCJAO 3HAK HEPABEHCTRA
H3MCHACTCA Ha HpOTHBOTlOJIO?KHbln.

Ilo noBony 3TOH TeopeMbl MOMXHO BHICKa3aTb TAKOE e 3aMedaHue, Ka=
Koe OLIIC CHENaHO N0 OTHOWEHHIO K Teopeme 2.

Caedcmaus. a) llepemenus y BCcex 4/IEHOB HEPABEHCTBA 3HAKH Ha
NPOTHBONONOXKHEIE (T, €. VMHOXKHB 00€ ero 4acTn Ha =-1), MBl AOIKHK
H3MEHHTh 3HAK HEPABEHCTBA Ha HpOTHBOKlOJIO)KHHﬂ.
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6) Henb3s yMHOXUTL OGe YACTH HEpPABEHCTBA HA GYKBEHHHN MHOMH-
Tesdb, 3HAK KOTOPOrO HEH3BECTEH.

8) HepaBeHCTBO ¢ NPOGHBIMH YMEHAMH MOXHO fIDHBECTH K ILEJIOMY
eiay. Bo3bMéM, Hanpumep, Taxoe HepaBeHCTBO:

A_C .
582D 1)

IlepeHec&M BCe 4leHH B JIEBYI0 YaCTb H NPHBeN8M HX K OOlUEMY 3HA-
MEHATeN0 !

AD - BC > 0. _ 0)

Ecan BD — 10n10XHTENBHOE YHC/IO, TO MH MOXeEM ero OT6pPOCHTb, He
H3MeHSSl 3HAKA HEPaBeHCTBa, NOTOMy uTO OT6pOocHTs BD — BcE pasho
YTO YMHOXHTb Ha 3TO uYMcio ofe uwacrn HepaeeHcrBa. Otb6pocus LD,
NMOJy4YHM HepaBeHCTBO, He cozepiaulee Apobei:

AD — BC>0.

Ecan BD — orpuuaTeasHoe $HCAO, TO MB MOMEM er0 OTGPOCHTb,
nepeMeHMB NPH STOM BHAK HePaBeHCTBa Ha MNPOTHUBOMNOJOXHNHA; TOraa
cHoBa OyneM HMMETh HePAaBeHCTBO € WEJbIMH YJIEHAMH:

AD— BC <.

Ho ecaun 3snak BD nenssecten (uro 6mBaer BooGule Toraa, korga B
u D comepxar HeH3BeCTHhle), TO MEl He MOXeM yMHOXaTh 06e 4acTH
Hepasenctsa Ha BD. Torga paccyxpaeM Tak: 4ro6n LPOGL GHAZ MO/0-
IUTENbHY, HEOOXOOMMO ¥ JOCTATOYHO, UTOOH Y Hed UYUCAUTENb W 3HA-
MepaTedb Obl/Il OAHOBDEMEHHO WIH MOJOKHUTE/NbHH, WK OTPHLATEAbLHEL,
Caenopate/qbHO, HepaseHCTBO (2) YHOBJETBOPDHTCA RPH TAKHX 3HAYEHHAX
OyKB, ~IpDH KOTOPHIX:

{AD—BC>0 - {AD— BC <0
BDS 0 BD < 0.

Takum 0Opasos, pelieHde HepaseHcTsa (1) CBOAUTCA K pelleHHIO
CHCTeMbl IBYX HepaReHCTB 6e3 ADOOHHX UYJEHOB,

70. JloxazarebCTBO HepaseHCTBA. Hesb3sd yCTAHOBHTHL KaKHX-A1G0
OGLIMX NpaBH/ LA OOGHAPYKEHHS BEPHOCTH MPENJOXEHHOrO0 HePaBEeHCTBA.
3ameTHM TOALKO, YTO OJAMH M3 TPHEMOB COCTOHT B TOM, YTO IDelJIOMEH-
HOe HepaBeHCTBO NpPeo6pPA30OBHIBAIOT B JPYroe — OYEBHIHOE, M 3aTeM,
HCXOIA H3 3TOr0 OHYEBH/JHOTO HEPABEHCTBA, NYTEM JOTHYECKMX PacCymac-
Hu#l noxoasaT 00 mnpennoxenHoro. Ilpusengy npumep:

JloKasaTb, 4TO0 ecau CyMMa 4HMceJ X M y DOCTOAHHA, T0 HX NEOA3BEALliME
Gyzer nauboapice, ecag X == Y. i

Mycre x4-y=a, rne a—nocrommoe uncao. Ecan x= y, TO Kaw-
40e M3 3THX udcea Oyner 2 » M TOTAQ XY ClellaeTcss PaBHHIM T'
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Tpebyerca nmokasaTh, HTO €CAH X =y, TO Xy < -‘}. INpeoGpasyem

3TO NOKa3LlBA€MO€ HEPABCHCTBO Tak:
a’ 2 g - .
xy < 5 dxy <@k dxy (e y)h dxy <<$PR2xyHy%
0 —2:y+y% 0T(x— )2
TIpn HepaBHBIX X M ) mNOCKelHee HePaBeHCTBO BepHo. [lepexoas ot
HEero nNocJenoBare/bHO K NpEAblAYLIHM HEPABCHCTBAM, 3aMedaeM, 4To BCEe
OHH PABHOCH/IBHH. 3Ha‘lPlT, H nepBoe HEepPaBEHCTBO BEPHO.

Ecan, nanpumep, x4 y=10, 10 nHanbGo/bliaa BeJHYMHA NpOM3BEE-
HHuA ecTb 5.5==25,

71. Pemienne HePAaBEHCTBA MNEPBOIl CTENEHH C ONHMM HEH3BECT-
HpiM, OOCuiufl BMA HepaBeHCTBA NEPBOH CTENEHH C OAHMM HEH3BECTHHIM,
Nnocae PacKpHTMA B HEM CKOOGOK M OCBOGOMAEHMA OT APOOHHIX WJICHOB,

C/IeLy IOLLHA:
ax4b> a,x+-b,.
Hepenecs HCH3BECTHHE Y/ESHH! B JIeBYIO 4aCTh, 3 H3BECTHHE B npaayxo,
HOﬂy‘lHM:
(@a—a)x>b;—b.

Ecan @ — a,; >0, To, pasmenue Ha @ — @; 06e “aCTH HepaBEHCTHaA,
HatEMm:

by — b
N AT
x’a—-a‘
Ecnn xe a— a; <0, To nonyuum:
by — b
x<a—a,

Takum 06pa3oM, OAHO HEPABEHCTBO MEPBON CTeneHn Aa&T AAS Heus-
BEECTHOTO ONHH Mpe e, OrDAaHHYHBAIOUIHNA 3HAUEHHE HEH3BEeCTHOTO MM

ceepxy (x << m), nian cuusy (x > m).

Mpumep. Pemnts nepasencrso: 2x (2x — 5) — 27 <C (2x+4-1)%
Packpuipaem ckoOKH:
4 - 10x — 27 <& 4 -4x 1. ~
IMepeHocnM YaeHH W IesiaeM fpUBELEHHE;
— 14x < 28.
Henum ofe uyactH Ha — 14:
x> =2,

72. \Ba HepaBeHCTBA MEPBOfl CTENEHH € ONHAM HEH3BECTHMIM,
PaccMOTPHM CHCTEMY IABYX HEDAaBEHCTE:

ax-+b>a'x+b nex+d> x4,
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[{axmoe 3 9TMX HepaBEHCTB JaET 1O ONHOMY Mpefedy AN HeH3
BECTHOIO, _

[Ipn 3TOM MOTYT MPEACTABUTHCA TPH CHyyas:

1) [lpedesst 0QuHaK0B020 CMBICAG; TOPAA AIA PENIGHHS CHCTEMH JIO-
CT4TOUHO B39Th OXMH M3 HAX. Ecnm, wanpumep, x>7 u x> 12, 10 10
CTATOUHO B3ATH TOABKO X > 12, motomy uyTo, ecnr x> 12, 10 1 noxasHo
x> T, wan ec, Hampumep, X <5 ux <8, T0 NOCTATONHO MOMOXHTS,
yro x < 5, noToMy 4to TOrAa  nogasHo X <8,

2) Ipedevr npomusonoAoKHoeo cueican, Hanpusep x > 10u x < 15,

B 3T0M Cayuae MR HEH3BECTHOTO MOMHO OPaTh TOMLKO Takke 3nave-
HHS,, KOTOPHIE 3aKMIOUCHH MEXNY HARICHHHIMK MDENeNaMH,

3) [Tpedeser npomusopesam dpye Opyey, vanpumep x <5 n x> 7,
B srom cayvae cucTema He Hmeer pemieHni,

lipumep. Peumms 82 nepasencrsa: 0,3x4:5 <0,5x 1 5x < 6042x.
[lepsoe HepasercTBO makT x > 25, Bropoe: ¥ < 20, 3HaunT, ‘ecin sTH
HepaBEHCTBA BHIBENEHE! H3 YC/10BHH OHOR H TO# Xe 3axaum, TO 37Ta 3a-
Jaya He MMeeT pelueHuf,

Ynpasxcuenns.

Fewnty caelyiomue HepasercTaa:
107, x—=7<2+5, 9% =843 (x = 2)<2(x43).
108 50— s rbQ16= 3= )

I PRNTIRLN
108, a b ab' 2> '

110. Ecna a>b u o=d, To rcerfia an ac> bd?

111, Ecan a>b, To scerna ag a™> oM

112, Y1o MOXHO CKa33Th O yuchax a ¥ b, ecad Hisecrao, uto abd(? ecnn

ab<(?
113. [Tpa xaxoM ycaoBHH npon_g. YBEMUIUTCE, €CAR K UHCNHTENI0 W SHa-

MeHaTeNlo NpHOABHM OAHO H TO Xe HONOMHTEAbHOE YHCAO (¢ B b— noMOXHTEAb
HHE YHCHA)?



OTAEN NATHMNA.
MPOrPECCHN.

I. Apndmernyeckas mporpeccus.

73. 3anaya. PaGouemy nopyumnu BEIKONATh KOJAONEN M yCAOBHAHCH
IVIATHTL €My 3a nepBuil meTp ray6unni 3 py6., 3a sTopolt 5 py6.
M T. I, YBeJHYKBAS NJaTy 3a kamau# crenyountt merp Ha 2 py6. Cxonb-
KO ymiaTuau pabouemy, ecnmu konomen Owa BHIPHT im B 10 M ryOHun?

Jlns petiesvs 3afaun HanoO HAWTH CYMMY TaKHX uMCcen:

345+ 7T4+94- 114134 1641741921,
Cymmy 3Ty Ml MOXEM HaKIH mpoute, 4eM OGLIKHOBEHHBIM C/IOMCHHEM,
OGosHaune e GykBo# §, HAmMMIIeM [Be TaKHe CTPOKIL
s= 3+ 54 74 9+1113415-F-174194-21,
s=214194+174+154 13+ 114 94 74 54 3.
Bropyio CTPOKY Mbl HATHCaTH, MEPECTABMB ClaraeMble NepBoH CTPOKH
B O6paTHOM NODPsiRKE, OT Yero, KOHeuHo, CyMMa He HaMeHwaach. Cnoxum
Tenepb BCE UKCAA, CTORLME APYT NOL APYroM.

95224 +24+ 24+ 24 1-241-24 4 24+ 24 1-24 4 24,

T. €.
2s=24.10=240,
H, CleNOBaTeJLHO,
S=-24T0= 120.

Taxum o6pazoM, 3a Bcio pabory ynmatunu 120 pySaef.

B sroff sanaue Ham NPUILNOCL HMETH Aea0 C pAaOM 4HUCeNl, MOCaAeno
BaTe/bHO BO3PACTAIOUMX Ha OJHO M TO Xe uyncno. TlonoGuue paa HO
CAT Ha3BaHWe apugmemuueckt!x npozpeccul.

74. Onpeneaenne. Apugmemuueckol, usu pasqocmuol, npozpec
cucll Hasweieaemca maxolt psd uuces, 8 Komopom kaxcdoe 1ucao, Hadi-
HJSL €O 6mMopoeo, pasHiemcs npedeidyiieMy, CAONCEHHOMY € OOHUM U
MeM Jce NOCMOSHHoLM OAR 3M020 PAGA YUCAOM (NOACHUMENLHOLM UAL
OMPUYAINeNbHOLM ).

Tak, nsa pana uncen: 10, 14, 18, 22, 26, 30, 34, 38, 42, 46 u
6, 4, 2, 0, —2, —4, —6 cocrasasoT apudMmeriUeCKHe RNPOrpecCHu,
TaK KAK B HHX KaxloOe YHCIC, HAYWHAS CO BTOPOrO, PAaBHO NpEABlAyiiemMy
YHCAY, CI0XKeHHOMY B MNMEPBOM PAAV C MOJOMHTENBHEIM UHHCIOM 4, 3 BO
BTOPOM — C OTPHUATEJbHEIM YHCAOM —32,
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Yucna, coctasasiome MPOTPecCHI0, Ha3HBAOTCR ed yaexamu. Iono-
XWUTENbLHOE HJIH OTPHUATENbHOE YHCIO0, KOTODOEe HaRo NpHGaBATH K npe-
OB AYINEMY WiIeHY, 4TOOB NOAYYHTD NOCAERAYIOWHE, HAa3BIBAETCA DAIHOCHIbIO
NPOTPeCCHH. — —

[Tporpeccus nasuiraeTcs €oapacmiamined nnw ybaisawouidii, cMOTPA 1o
TOMY, YBEJIHUUHMBAIOTCA JH ed uaeHnl Mo Mepe yaanetidsd OT Hauajaa paaa
HIH yMeHbIUAIOTCA; Pa3HOCTb BO3PACTaloOUIEH TNPOrPeCCHH €CTh YHC/IO
NONOKHTENAbHOE, & YObiBaolUlel — OTpHIIaTENBLHOE,

Jna oGosHaueHHA TOro, YTO pSi YKUCeJa Npeactasiser coGod apupme-
THYECKYIO NpOrpeccHio, HHOrna CTaepdT B Hauane paaa 3HaK—';-;

OO6bIKHOBEHHO NPHHATO 0603HaYaTbH: NEPBHIR 4naex a, a TocaeaHuit 2,
pasHoCTb d, YHCIO BCEX YIEHOB [1 H CyMMy HX s1).

75. ®opmysa moGoro uiena apuMeTHUECKOR NpoOrpeccun.
Ilycte umeem nporpeccwio: = 10, 14, 18, ... (pasnoctp 4).

Torpa 2-f wnen=10--4=<14;

3-8, =1044-14=1044.2=18;
4, =104+44444=1044-3=22 1 1.

3HauuT:

10-#t unen==10--4.-9=46;
20-f , =10-+4-.19=86 u 1. o
ITono6HO 3TOMy, eCa MMeeM nporpeccu: —6, 4, 2,... (pasHocTs—2),
TO
2-#t unen=6-}-(—2)=4;
3t , =64(—2)+(—2)=64(—2)2=2 1w T. .

Hanpuwmep: .
10-# ureH=6+4(—2) :9=~12.

BooGuwe, ecan nporpeccns Gyner Taxkam: —-a, b, ¢,... (pasHocts d),
TO
2-#t unen=a--d;
3-i0 =g+d+d=a-¥-2d;
r , =atddtd=a+3dur n

Buauut, 10-# unen oxawerca a--94. 15-f unew Oynmer a-F 144,
Boo6we m-i uned Oyner a-t+d (m—1). Takum o6pasoM.

Bosteewit_4neg 2pROMETHICCKOH MPOrPecCHN paseH WepPOMy €€ wieHy, CAOXeH-
uomy C TPOW3EEAEHHEM Da3HOCTH [POrPECCHH Ha WHCAO WIEHOB, apeaecTB Yo Hx
OnpeRcAALMOMY.

B 4acTHOCTH, MOCJAENHHH WieH DaBeH TNEPBOMY U/IeHY, CIIOXEHHOMY
¢ npou3BeheHVeM Da3HOCTH HA YHC/IO BCeX WIEHOB, YMEHbLIEHHOe Ha 1,

T, €.+

l=a+}d(n—I). )

1) B 4eKOTOPHX KHHIAX WJIeHH NpOrpeccHr obosHaualoTes H Tak: &,
Qg - « -, G- PasHoCTL mporpecciu HHOTJAA 0003HAYaeTCS depes 7y
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Hpumepu'.
1) Haptru 10-# unen mporpeccun: - 60, 75, 90, ...
Tak kak pasHOCTh 3TOH mporpeccun pasHa 15, To 10-# unen Gyaer

60-+15-9=195__

2) Haiiry 12-p unen nporpeccun: =40, 37, 34, ...
Tak Kak pasHOCTL paBHa —3, TO 12-B uien moakeH OHTL

3) Kakum Gyrer n-e 4dCaIO B TIOCHEAOBATEJALHOM PAAY HEYSTHHIX YH-
cea: 1, 3,5, ...?
Takoe umcmo Gyxner

1+2(n—1)=14+2n1 —2=2n— 1.

Caedcmene. ApudMeTHyeckyio nporpeccHio, y XoTopo#t mnepsmit
YjJieH €CTb @, Pa3HOCTb d M YHCJIO YJEHOB 11, MOXKHO M306DA3HTH TaK:

a, a+d, a-+2d, at-3d,...,a4d(n—1).

76. Popmyna cymmpl uneHoB apudMeTHYECKOH mporpeccun,
[peasapuTenbHo yOemuMcs B CJEAYOIEM CBOMCTBE:

Cymma aBYX 4ieHOB apH@METHYECKOH NPOrpeccHH’, pPABHOOTCTORI{HX OT KOHUOB,
pasHa cymMe KpaHHHX “J€HOB.

Hanpumep, 8 nporpeccum; =3, 7, 11, 15, 19, 23 waxomum:
3493=26; 7419=26; 11+415=26.

[ToxaTHo, noueMy 3TO TaK: nepsble caaraemsie 3tux cymm (r.e. 3,7,11)
HOyT, Bo3pactas Ha 4, a BTopble ciaaraembie (23, 19, 15) uayr, yGuisas
Ha 4; MOSTOMY CyMMa KaXKIO¥ NapH OCTaéTCH Ta xe.

BoabmémM emg¢ nprMep yOwiBawiieR nporpeccun: --8, 6, 4, 2, 0,
—2, —4. B nett

84-(—4)=4, 6F(—2)=4, 4-}-0=4.

Ynet 2, oTCTOAWHA ONHHAKOBO OT HAua/la ¥ OT KOHUJ, KOMKeH GHiTb
.CAoweH caM ¢ coboit: 24-2=4. M 3pmech OOGBACHEHHE TO XKe camoe:
cnaraembie 8, 6, 4, 2 uayr, yMeHbwascb Ha 2, a cnaraemble —4, —2,
0 u 2 unyr, ysenwuuBasuch Ha 2; OT 5TOrO CyMMa KaXIOH NapH OCTaércs
6e3 H3MEHEHHA. ’

Tenepb BeiBegeM GOpMyJTy A CYMMH 4JierOB N060#K aplimeriiueckoit
nporpeccud. Jlaa 3TOro upHMEHHM TOT ClOCOG, MOCPEACTBOM KOTOPOro.
MH HAWIAW CyMMY ueHOR apHdMeTHYecKOW mnporpecciu B 3alaue § 73,
a MMEHHO: CJOXKHM MOY/EHHO JBA TAKHUX DPaBEHCFBA:

s=a+b+4tct...+i+L4!
s=l+k4+i+...+c+b+a,
26=(a+l)_+(b+ k)t (ct++. ..+t K+ b3+ (+a).
76



Ho

ati=b-+tk=cti=...=l4+a;
cllenoBaTeibHO: o
2S=((1+1)n, GTKyZa S=_(_a_t2_ll£_. )

CymMMa BCEX WACHOB apH(PMETHRECKOH RPOrpecCHA PABHA ROMOBHHE NMPOU3BLIERUS
CYMMbI KPAMHMX WJICHOB Ha HHCRO YJREHOB.

Taxum o6pasowm, s sanaue § 73 ana CyMMH § no stoHt dopmyJe Halt-
IEM TO YMCIO, KOTOPOE MB HALIIM panee APYTHM MYTEM:
- s=[(3421)-10):2=120.
Hpuiwep 1. Haf#ita cymmy HaTypanbHHEX 4ncen oT § 1o 71 sx/ounrensHo,
Pan: 1, 2, 3, ..., n ects apuMeTHueCKan TPOrpeccHs, Y KOTODOH
nepBbift wieH 1, pasHOCT, 1, uwMCHO YJEHOR N W MOCAENHHHA YleH TOXe Nn;
NO3TOMY

=1+2+3+...+n=_"£’2i:‘_’.
Tak:
14243 +44546="CrD_9,

Apumep 2. HaWith cymMy nepBrIX N Heu&THHIX 4HleN.
Kak MbBl BHOEIH B UpeAHAYINEM naparpage, 71-e Heu€THOe YHCJIO
paBHo 2n— 1; nosromy :

- [1+(2n2- Dl-n_ oo

Tak: .
14+-3=4=22 14+ 34+5=0=3% 14+34+547=16=4u 1. n.

370 CBOYCTBO CyMM HEUYETHBLIX YHCENT HArAfAHO H306paxaercs uepre-
woM 25, KOTOpHMfl COCTaBAEH TaK: K KBaupaTy (BHH3Y cJeBa) NPUCTAB-
neHbnl 3 Takux ke ksaapara (1 ceepxy, 1 cOoky ¥
1 B BepxXHeM yIJy); K 3THUM KBaAPaTaM NPUCTARJIEHD!
em¢ 5 ksappatoB (2 csepxy, 2 c6oky n 1 B Bepx-
HeM npaBom yray). K HuM, nanee, npuioxens 7
KBazpaToB, moroM 9 keanpatos M T. A. Torana oue-
BUIHO, HTO

143=22, 1434-5=32, BN
14+34+54+7=4%*u 1. I Uepr. 25.

Mpumep 3. Hatirn cymmy 10 unemom mporpeccun: <3, 2%, 2,...

3pech a=3, d=2-L —3=— —l, nostomy 10-fi waen nporpecchu

2
6y11efr3-——— 9~—-—1 < M MOTOMy HCKOMad CyMMa paBHa:
1
r{—1gll0 0
2 =lg o=T7-



IIpoBepka:

342042415+ 4 g+ 0—g—1—17
[ 2

7. 3ameuauue. Tak xak mag nsaTH uncen a, {, d, n u s M uMeem
BA ypaBHeHHU:

=7

vof =
00| =

1) t=atd(n—1) n 2) s=S2E07

TO MO AauHHIM TPEM M3 3THX YHCeX MOKeM 'HAXOAMTL OCTaabHEle aBa.
Jas mpuMmepa peliuM ClefylOULyl0 3aXauy:

Hafitn uyncno useHOBR nmporpeccu, y KOTOpO#H nepabm yieH 7, pas-
HOCTb—2 M cyMMa Bcex uieHos 12.

B sToh sanaue mann: @a=7, d=—2 u s=12; 0cCTaiOTCA HEH3BeCT-
HeiMu £ u n. IloacrasuB B ¢opmyan (1) u (2) sagaHHele YHCaIa, HAXOQHM:

1=T—2(n—1)=9—2n; 12=4%0",

OTKYyza:
l2=(7+9— 2n) n=(

5 8 — mn;

n—8n4+12=0; n=4+1 16—12=44-2;
n,=6; n,=2,
TonyualoTcs nBa OTBeTa: YuCA0 uiaewoB wau 6, wan 2. U neficTsu-

Te/MLHO, KBe nporpeccuu: 7, 5, 3, l — 1, —3 u7, 5 umeior onny n1y xe
cymmy 12. '

78, PopmMyna CyMMH KBaRpaTCB uYHCEN HATYpPAJIbHOTO pRAA.
Bupenem dopMyny, ONpeleNfIONIYIO CYMMY KBALDATOB NEPRBLIX 11 uuces
HaTypanbHoro pana. Ias BriBoxa 9TO#! GOpMyanl paccMOTPHM cneny:o-
LWHX TOXKIECTH,

Pe=(14D3¥=13+3,12:11-3-. 1. 12413;
F=(2-+1)3=2343.22.143.2. |2} 13;
) .(rz.—{—'l)“. =n3:}- 3n%. 1.+.3n.- 1.2-{; 15, )
CloXMHB STH TOXAECTBA M COKDAaTHB OAWHAKOBHE WIEHH B NpPaBO# M
JICEOR! YACTAX NONYUYCHHOTO TOXAECTBA, GyleM HMeTh:

(1P =143+ 24 34+ 1) 4-3(14- 2+ 34...+ ) Fn.
Ho

4

__nn+-1
142434 =",
CJ1e10BaTeJAbHO:
(14 2243 4.t A)=(n+ 1P (n 4 1) — 2L,
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YOpocTHM TpPaBVIO 4aCTh 3TOFO DPAaBEHCTBA:

(n+1)3—(n+1)—‘-:3—'1(—’t2+—1)=(n+1)[(n+1)2— _§2’.’]=

7 (-H1) @0 £ n)= n(n-+1) 2n+1).

Hraxk,
2 _ n(n+1)(2n+1)
P42 3t = 0RO

Ynpaxcrenus.

114. Hafitm 30-11 aneH apudmeTnueckoll mporpeccun: 3. 7, ...

115. llafttn 15-# unen apudmernueckodt mporpeccHd, y kotopoh 1-# agen 130
H pasHocTh —3.

116. CrOJIBKO WIEHOB Hajo B3ATL B nporpeccuu: -4, 8, ..., 9TOOW UX cyMMma
pasusinacp 1127

117. Hafith cymmy 102 asjenoB apudmeTmueckot mporpeccum: 103, 101, ...

118. 3-# unen apupMeTHUeCKOHd MporpecCHH ecTh 7, a 9-f umen 18. Hafitu
1.1 u6-7 4nenw.

119. [ToxasaThb. 9TO €CNH @, b A ¢ CYTh TPH NOCJIEIOBATENLHBIX WieHa aph(ve-
THYECKOA npOrpeccHH, TO 4 eCTh CpefiHee apHPMETHYECKOoe MEXAY a H .

120. 2-# aymen apudmeTHYecKON nporpeccHH paped +1, a 5-f anem 4-7,
Hafita cymmy 1000 wnewos apadpMeTHUECKOR NMPOrpeccHH.

121. HafiTH uHCcnO W/eHOB apHGMeTHYeCKOR NpOrpeccHy, pasHoCTb KOTopod
—12, nocnennuft ure 15 M cymma Bcex uaenoa 456.

122. Ha ckonpko epmHmm cymMma Bcex wpeawx amcen ot 51 no 100 sxmous-
TeJBHO NMPEBOCXOAHT CYMMY BCeX HeJNHX 4Hces T oT | Jo 50 BsRAOYHTENBLHO?

123. CKONBKO yNapoOB CAEAalOT 4YacH B TeUCHHe CYTOK, €CHH OHH OTGHBAIOT
gesbie 9acH H KamJwe nonvacay

124. MoryT saH CTODOHH [PSAMOYIrOJBHOIO TPeYronbHHKA COCTamnaThL AapHAD-
METHUECKYIO NpOrpeccHio?

125. Teno, cBOGOAHO Majasi ¢ HEKOTOPOR BHICOTH, NMLOXOAHT B DEPBYID CEKYH-
Y 4,9 x, a B KaXAYIO caefylomylo cekyHay sa 9,8 x Goabme. C Kakofl BHCOTH
yfano Teio, ecqaH najesne npojomkanocs 10 cekynnm?

128. CyMMa nRepBMX I[NeCTH 4YJICHOR apHdmeTHYeCKOB mnporpecchs paema 17.
HafTH sty nporpeccuto, suasg, uTo e€ 4-f wied ecTtp 3.

(a+On
127. Va ypamuennfi [=a<4-d(n—1) n § =—5— HCKJIIOTHTb [} npyrama cho-

BaMH, BEIPA3HTB § TONMBKO B 3aBHCHMOCTH OT a, d H n.
128, HafitH Tpu Takux uncha, 97066 OHH O6pasoRan® apHOMETAIECKYIO mIpo-
TpecCHio C pasHOCThi0 d H 9TOGH CyMMa HX DaBHAIaCh HX APOH3BEEHHIO.

II. [eomerpuueckas uvporpeccus.

79. 3apnaya. [lo mpemanmio, waauickuit npuny ~CupaMm npeanxoxun
n3o6peTaTenio WAXMATHOA MIDH TPOCHTh y HErO HArpany, Kakylo OH 3a-
xouer, TOT nonmpocun, 4ToGH €My 4anM 33 NePBHA KBaApaT WIaXMaTHOM
gocku | nineHnuHoe 3epHO, 3a BTOpOH kBaapaT 2 sepma, 3a Tpern# 4
W T. [., YBENH4HBAA BIBOE 33 KaXMbIfl U3 ClESyOIMX KBaapaTos. [IpHHL
corsacuica. Ho korja noacuMTaiu KOJHMYECTBO 3&PEH MIEeHUIH, KOTopoe
caenyer Buaath 3a Bce 64 KBazpaTa WAaXMaTHOR 1OCKHM, TO OKa3aloch,
YTO HArpaja B 3TOM pa3Mepe He MOXeT OHITh BHIaHA NO HELOCTATKY
nurenHubl. CKOMLKO Xe 3épeH npuuunock OH BHRaTh H3o6perarenio?
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KonuuecTBO 3dpen, korTopoe Hammexano Oel BEOATH 32 Bce 64 xBan-
paTta, PaBHO CyMMe § CAEOyIOLIErO pPANA YHCes:

S= 1424 220 4204263,

Mut MOxceM HalTH 3Ty CyMMy, He BHUYHCAAA OTJEJBHO CIaraeMEIX,
TaK: yMHOXHM O6e YacTH HaNMCaHHOIO paBeHCTBA HA 2:

. 25=24-924-23.1. 24 L., {2034 D04, ]
Teneps BHUTEM H3 3TOrO PABEHCTBA INpEeRbIlylllee; TOrAa & aAeBoft

yacTH noAydMM S, a B mpasoft 2% — 1 (umcna 2, 22, 28, ..., 283 pce
COKPATATCH): :

S=2“—-l.

3uauKT, NPHAATCA BHMMCAMTL CTemeHb 2%, 4yro MOXKHO CIenaTh MM
nocjaenoBaTeNbHHM YMHOXeHWeM Ha 2 no dopmyse:

284-2.2.2.2,.. (64 muoxurens),
unu no ¢opmyne:
2% = [(219)2] 2 (65 53622,
QOkoHuareapHOe 4nCAO SépeH Oymer:
s=204—1=18 446,744 073,709,551 615,

MoxHo BHIYHCIAUTB, UTO €CJIH Ol TaKoe YHCAO aépeu PACChHIIATh PABHO-
MEpPHO MO BCefl 3eMHOR cyuie, 170 00pa3oBaics OH CJaO#f MUeHHUB TOA-
WHHOR OKONMO 9 MM.

B sTo#t 3afave MB HMEJH €0 C DANOM YHCENd, M3 KOTOPHIX Kaujoe
HaynHag <cO SBTOPOro pasHo MpeAblaytieMy 4YHCay, yYMHOMEHHOMY Ha
OOHO H TO Xe uucao. Takue DPAlLbl YHCEJ HABHBAIOTCH 2COMEIM PUYECKULMU
npo2peccumu.

80. Onpeneaenne. leomempuueckold, usu Kpameou, npoepeccuet
HQ3L18QEMCA MAKOL DPAD HUCEA, 8 KOMOPOM K@KQoe HUCAD HAYURAA CO
8MOPO20 PABHAEMCA Npedilecmsyioijemy, (JMHOJNCEHHOMY HA 00HO U MO
Jce %ucao, nocmosHHog Oan smoeo pada. Tak, Tpn pspa:

2, 4, 8, 16, 32, 64, 128, ...;
8, —16, 32, —64, 128, —256, 512,...;

5 5§ 5 5 5
20, 10, 5,-2—, ' 8 g 3T/r e
COCTaBJAIOT FeOMeTPHYECKHE NPOrpeccHd, MOTOMY YTO B 3THX PAAAX KaX-
JOE YHCNO, HAUMHAY CO BTOPOro, NOJMYYaeTCs W3 MpeAllecTBYIOUIErOo yM-
HOXXEHMEM B MepBOM DALY HAa 2, BO BTOPOM HA —2 M B TPeTbeM Ha -;—

Jlas o6o3HayeHHst TOTO, YTO INAHHBLIK PAd €CTb TeOMETPHYECKas npo-
rpeccus, MHOrIa CTaBST B Hauade ero 3HaK <+,

Kak # B apudmerudeckOH nNporpeccdd, YnHcaa, COCTABAAIOWIME reoMe-
TPHYECKY!O NPOTPECCHIO, HABLIBAIOTCH €€ 41eHAMu; HHCAO, Ha KOTOpOe
HAMO VMEOXMUTH IpenaniayuiHit umen, uTOOH MOAYYHTb NOCAEAYIOULH, Ha-
3pI™AETCA GHAMEHAMEAEM TPOTPECCHH.
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[Mporpeccus naswiBaeTca 8o3pacmaroujed unn ybeisaronield, cMorpa mo
TOMy, YBEJHYMBAETCH M/IH YMeHbIUAeTCH abCONMOMMAR 6eAlYUHG YJIEeHOB
TIpOrpecci Mo Mepe yAadeHHs OT Hauala paga; TaK, H3 TPEX yKA3aHHBIX
BhIlllE IPOTPECCHAt MEePBAss M BTOpas — BO3pacraiolide, a TPeTb — yObl-
Bawoulas. B Boapacraroiuelt nporpeccud a6conTHaA BeAHUYHHA 3HaMeHaTeas
Goapute 1, B yGnipaolue#t oHa mennumie 1.

OO6BIKHOBEHHO 3HAMEHATE.IL NMporpeccHH o603HauaoT SyKBOH ¢, a une-
HBf, YHC/IO HX M CyMMy OCO3HAYZIOT TaK ke, K&K 3TO NOPUHATO A% apud-
MeTHueCKOR mporpecchn, T. e. a, b, ¢,’.7., ! (mocaenuuft uneu), n
{41ca0 4neHoB) M § (Cymma).

81. CpaBHeHHEe TeOMETPUYECKOH Mnporpeccus ¢  apdpmeTHue-
CKo¥i nporpeccheii. Pasnocts aByx pamoM CTOAIUMX 4W/IEHOB apHdMeTH-
YyeCKOH 1nporpeccHu OCTa&TCa ORHA H Ta Xe, BCACNCTBHe Yero uYJeHW ed
Boapacrator (wiM yGnBaioT) pasHoMepHo (uepT. 26, aesnifi). IlocMoTprM,
KaKoBa Pa3sHOCTb ABYX COCEHHHX WIEHOB B I'COMETDHYSCKOA NPOrpeccHu:

+a,b, ¢, ... (3HamMeHaTenL q).

Vi3 onpenmenenna mnporpeccun cieayer: b=aq, c=bg, d=cq

W T. L.; C/eXORATENLHO,

b—a=aq—a=a(q—1); 6~bmbg—b=b(g—1) u r. o

Ecnu NPpOrpeccHs BO3PACTAIOUIAR H 4YJIeHHW e2 1OJOXKHTE/NbHBIe, TO
Torna a << b<Cc¢<{... H T. 4.} NOSTOMY H

alg—-H<<b(g—D<clg—-n<...,
T. €.

b—aLe—bLd—c<<...u 1 1

3Haunr, B BO3pa-
CTaoLIeR reoMerpuue-
CKOH nporpeccHyn € no-
JIOWNTEJbHBIMH yJjieHa-
MH pasHocme G8yx Co-
CEOHUX HAEHOE YBeLAU- .
yusaemca no mepe yoa-
AeHUA UX OM HAYAAZ | o=
pada;, BCAEACTBHE 9TO-
ro yJjeHel TakOR npo-

rpeccHH 0O Mepe HX T2 3 s & P
yiaajeHdda  OT HA4aja ,
paxa BO3pACTaOT BCE Yepr. 26.

6ucrpee H  OHcrpee,
yTO HaraaaHo uaoGpaweHo Ha yepTexe 26 (mpasmift). Hampumep:

-2 4, 6, 8 10, 12, ...
=2 4, 8, 16, 32, 64, ...
82. ®opmyaa moboro 4iena reomeTpudeckoli nporpeccHyu. llycts
MH HMeEeM TaKyrio FEOMETPHYECKYIO nporpeccnio:
=3, 6, 12, 24, ... (snavesarenr 2).

6 asnecpa, 9. If. 8i



Torpa:
2-tt ynes=3.-2=6;
31 , =3.2.2=3.22=
4. , =3.2.2.2= 323—-24u'r.11.

Hanpuwmep: 10-#f unen=3.2%=3.512=1536.
Mono6uo 3TOMY, €cAn Mbl MMeeM NPOTrPeccHIo:

.. 1 1
410, 5, 25,1

1
50 .(3H8M€H3Teﬂb —2—),

2-4 -meﬂ=10-—12—=5;

) 7)) =%F="9
1 11 1\s 10 1
4-n =10-3.-§.—2-=10-(—2—) =g=lgur L

Boo6ute, ecnu mMeeM nporpeccHro B OYKBEHHOM BHIE:
a, b, ¢, ... (3HaMeHaTenL @),
T0 B Heft -
2-1 wen=aqg=aq?;
3-t , =aq-q=aq®;
4t , =aq®-q=aq® u T. L
Takum o6pasom, 10-#t unen=agq® Boobuie m-ft unen =aq™ 1. 3uaunr:
Beaxnafi gsen reomerpAMecKofl oporpeccHn, HadYHHas €O BTOPOro, PABEH REPBOMY

WNEHY, YMHOMEHHOMY Ba SHaMEHATeab RPOTPECCHR B CTENCHH, NOKasareab KOTOpoh
paBeH WMCAY 4AEHOB, NPENIIECTBYIOWIEX ORDELEINEMOMY. :

B vuacTtHOoCTHM, mnocyenwuit wmed [, koTopoMy mpepuectByer 11— |
YNEeHOB, BHPa3HTCA ¢opMmynofi:

l=aq" 1.

Npumep 1. Haftrn 6-# unen nporpeccun: =3, 12, ...

3HameHaTenb Takolt nporpecckn ecrb 12:3=:4; noatomy 6-% wien=
=3.4%=3072.

Npumep 2. Hatttn 10-ft wren nporpeccun: =20, 10, ...

Tak xak sHaMeHaTelb STOH NPOrpeccHMM pameH 10:20=—21—,/ o 10-#

4NeH paBeH:

‘\ 5

20.(A ) =205, =528 e Zm 2

Credcmene. TeoMeTpHuecKylo NPOTPECCHIO, Y KOTOPOH NepBHi uneH
€CTb @, 3HAMEHATENb ¢ M YHCAO BCEX UJIEHOB I, MOXHO H306PasHTH
TaK:

—::_a’ aq! aq?i aqsn ey aqﬂ—-l-
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83. Qopmyna CcyMMBI  uNeHOB reoMeTpHYECKOW NPOrpeccHH.
[ipuMeHHM TOT MIpHéM, KOTOPHIM MW padbwe (§ 79) HAWAH CyMMy
1424231, F2%, YMuokuMm oGe 4aCTH paBeHCTBA

s=at+btct... 4k ¢))

Ha SHAMeHATeNb g, TOrIa MOAYUUM:
sq=aq+b9-+cq+...4kq+1q.
Ho
aq=>b, bg=—c, éq==d, ee oy kg=I,

C1eJ0BaTENLHO,

sq=b+tctd¥...+l+1g. (2)

BuiutA nouaeHHO H3 pasencrBa (2) paseuctso (1), wattaém:
sq —s=ilg—a, 1. e. (g—1)s=Ilqg—a,

OTKyna:
ig—a

S=q—l'

. CyMMa 9/ICHOB reomMerpHuecKofi NporpeccAn pasHa npoGRr, ¥ KOTOPON QUCIATEND
€CTb Pa3HOCTb MEXKAY NPOH3BENEHHEM NOCHEIHEro 4ieHAR HA SHAMEHMATENs MpOrpecs
CHH H MNEPBHIM  YACHOM €€, a IHAMEHATEADL €CTH PA3HOCTD Memy SHaMCHATEAEM

NpOrpecCHr H exuHuuei.

Sasewanus. 1. Tak kak nnn yGpBatouie# reomerpudeckoft mporpec-
cnn — | <Cg <{1, 10 ana Tako#l nmporpeccHu nyulie fipuaath Qopmyae
CyMMBI HHOH BMI, YMHOXHB UHCANTENb W 3HaMeHaTesNs Jpobu Ha — 1:

a—Ig

1—gq

S=

2. Ecnan sMecto wiena !/ MOUCTABHM DaBHOe eMy BRIpaXehHe Qg™ 1,

TO ¢opMyna Ajas CyMMBl NPHMET TakOH BHA:
ag"—a_ _a(g"—=1) a— aqn a(l—gqm

s= q—l = q—1 , HIH S= =g p—

Npumep. Haittn cymmy BOCEMH WiIeHOB nporpecéuu, y xoropo#t a=1

U=1
ST

u q=%. Torna:

1—(3)" 3 1—(5)° _3—3'(";‘)8 3280
§= T 2 2 =2187"
1—73 3

84. Tlpumep Ha reomeTpuueckyo mnporpeccuio. Hafith nepeu#t
wieH 4 K nocaeanuft [, ecnmn g=3, n=5 u s=242.
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Cuauana Haxogum ! no ¢opmyne [=ag"—1l-=q-3% u 3aTem 3Ty Be-
JMUHHY M JaHHbIE YHC/I2 NOACTIBHM B GOPMYNY IS CYMMEI:

o a:3*3—a a(3*—1)
242= o =g — =12lag,

oTKyna"
a=242:121=2,

Tenepp HaxoaHM:
[=2.3*=162,

Nporepra: 24-64184-544-162=242.

Ynpasrcnenusn.

129. Hafitu 1-# wujen reoMeTpuuecxofi MporpeccHd, y KOTopof sBaMeHaTeadb
paBcH 5, a 7-# umen pasen 62 500.
130. HafiTH CyMMY nepBbIX BOCBMH WYJICHOB TrCOMETPHYECKOHA NPOrpecCHH:

5
5, B o

181. Hafitn weTwipe 9Hcna, swas, 4TO OHH COCTABIMOT TFEOMETPHYECKYIO Npo-
rpeccHio, Yro ux cymMa passa 360 u 9To mocaenHee uncjo B 9 paa Gostee BTOpOro.

132. Hafith cymMmy XBEHafUAaTH 4JeHOB reoMeTpHueckofi mporpeccuu: 1, V' 2,...

133. O6pa3oBaTh TaKYIC TeOMETPHUECKYIO IPOrpecCHIO H3 YeTHPEX 9YNEeHOB,
4yTO6H cyMMa l-ro u 3.ro useHoB paBHfimach 5, a cymma 2-ro u 4-ro Gwna Su 10.

134, 3ameTHJH, UTO BaceJelle ONHOIC FOPOJA YBEJIHUYHBAETCS ¢ KAXKJAbLIM F'ORXOM
B OTHOM M TOM JXe oTHOwWeHHH. Kak BeaHKO 3TO OTHOWIeHHe, €cJH sa 3 roja Hace-
nenre ysennymsoch ¢ 10000 go 14 641 yenonexa?

135. [1oRa3aTh, 4TO P, OOPA3OBAHHLI UNCHAMH, COOPATHHMA WGJIEHaM TreomMe-
TPHYECKOH NpPOTPECCHH, €CTh TOXe TMeoOMeTPHYECKas Iporpecchs. BepHo Jm Takoe
CBOHCTBO OTHOCHTENBHO ADH(METHUCCKOH NPOrpeccHd?

136. 5-& unen reoMerpuueckofi nporpeccun ectb 61, a 11-ff unen pasen 1647.

Hafitu 7-8 anen.

137. IOokasaTb, 9TO BO BCAKON reoMeTpHYeCKOM mporpeccHH cymma 4-ro, 5-ro
# 6-ro uJjieHOB €CTh CpejiHee reOMCTPHYECKOe MexJy cymmofi l-ro, 2-ro u 3-ro
qJIeHOB H CYMMOH 7-r0, 8-r0 B 9-ro 4JCHOB. :

138. PasHocTs MexAy 1-M H 2-M 4ujeHaMH TeOMETPHYECKOR nporpeccuy
paesa 8, a cymMa 2-ro m 3-ro wieHos ecth 12. HafitTh nporpecculo.

139. MoryT /1 CTODOHH NPSIMOYTIOJIBHOTO TPEYTOJIbHHKA COCTaBJAATE reOMeTpH-
YecKYl0 OPOrpeccHio?

Ill. Beckoneunsle nporpeccuu.

85. HexkoTopsle cpoicTBa OeCKOHeuHsIX nporpeccHit. Ecaw pax
ypcen, COCTaBJSIIOLIMX NPOCrPCCCHIO, TPONOMKAETCT HEOTDAHHYEHHO, TO
nporpeccus HasmBaeTcs OeCKoHeuHOl, PaCCMOTPHM HEKOTOpDHE CBOHCTBaA

TAaKUX TIpOrpeccHil. ,
a) BosbMiM GeCKOHEYHO BO3PACTAOLLYI0 apH(PMETRYECKYIO NPOrpeccHio,
y KOTODOH pDa3HOCTh OYEHb Maja; HANpHMEp, TaKylo:

= 1; 1,01; 1,02; 1,03; 1,04; ...

HecMoTpa Ha TO, 4TO 4YWIEHH 3TOIl NpPOTPeCCHH NPH YAATeHHHM OT Ha-
yaja pssa pacTyT OueHb MENJICHHO, OHH, OJHAKO, MPH JNOCTATOYHOM
yIaJeHHH NpeB3oHayT Jo60e NaHHOE YHCIO, KaK OBl BEJHMKO OHO HH GHinO;
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HanpuMep, OHM caesnatorcs Goabuie 1000000. HdeficTBHTeabHO, IJIH TOTO
uyro6u (n4-1)-# wied Takoff mnporpeccuH, papuoft cymme 140,01n,
coeaancs Goaswe 1000000, aocTaTOYHO AJAA 71 B3Th Takoe OOAabLIOE
yHCAO, KOTOpOe ynoBneTBOpsAN0 Obl Hepasencrsy: 1-+0,01n>>> 1000 000.

999 999

Tak xak B 6eCKOHeYHOH NMPOrpecCHH UYUC/O 72 MOKET OblThb KaK YTOIHO
GOJIBIINM, TO €ro MOXHO B3aThb 6 Cabwnm - 99999 900; Torna 1--0,01n
caenaercs Goasuie 1 000000.

PaccyxkIeHHe 3TO MOXHO NOBTOPHTbL O BCAKOH apugpMeTHuecKoH BO3-
pacraroutelt 6eCKOHEYHOR MNPOrpeccHH; NO3TOMYy MBI MOXEM BHICKa3aTb
Takoe ofllee 3aKJAKYeHHe:

Yiennl GeCKOHEYHO BO3pacraioinel apHpMeTHUeCKOHW MNPOrpeccHH npa ROCTaToY-

HOM YA2JeHHH HX OP Hayaha paja TNPEBOCXOAAT J1000e RAHHOE YHCNO, KaK O OHO
BEJHKO HH 6blio.

M3 Hero HaxoguM: 1>

Bosbuém GeckOHeyHO yObIBAIOWYIO apHOMETHUECKYI0 NMPOrPEecCHIo, Ha-
npumep: -- 1000, 998, 996, ... (pasuoctb —2). Kaxk 6 HH ObLT1 BeJHK
HauaJbHBIA Y/eH, HAYHHAsg C HEKOTOPOro MeCTa, U/NEeHH MPOrpeccHH cTa-
HOBATCH OTPHUATEJNbHBIMH, M NPW NOCTATOYHOM YHAJeHHH OT Hauyada psaga
adCOAIOTHAsE BENHYMHA HX MPEBOCXOAMT /10060e AaHHOe UHCI0, KaK Ohl
BeJHKO OHO HH 6BIIO.

6) Bosbmém Temepb 6eCKOHEYHO BO3PACTAIOMIYIO TEOMETPHYECKYIO PO~
rpeccHio ¢ MOJOXHUTEJbHBIMH WIEHAMH, HAaMpHMED TaKylo:
=1; 1,01; 1,012=1,0201; 1,01®=1,030301; ... (sHameHatean 1,01),
H CpaBHMM e& ¢ GeCKOHeyHOH apudMeTHHYeCKOH mporpeccHeii:

=1; 1,01; 1,02; 1,03, ... (passocrs 0,01),

y KOTOPOH nepBule OBA 4Yl€Hd OIMHAKOBH CO BXMITOH HAMH reoMerTpHue-
CKO#t mporpeccueft.

Kax MBI 3HmeaH paHbille, 4JEeHB FeOMETPHYECKOH nporpeccun Bo3pa-
cTaloT GhICTpeEe, ueM WieHH apudMeTHYeCKO# mporpeccHs.

Ho ujenw BO3pacraomed apHpMeTHUeCKOH NMPOrpeccHH MpH AOCTATOY-
HOM yIajeHHH HX OT Hauaja psga npeBocxomar mMoboe UYHCIO; 3HAYMT,
YieHbl HalWISH FeoMEeTPUUYEeCKOH NpOrpecCHH M MNOAABHO MOTYT CAEAATbCA
6o/blIe BCAKOTO HaHHOTO uHcna., Takum o6pasom:

Yennl GeCKOHEUHO BO3pACTaloulefi reoMerpHyecKod nporpeccAm (¢ MOJOXKHTEND.
HHIMB YJEHAMH) APH AOCTATOMHOM YHAJNCHMH OT Hauaja paga APEBOCXOAAT Joboe
JaHHOE HYHCJO, KakK 6b! OHO BEJMKO HH ObLIO,

CBOICTBO 370 NPHMEHHMO H K TAKOH BO3PACTAKLIEd TEOMETPHUECKO
NPOrpeccHt, y KOTOPOH U/IeHH, BCe HJIH HEKOTOPHE, — OTPHUATENLHbIE
uncaa (Hanpumep, —5, —10, —20, ... wm 5, —10, 20, —40, ...);
TOI'Jla Hag® TOALKO TFOBOPHTb HE O CaMHX YJIeHaX, a 00 ux abcoqmomHol
seAUYLNKE,

B) BoabMiM Tenepb KakOW-HMOy@b npHMED OeCKOHeuHO yObIBaIOLIEH
reOMeTPHYeCKOH IPOrpecCHU ¢ MOMOKHTeIbHBEIMH UNeHAMH, HAIPHMEP TaKOH:

1 1 1 1 (

|
i, T gB F@ e Day -+ \3HAMEHaTENb —).

2



Unensl TaKOH NMpOrpeccHH NpH yaaJeHUM HX OT Havuana psafa, KOHeu-
HO, YMEHbINAIOTCH, HO MOTYT JIM OHM NPH 3TOM CAENaThCS MeHblle BCHKOrO
JAHHOrO MOMOMKHTEJLHOTrO uMcaa, HanpuMmep Mensuie 0,000001, sTo cpasy
He BHIHO. UTOOB OGHAapYXHTh 3TO, BO3bMEM BCIIOMOraTe/bHYIO NpOrpec-
CHIO, YWIeHH KOTOPOH O6GpATHBI YleHaM B3ATOHR HAaMH MPOTrpeccHH:

1, 2, 28 23, ..., 27 ... (3HameHaTens 2).

Tlporpeccus 9Ta BOSpACTAIOWAf, M MOTOMY, KaK MbI CeHuac BHIeJH,
yjaeHbl e€ NpPH JOCTATOYHOM YIaJeHHK OT HAyasla pala TPeBOCXONST Jiio-
60e NAHHOE YHCAO; 3HAuMT, ouu npesocxomat u 1000000. Ecnu xe
OKaMXercd, uTO

27> 1000 000,

TO TOrxa, OYEBHAHO?
1

1
57 K T000000
FIpnMeHnM 3TO paccykIeHMe K KaKOR yrogHo GecKOHeuHO yOniBaouieft
reoMeTpHyeckoft nporpeccud (C NOJNOKHUTENbHBIMH UNEHAMM):

=a, b, ¢, ... (3nameHarear g < 1).

Yro6H nokaaaTh, 4TO 4AEHH 3TOfi NMPOrpeccHH MPH LOCTATOYHOM yad-
JIeHWH OT Hayana psia AeJaloTCA MEHbLie JI0OOro NAHHOrO NOJAOMHTeNb-
HOTrO uncaa a (kak Gbl MaJo0 3TO YHCJAO HM ObUIO), BO3LMEM BCROMOra-
TEJALHYIO FEOMETPHYECKYI0 NPOrpeccHIo:

.. 1 1 1 1 1

1 o )
T @ W W mw e (3HaMeHaTenb 7 ).

INporpeccuss 3Ta BO3pacTamwuiasd, TAK KAk ed 3HaveHaTesb Gonabiue 1.
Ho unerHn Bo3pacraiouieft reoMeTpMYeCKOH NPOrDECCHHM MOIYT MpeB30OHTH

BCHKOE JaHHOEe YHCIO; CAeXOBATEeNbHO, OHH IMPEB3OHAYT M YHCIO ppa

INosTomy npu noctarouno GoabluoM n OyLeT YAOBAETBODEHO HepaBeH-

CTBO:

1
-5 W Torma ag" <a,

1
agqn

>

Takum ob6pasom:

Ynenm GeckoHeuwHo yOwBalomell reoMerpuueckofi nporpeccHn ¢ NOJOKHTCIbHBI-
MH WieHAMH NpPH NOCTATOYHOM YHAAJE€HuM OT Ha4aja pPsda JREJATCH MeHbwe aA106o-
0 JAHHOrO NOJOXKHTCALHOrO YHCJa.

Ecnn B GeckoHeyno yGuiBamollefl reoMeTpHUYeCKOH UpOrpeccHn Bce HIH
HEKOTOpble YJeHbL o*rpnuarenmu, TO yxasaﬂﬂoe cBOHCTBO anMEHHMO
H K 3TOH NpoOrpeccHud, TOAbKO HAano OyleT TOBOPHTh HE O CAMHX Y/eH4X,
a 06 nx abcoaromneiX 8eauvuHAX.

86. lNonatHe o npefiene. ITosoxHM, 4TO B GeCKOHEYHO YOBIBAIOIUCH
reOMETPHYECKON TIPOrpeccHy:

1 1
1; ‘.“)_', F, F, ‘oo



mel B3aad 10 uneHor ot wauana; Torma nocaepuu#t (10-#) unen Gymer
1,9 '
(7) , a cymma athx 10 unenos (kortopylo o6osuauum s;,) Gyner:

(25 1=(g)"
_a—yg '=\m) w113 _2_(L)°_2 1
S$10= T—q . _l_ = _l. = 5) =4 55
-2 2
IMTopo6Ho sToMy Hala®m:
1 1 1
Su=2— g5 Sn=2— 55’ -} Sa1=2— 55

Mel BHAIMM, UTO MO Mepe yBeJHUEHHA YHCIA YJICHOB CYMMa HMX NpH-
Ganmaerca Bcé Goaee u Gosiee K 2. Tak, cymma s,4q MeHblie 2 Ha RpoGb
(%—)n, a sta npoOb, KaKk Mbl BHHENH, NPH AOCTATOYHO OOJLIUOM 71 Ae-
JIaeTCA MeHbille JTIOCG0F0 ZaHHOTO MNOJOXHMTENLHOrO 4HCHA,

Ecan kaxas-uubynp nepeMeHHas Be/IMUMHA (B HAleM NpHMepe — CYMMa
YJIEHOB TPOTPECCHH), M3MeHAsCh, MpuGmnkaeTca BcE GoJsiee U Goaee K He~
KOTOPOMY MOCTOSIHHOMY 4YHCJIY (B HallleM NpHMepe — K YHCAY 2) Tak, YTO
a6GconoTHad BesnHYHHA PasHOCTH MeEwAy 3THM 4YHC/IOM H nepemem{oﬁ ne-
JaeTCa ¥ OCTA&TCS MeHbule JTCGOro AaHHOIO MOJNCGXKHTEABHOIO 4HC/IA, KAK
6Ll MaJ0 OHO HH OBJIO, TO 3TO MOCTOSHHOE YHC/O HA3BIBAeTCS f1pedescm
1IepeMeHHOR BEeJHUYHHBI.

3ameTHB 3TO, MBI MOXEM CKasaTh, 4TO NepeMeHHas CyMma

1 1 1 1
It5t+5m+m+ -t

NPH HEOTPAHWYEHHOM BO3DACTAHHM 7 CTPEMHUTCH K Npemeny 2, 4TO 3any-
ChLIBAKWOT TAaK:

1 1 1 1
(1+5+g ot tg) =2 cmn—o
(n — oo unTaeTCH: N CTPEeMUTCH K OGeCKOHEYHOCTH®), WIM NHINYT Tak:
| 1 1 1
npen. (l +7+-§;+—§3-+. .. ""27),1-.:»:2‘

3nech ,npem.“ ecTb COKPAWEHHOe

c/noBO ,nupenen’, a poGasnenue BHM3Y A y R
CKOOKH: n — oo 3amensier cobof ¢pa- 7 2 N374
3y: ,KOraa n1 HeOrpanu4exHo yBenmm- '-Iep'r. 27.

Baerca“ (KOTZa n CTPeMHTCH K ©0).
Moo sarnsgHo noxasate (4epT. 27), u4To paccMaTtpusaemas CyMma
npubavxaercs HeorpaHudenno 6amsko k 2. [lycte oTpesok AA; =1 #u

1 1 1 1 1 1
AB=2. Torna l+5=AA2, l+7+—‘4—=AA3, l+?+1+§=AA4
M T. A.; ACHO, 9TO NPH yBeNHYElHH HHC/IA YJIEHOB MPOrPeCCHHM MBI HEOrpa-
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1,1
HHMUEHHO TPHOAMKaeMca K Touke B, #, 3HauuT, cymma 1~}——2—-+—4-+ .o

cTpeMuTCs Kk oTpesky AB=2.

87. dopmysa cymmul OGeckoneutHo yGblBaiomed reoMeTpiauecKoit
nporpeccul. Ecau B GeckoHeuHo yOniBaolle#t reoMeTpryeckod nporpec-
cHy:

a, ag, ag®, ag®, ... (—1g<<))

BO3EMEM 1 WIEHOB OT Hauajia, TO n-# wied Gyaer ag™ ! u cymma n 4ie-

HOB Oyper: n
_a-}-&;é’a—aqn
T 1l—yg 1—¢q

Sp .
dopMyny STy MOXKHO UDPENCTABHTL Tak (TNOANMCAaB 3HAMeHaTeNb 104
Ka}X/IbIM 4/€HOM YHCAHTENA):
a agn
1—gq 1—g¢q”

S,=

IIpennoN0XUM, YTO N HeOrpaHMYEeHHO YBEJHUHBaeTcsS. 1OriJa uKcao
agn
1 — 1—g¢g
YMEHbLIIaeTCA W NPDUTOM HEOrpaHUUYCHHO, TaK KaK 4YHCAWTENDb e no abco-
JIIOTHOH Be/JIMUMHE IeJaeTcs MeHbuie A00ro IHaHHOTO MOJOXKHTEILHOTO
YHCaa, a 3HAMEHaTe!b OCTa¥TCA HEH3MEHHBIM. 3HAYuT:

no a6ConoTHOR BesiHuHHE

OCTa&TcA HEeH3MeHHHIM, a ApoOb

a
Sy — 'l——q', eC/iH n —» oo,

Svor nperea B Ha3bBaeiCR CyMmMOi Geckoneuto yObiBaiowedl reomerpa-

a
l—yg
WeCKOH mpOrpeccHsm,

T. € CyMmMa qaeHOB GecKoHeuno YOMEBalOWiedl TEOMETPDHUYECKOH mporpeccHm
pPaBHA YaCTHOMY OT HENCHHS NEPBOFO WJEHA UPOrPeCCHH HA PA3HOCTL ELMHHUL M
BHAMEHATENA NPOrPecCHH.

HanpuMep, cymMMa 4/IeHOB NeOMeTpHUeCKOH NPOTPECcCHH:

v. 1 1 1 1
=2, =L+ —5 +5 — 16 v

1 . 2 3 4 1
y KOTOpOft = — -5 M a=2, paBHa __—(_T)—"2"2_=T= 15
I—\—z
Ha npunaraemoM ueprtexe H300pa-
2+ KEH Pl OpPAHWHAT, HATJAAAHO HM300pa-

WAOIWHX  CPABHUTENbHYIO  BENHYHHY
ONHOTO, CYMMH IOBYX, TP#X, UYETHpPEX
H T. A. 4YJI€HOB JHaHHOH MPOTPECCHH.
OpnvHaTel 3TH NOQYEPENHO  CTAaHO-

i
BATCA TO GOablue 1-5—, TO MeHblue

i

L

l—,;—, npubnuxanch BCE GoJiee K 3TOMY
Yepr. 28, uncay (uept. 28).



88. .llpumeneHHe reoMETPHUECKOR NPOrpecCHH K  JECATHYHLIM
nepHogHdeckum NIpoGsm. BosbMéM cnenymoliMe IBa NpHMepa HeCATHU-
HHX YHCTBIX NEPHOOHYECKHX ApOGed (T. e. TAKMX, Y KOTOPHX NEepHOL
HayMHAaeTcs TOTYac mocJse sanato#): 1) 0,993... u 2) 0,232323...

Jpo6u 3TH npeacTaBaaloT cobo# CyMMbl‘

23
D G+ T+ 2 16+ o0 a0 e
CharaeMbie 3THX CyMM — 4JeHH OECKOHEYHO YOHBZIOLIHX reoMeTpudc-

ie
CKHMX NPOTrPECCHH, y KOTODHX 3HAMEHATeNH NDOTPECCHH: Y NEPBOA -

i0’

1
.y BTOPOH G CymMbl 3TH paBHH:
9 23
io 9 9 100 23 23
')1_ RS I Rk 2 [ L TT00=1 "8’
10 I

13 srux npumepos BHAHO, HTO

agcran nepuopHdeckas Apo6b pasna Takoh oOGbikHOBeHHON ApoGH, y KoTopoil
4HCIMTESb €CTh AEpHON, & 3HAMEHATe/ b — YHC]0, H300paxkaemoe uudppod 9, nosro-
PEHHOM CTOABKO pa3, CKOJbKO tudp B nepHoje.

BosbMéMm Tenepy ABA APHMEPAa CM el aHH B X MEPHOLHYECKHX IpOGet
(T. e. TAKHX, y KOTODHIX NEPHOA HAUMHAETCE He TOTUAC MOCHEe 3anATOH):

3) 0,2888... u 4) 0,3545454. ..
IOpoGu STH MOXHO NPEICTaBHTL B BHJAE CYMM:
2 8 8 8
3 1‘o+m+m@+ o000t -

54 54
D 5+ 1ooo+ 100000 0G0 000+ - -

CaaraeMne 3THX CYMM, HAUHHAR €O BTOPOTO, CYTh WiEHH OGecKOHey-
HBIX yOHIBAIOIMX [E€OMETDHUECKHX NPOTrPeccHi; B TDeTbeH CyMme 3Hame-

paTeneM CAymHuT npobu 'l!()’ B 4eTB&pTOi cymme — apolb i—(l)f) Tostomy

9TH CYMMH pAaEHBI:

8 .
100 2 8 2,8 2948 2.10—248 .
Apt—T-ntw=w=wntew=""w —~—— w0 —
-
28—2 2% 13
= =5~
54
3 1000 54 3,54 3.99454
4 pt ) 0’*‘1000—1 =wteo— o0
' — 150
_3100—3+4 354—3 351 39
= 990 =T"go0 930 110"
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M3 31X npHMepOB BHIHO, YTO:

CMemaHKkan neproaMueckas ApoOb paBHA TaKkofl oOMKHOBEHHOR ApOOH, y KoTo-
POl MMCAHIeah €CTh YHCJO, CTOsillee A0 RBTOPOFO TNepuona, Gea 4Hcaa, CTOSREro
JI0 REPBOro MEepHORa, a 3HAMEHATE b €CTh YHCAO, H3o6paxaemoe WHdpon 9, wnosTo-
PEHHOH CTOAbKO pa3, CKOALKO usdp B aepuofe, €O CTOALKHMH HYAAMH HAa KOHIE, .
CKOALKO UHDPp MEKAY 3anAroii B DepskM NEPROLOM.

Ynpancrenusn.
Hakte cymMmy GeckoHeyHo yOBBAOHX nporpcccenli:
140. 34141 +..3 8—442—...
1 1 1 . 3,9
l4l —.2—+—4—+?+---. l—_4—+'1—6—,_.
1 1 . b b3 b
M2, Lt oetygge+-.o3 l——t o — o+ . (<a).

143. 14x+-x*4x24.. (O<x<l).
144. 1 — x4 x*— x4 (O<x<]). -

145. Cymma GecKoHEUHOR reoMeTpPHYECKOl mporpeccusn pasHa 7—'2—-, a cymma

2
nepubiIX AUVYX WJIEHOB paBHa ST Hafitu 6-# uneH nporpeccHH.

146. HafTu TouHbhe BenHUHHH nepuofiMyeckHx apobeft: 0,777...; 2,7171,..;
0,(142857); 0,3(8); 1.41(26); 0,16(21).

147. B Keajpar co CTOpoHo# @ BOHCAH APYroR KBajpaT, BepuUHB KOTOPOro
Jexar B Cepe/xsax CTOPOH NAHHOIO KBafpaTa. B 3TOT KBaapaT BOHCAH TOROGHBIM
ke obpasoM TpeTud KpaApaTt, B TpeTHA BMHCaH 4YeTBEPTWIA i T. A. €3 KOHLA.
Hafin cymmy naomajge 4 CymMMy nepHMETpoB BCeX KBaapalob.



OTHEJN WECTOMN.
OBOBLUEHHME MOHATHA O NMOKA3ATEJSIX.

I. Lleasie noxasareas.

89, CpoiicTBa LeJbIX MOKOMHTENbHBIX RNoKasaTtended. [lokasarenn
CTEIEHH N0 Cero BpPeMeHH NpeanoariJHCh HaMH UEJNEIMH H NOAOXHUTE/Ib=
HbIMH, TIDHYEM Mbl KM TNpPHAABAJH CMHICA, BRIDAXdeMblit B CaefyiotieM
Onpene/NeHnH:

Bo3BBICHTL HHCAO @ B cTenedb ¢ IeAhiM H MAONOKHTEARHLIM ROKA3ATENEM [l ==
3HAYKT HAHTH NpOU3BCAEHRE /7 OQHHAKOBHX COMHOMKTeAtH Addd...qa.

[Tepeuncanm CBOACTBA 3THX MOKa3zaTedel, H3BECTHble HAM M3 Npeibl-
OYWHX TJaB anareCpH:

) npu yuHOXeHHHM cTeneHe# OJHOrO ¥ TOrO ke YHC/AA NOKA3ATENH
HX CKJIaIbIBAIOTCH;

2) npH neneHHH CTelleHeld OAHOrO M TOrO XKe YKC/IA NOKa3aTelb AeJH-
Te/s BBIYATAETCA M3 II0KA3aTedst HEAMMOrQ, ECHH-—HORASATCHr—aAsulEe/
HO-LONTHIC~HOHERR P TICHHMGFO | )

3) npu BO3BHILEHHH OTPHLATEJBHOTO YMCAAa B CTeNeHb € YETHHIM NO-
KasaTesleM MOJMyYaeTcd NOJOXKHTENAbHOe YHCAO, @ C Hed4éTHHM NOoKasare-
7leM — OTpHUATENLHOE;

*. 4) uTo6ul BO3BLICHTH B CTeMeHb NPOM3BEJEHHE, JOCTATOYHO BO3BHICHTD
B 3Ty CreneHb KaXIui! COMHOXHTENb OTAENLHO,

5) 4TO6b BO3BLICHTb CTeneéHb B CTeleHb, AOCTATOYHO MEPEMHOMKHTH
fI0Ka3aTeJH 3THX CTeneHei;

\/ 6) uTOGH BO3BEICHTH B CTeMeHb APOOL, AOCTATOYHO BO3BLICHTb B 3TY
CTeNeHb OTHEABHO YHC/HTENb ¥ 3HAMEHATED)

N 7) 4TOGH BO3BLICHTb DAJHKAN B CTENEHDb, JOCTATOYHO BOBBHICHTH B ITY
cTeneHb NOAKODEHHOE BhIpaXKeHHe;

v 8) uro6H H3BNeYb KOpeHb M3 CTeneHH,, LOCTATOYHO PAa3Le]HTb MO-
Kasate/nb CTENEHH HA I0KAa3aTejlb KOPH#, eCAH --FaHOC AENCHAT BLITOT-
HASEGHL_HALSIAN,

Tenepb MBI pacluMpeM NOHATHE O TNOKa3aTendax, BBeAR INOKasaTeNH
OTPHLATEJbHBE H KPOOHBIE, KOTOPHX A0 Cero BPeMEHH MH He ynotpe6-
naad. MB yBHAWM NpH 3TOM, 4TO 6CE CBOUCIEA Ueblx NOAOXUMEAb-
HblX noxKasamened coxpanswomces u 0% nokasamesel ompuyamenb-
Holx U OpobHeix.

90. HyneBoit noxasateab. [IpH meleHHM CTenmeHe#t OZHOrO H TOrO
e YHCAA [I0Ka3aTelb JAENHMOFO MOXET OQKd3aThCA DAaBHHIM MOKJ3aTeNl
HenuTeNs,
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[ycTte HyxHO paz AenTh a” Ha a@”.
IlpiiMensia npaeuao (2) § 89, nomyuaem:

a” :an —=qh—"= aﬂ'

Ho Hynb, xak nokasaTesb CTRIIEHH, HE HMECT TOTO 3HAYEHHS, KOTO-
poe npunaércq NOKAa34aTenAM LECJABM M NOJOXHTEABHBIM, TaK XaK HeJb3d ~
HNOBTOPHTb HYHC/A0 €OMHOXNMTEJEM HYJb pas. Yro6bl IPpRI4TL CMBIC Bbl-
paxcennio a° noaohném K BOMPOCY O QeqeHIM a™ HA a® ¢ apyro#t cro-
poHpl. Mpl 3HaeM, 4TO NpPH JeJieHHH N060ro (OTAMYHOrc or Hy.rm) yucna
H3 pPAaBHOE eMY 4YHC/IAO 4HYaCTHOE PABHO €ArHHLE.

IMosToMy ycaoBmance cuutats Q’=1.

Taxum o0pasoM, 1O Crpegenesiio:

Besakoe uncao (3a HMCK/OYeHHeM HyJasi) B HyJeBOH CTeneHu pas-
HO CJUHHLE.

Jlerko yOeauTbcsi B TOM, 4TO MMepeYHC/IEHHble Bbillle CBOHCTBA LIEJIBIX
NOJOXHTENbLHEIX IoKaszaTerel NPpHMEHUMBl H K HYJIEBOMY II0Ka3aTedo.

Tak:
am-®=a"t"=qa"; (@")°=a""=a"=1 n 1. I

91. OTpuuaTe/ibHbE UeJbie MOKA3ATEIH. YCJHOBHMCA HDH JeJICHHH
cTeneHell OJHOrO W TOTO e YWCId BHUMTATE TOKA34TeNb AENUTENIs H3 -
NOKAa3aTeNs JeINMOr0 H B TOM CJAyyae, €CJid NOKa3aTesb fennTens Golblie
TIOK43aTess] HeauMoro. TOrEa Msl MOAYyYHM B UacTHOM OYKBY C OTpHUA-
TeNbHEIM 0KaaaTeneM, HAnpumep: ag?:a®=a—3. TakuM 006pas3oM, uHCIO
C OTPHLATENBHHM NOKa3arejeM Mbl YCAOBHMCH ynoTpebasTe ans o603HA-
YeHUs HOCMHO20 OT NeNeHHs CTeneHe#t 3TOrO YMCIa B TOM C/lydae, KOTAa
[I0KA3aTeAb JeJHTeIs TNPEBOCKXOAHT TOKA434TeNb MACNHMOrC Ha CTOJNBKO
€NMHHI], CKOJBKO HMX HAXOAMTCS B a6COMIOTHOH BeJiMUMHE OTPHIATENLHOrO
nokazareas. Tak, ¢—2 o3uauaer wacTHoe @:ad, wan g*:a%, wmu ad:ad,
Boobiie yacTHoe q™:a™+3,

ﬂpumeﬂﬂemoe B STOM CMHICAE YHCAO ¢ OTPHUATCIALHBIM ﬂOKﬂBaT_e."IEM paguHo
ApoGH, y KOTOPOH 4MchAnTedb 1, a 3HAMEHATE/b —— TO XK€ YHCJI0, HO € [10JOXH-
TCALHBM NOKA3areJeM, paBHREM a6CcoMOTHOH BeAHYHHE OTPHIXaTt’JleOl'O nokasarean.

JelcTBUTENBHO, COTJIACHO HallleMy YCJAOBHMIO, MBI AOMNKHB HMETh:

-l a™ . -—2 am . =3 xm
a =—myi a = Ay x =T H T. I.

Cokparrs ase neppele ApoGu Ha a™ u Tperbio npoGp Ha X7 (T. e.
B OGOMX CIydYasix COKPATHB APOOH Ha YHCIUTE]b), MNOJYUHUM:

— 1. —2 1 s 1
a 1=—a—’ a =—&?, X =—xT U T. O.
Boobue:
a™m 1
—-_n___“ __ .
a - am+4n - an



3ameTHM, UTO OTDHLATEAbLHBIE NOKa3aTeqU [AI0T BOSMOXHOCTL npen-
CTaBHUTh BCAKOE APOOHOE anrebpandeckoe BbIPAXKEHHE ITOJ BHAOM LEJAOrO;
AR 3TOrO CTOHT TOJABKO BCE MHOXHTENIM 3HAMEHATeNst MepeHeCTH MHO-
KUATEJIIMH B YHC/AHTENb, B3SB X C OTPHIATENbHHIMH nokasatensmu. Ha-
TmpHMep:

3a 1 1
W=3a-—ﬁ.-§=3ab—’~’c—3.

92. MleitcTBHA HAQ CTENEHAMHM C OTPHUATEJLHBIMH TNOKAa3aTedIMH.
YGenmuMcs Tenepb, UTO BCe NEHCTBHUS Hal CTENEHAMH C OTPHIUATENBHH M
MOKAa3aTENIMH MOXHO NPOHM3BOAHTbL IO TEM Ke NpPaBHIAM, KadKue ObiiaH
npexie BuIBENECIH I/IA NOKasateaed noaoxuresbHeX, HocrarouHo obHa-
PYXHTh 9TO TOJALKO AN YMHOXEHHUS M BO3BLILEHHS B CTeNeHb, TaK Kak
npaBuaa OOpPaTHHIX AeHCTBHA — AeseHHs ¥ H3BAEUSHNS KODHA — SBJAAIOTCH
C/ISNCTBYSIMH NPAaBHJA NPAMBIX HeHCTBMA.

YMmHo xenne. [Ipencrour nokasars, 4YTO MPH YMHOXKEHHH CTeneHett
MIOKA3aTe/IH OHNMHAKOBBIX SYKB CKJANBIBAIOTCH H B TOM Cilyude, KOIHa STH
NOKazaTeJd OTpUuUATeNbHble. YOemuMcd, 4T0 @t @~ " =g "+ -—ml—=
=q—("+m) rae m W N — Heable NMOAOKHUTENbHbie YHCIA,

HeHCcTBHTEABHO, 3aMEHHB CTENEeHH C OTPHUATEJABHBIMH IOKA3aTeAiMH
IpoOAMH H TIPOH3Bens NeHCTBHE YMHOMXEHHS 110 TIDAaBHJAM, OTHOCALHMCA
K Ipo6sAM, UOAYHHM:

IMono6Ho oTOMY:
’ 1 x™
X XM= xR 1ak kax x—-"~x"’=—ﬁ.x’”=—xﬁ=x"‘—"=x—"+m,

BossoiuteHne B cTeneHb, Hazo nokasaTs, 4ro [pH BO3BLI-
LIEHMH B CTeTleHb NOKASaTeNH 3THX CTeleHell NEPeMHOXAIOTCA H B TOM
cAyyae, KOrfd OHH OTPHILATE/bHbIE. Yﬁelmmcs;, yro (@)~ M=gl—m—m)=
._.anm

JetcTBUTENBHO:

1 1
(a—.n)..m=

1
(a—"y" = ( Tm 1 =anﬂ_!.

af anm

INonoGrHo sToMy:

1 1
(7)== =", DOTOMY NTO (£")~"={opgm = g == X"

{Ipumepsi.

1) (3a—2b%—3) (0,8ab—3%c%)=2,4a"1bc.
2) (x"32%):(Bx%y= %) =4 x~%ySzN
3) (2ax—%)—2=2"2a%x"

4) (x—* — y1)2=(x"2) — 2x— 2yl (¥ == x 0 25 ~ty—l Yo
5) (a~%+b6—3) (@2 —b-3)tat— )"

6 V=3,
93



Ynpaxcrenun.
148. Boluncnurpe cnepyoumue sbrpm;(enuu- 1 y—2
5—r; 10—3; 2—4¢; (—1)—3; (—2)%, ( p) ) ; (0,1)y? (2——) 5 (0,3)—¢
Cnenymmue RLIpA:KeHHs H300pasHTL 6e3 3naMeHatesn:
1 2  3a X
149. @b @t x° 3ay?2t
a 2 3ab
150. o1 % Z—x' (+0%I—7)
TlpoH3secT yKas3aHnue ueilxlcraxxa:
151. 7atb—1.2qb3,; 45 atx—? y=—2.2a—4x3y8,
152. at:a—1; x—tix; x2:xty x—P:xd,
153. 10a%~3: Sab—b; 25a—3b—3x%:5a—4b3x3.
164. (a—2)*; (a')—‘]: (a—t)—¢. )
VI55. (2a0—3)% (—2— x—“y—’) .
LY 3\21-3 ————
1586. [(ﬁ—g;,yi_—) ] : V3a—z}/'27a_uys_
157. (2a—3 —1)(2a—2-+1); (a—* —a—1)%,

Il. 1poGHble noka3aTeau.

93. B xakom cmbicne ynorpebasiorcs ApoGHble NOKasaTeJH.
Mbul suaem (§ 15), 4T0 npy u3B/AcUeHHH KODHA M3 CTENEHH LEJAT [OKA3aTENb
CTeNeHH HAa NOKa3aTelb KOpHﬂ eC/IH Takoe JeJleHHe BHAOJIHAETCH HALENO0;

nanpumep: J at=a¥; 1/x9~x3 H T. B. YCnOBHMCA Teleph PacipocTpa-
HATbL 3TO MPABMAC H HA T€ CAYuaH, KOFAA TIOKA3aTelb CTENEHN HE NENHTCH
HAlENO0 HA NOKa3aTeab KOpHA. Hanpumep, Mbl yCA0OBAMCA NPHHUMATL, 9TO:

L - 3 5 &
Va=a?; Vad=x2; y/ 25=23.
Boo6ilie Mbl YCAOBMUMCSH, HTO!

m

Bripaxcuue a" o03HaYaeT KOpeHb, NOKA3aTenb KOTOPOTO PABEH '3HAMEHATEJIO,
2 TNOKalaTeab CTeNeHH NOJKODEHHOIO YMCJA paBeH YHCIMTEJI0 MoKa3aTess

"L,: (T. e -’;/715)

Ycaosumca ynoTpebnTh OTPHIUATEIbHEIE APOGHLE NTOKa3aTe/H B TOM XKe
CMLIC/Ie, B KAKOM MBi YROTPEOAS/IH OTPHUATEAbHBE LeALe TOKA3aTeNu;
HanpuMep, YCJAOBHMCH, UTO

3
a T a™ _ | S R

1) OpoGuple mnoxasaTenh OGunH BBefleHn B anre6py TIaBHEIM o6pasoM roa-
NagACKHM HHXeHepom CuMoHom CreepHuowm B Hadane XVII cronerns.
[loannee, B ronne XVII ctonerus, oxcdopackuil npogeccop A xos Baaanc
grén B ynoTpeGrenHe OTpHUATeJbUbE NOKA3aTeJaH.
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94. OcuoBHoe cBoiicTBO Apo6HOro noxasateas. Beauuuna cre-
NEeHH C APOOHLIM TNOKazaTeJeM He H3MEHHTCS, €C/HH Mbl YMHONHM HIH
pasfeNvM Ha OOHO H TO e 4YdCcA0 (OTHHUHOE OT HYJAs) UHHCAKHTEb H
3HaMeHaTteab JPOOHOrO IMOKasaTeJs.

Tak:
3 6 9 4 2
a? =a% =ab=.. x9=x9.
Boob6uue:
m  mp
ar =aw,

JeficTBHTeILHO, 3HaMeHAaTeNb JAPOGHOrO TOKaszaTens O3HAYAET MOKa-
3areJb KODHS, 4 YHC/IMTEJNb €rO O3HAYaeT MNOKA3aTedb CTENeHH MOAKO-
PEHHOTO BbIpaXKeHHs, a Takue NOKasaTenw, Kak MH Buaenu (§ 14), moxno
YMHOXAaTb H, ACJAHTb Ha OJHO H TO K€ YHCJIO.

OcHoBbIBasICh HAa 3TOM CBONCTBE, MH MOXeM npeobpasosvieans 6pob-
Holl nokasameab COGepULeHHO max e, Kaw wu obuikHoseHuyo Opobs;,
HarnpuMep, MH MOXEM COKpauiaTh npoouun MOKa3aTe/b HIM MPHBOLHTE
HeCKCJILKO LPOCHHIX MOKasaTejel K OAHOMY 3HAMEHATello.

95, JleiicTBUf Haa CTeNeHSIMH € JAPOGHMMM [10KA3AaTENAMH.
TpencrouT noKasaTh, 4TO K HPOGHHIM NMOKA3aTeNAM NPHMEHHUML NpaBHJja,
BblBEJIEHHEE paHbule IS UEJIHX NoKasatedel. ITO OOCTaTOYHO OGHapy-
KUTH TOJBKO O/ YMHOXCHHA H BO3BLILICEHHA B CTEMNEeHb, TaK Kak npa-
BH/IA IENCHMA M HM3BJIEYEHKS KODHH SIBJAIOTCA CJEACTBHAMH NPABU/ YMHO-
KeHK H BO3BLIILEHHA B CTele€Hb.

YMHO Ke HUe, JloKakeM, YTO NPDH YMHOXEHHH MMOKA3ATENAH CTENeHef
OIWHAKOBHX OYKB CKI3[bBAIOTCA M TOrI3, KOTZAa 3TH MOKa3aTeJu APOG-
uele. Hanpumep, yGenumcs, uto

. 2 4 10+1 22
2 a4 2. +12

=a° b=g 16 —qglb,

Jlns 3toro n30o6pas3HM CTeneHH ¢ APOOHBIMH TNOKas3aTeJdMH B BHIe
paluKa/jiOB M MPOM3BEAEM YMHOMEHHE N0 NPABHIY YMHOXEHHS paaHKaloB

(§ 18):
2
y &y ="y ab. '%/012_012

Pe3yJbTaT nonay4nncs TOT Ke Cambifi, KAaKOH MBI NOJYYHJAH TOC]e
CHAOXeHUs TNOKasaTenelt; 3HAYWT, MPABHJIO O CJAOXEHHH MOkasarenelt (npu
YMHOMXKEHHH) MOMXHO NPHMEHTb H A APOOHBIX noxasareneh.

Taxkum 06pasom:

m p  m.p  mgtnp

5
_o’_; at.gli=ar 4=ag "4

o]—

1 1 |
a?,a:i;al =a
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Bo3BbmieHHe B CTeNeHb, JioKaxeMm, YTO [pH BO3BLILEHHH
cTeneHH B CTeNeHbL NOKA3aTENW CTerneHeft MOXHO nepeMHOXaTb H TOTAQ,

KOrJla 5TH TOKasaTend npoGHute. Hanpumep, y6eaumcs, uTo
8

(o5)¥=as ¥ gm.

JleAcTBATEILHO, 3aMeHHB PANMKANAMH CTerneHH ¢ APOOHbLIMH NOxa3a-

TeJIAMH H IIPOM3BEAR NEACTBHA HAX paAHKa/JaMH, [IOJYYHM:
8

S r——— b,3— 15,— 8

]/ (;/a’)‘=l/1/a8= ‘/a3=a”’.

EcIH nokaszaTenu He TOMLKO APOGHBIE YHCA3, HO H OTDHIATENbHHE,
TO H TOTA3 K HHM MOXHO NPHMEHATL NPAaBH/3, AO0KA3aHHLIE DpaHblue s

NO/OXUTENBLHLX noKasarenelt. Hanpumep:

m.p
11 1 -(%+2
a n.a ll_—_-_._m,_= — p=a (n q)=
m _:._ m,_p

a" a a” ¢
a2

96, INpumepnl Ha  JaeiicTBHS €  APOOHLIMH M OTPHUATENLHBLIMH
NOKa3aTesIMH.

D a7 gs7 - D)ot s7 1 o7)
= [a% + (bT‘I‘— — c—'})] [a—;-—- (b_‘l’l—— c_‘-:')] =q — (b';—-— c—f)z:

1
=a—b-—c}207 ¢c?=a—b—e 2} be

5
~21% LN 2 -7
2) VT2a5° : [(2r) ]‘=(2.32a—2b2) 2 —=
3 *»
17
=202b?% =2b%/ ab.
Vnpaxcuenus. ’
[ponssesTn ykasanpne peficTsum:
Pl L A
“158. 20%x2 .Bg %2, A 159 20a—%7c3 4a—2p%c%, O
Ve
1 3 3 Iy
s 1 B3v3 g 3 AW
160. Y 3ath:4at?; '2|/ Sixt, 161, (a‘) :( ‘) : (a‘)’

(~l-—

162, (xa)%; (r')—% :4 (a’b~)%. , 163, (27‘1--1'17';~ —"I’—)
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I 3/ 3
- 164. Vaz; l/a -—3—; V(l—x)-a.

1 1\? _1\2 1 t 1y\2
163. (a2 —b2) : (20+-é_b 2) . 186. (x—7+x_3'_xf) )

167. [Npusimag, 4to (npHGAn3HTEeNbHO) 10030108 —= 2 4 . 10747712 = 3 y3o-
GpasuTh B Biife crenesedd 10 chenyrowmue uncna: 4, 8, 16, 9, 24, 6, 12, 18

II1. Mousitue 00 uppauUHOHAJLHOM mnoOxasarteJie,

97. Cmbicr cTenmeHW ¢ HppanHoHAJLHBLIM MOKa3ateaem. PaccMor-
pHM CTENEHH a®, B KOTOPBIX @— KakOe-HHOYb HPLALHKOHANLHOE YHCAO,
KOrja OCHOB3HHE CTeNeHW g eCTb KaKOe-HUOYIb TNONOXHTENbHOE 4HCAO,
He paBioe 1. Ilpr STOM MOryT npeICTABHTHCH CJaedyloOUIMe TPH
cayuas:

a) a>» 1 n a — nososumerbHoe UPpPALUOHAALHOE HUCAO; HAIPHMED,
10ve,

OG6o3naunm uepe3 a; n060e pPaLHOHANBHOE NPUOAHKEHHOE 3HAYEHHE
4icra @, B3ATOE € HENOCTATKOM, M Hepe3 a, — Moboe npuGankEHHoOe
pallMOHAa/NbHOe 3HaYeHHe YHCMa’ @, B3ATOe C M3OHITKOM. Toraa crenmedb g*
O3HaYaeT TaKOE YHCNO, KOTOpOe Boabuie 8CAKOU CmeneHu a™, HO MeHbule
ecaroll cmeneHu a**. MoOXHO AOKa3aTh, YUTO TAKOe YHCAO CYWECTByeT,
H enuncTBenHo. Hampumep, 10Y2 osnauaer Takoe uncnio, kotopoe Goablue
KaX[IOro M3 uHCesn psia:

1004, 10141 [O1.42e Q14143 .

B KOTOPOM [OKA3aTelM — HeCTHuHbe NPHOMKEHHHe 3Hauenus )/ 2, Bad-
Thie ¢ HENOCTATKOM, HO MeHbLUIe KAXIAOrQo “3 4Yucesa pana:

1015, 1014 QLIS |QLanes

8 KOTOPOM MOKAa3aTeNH — OeCATHYHblE MNPHOIMKEHHS Vf, B37ATbIE C M3~
ObLITKOM.

6) @< 1ua—io-npexHeMy nOAONUIMEALHOE UPPAYLOHAABHOE YUCAO,
nanpnvep, 0,5Y2.

Torma noa crerneHbio @* pa3yMeloT TAKOE YHCAO, KOmopoe MEMbUe
. ecaxot cmenenu a®. Ho boawwie ecaxoid cmenenu a*. Tax, 0,5Y2 ects
4YUCAO, MeHblllee KAXKAOrO0 M3 4YHcCea pdaa:

0,514, 0,514, 05141, Q5L

HO GOblllee KaXIOTO ¥3 4MCen psina:
0’51.57 0’51’“' 0’51' ‘lb‘ 0’51"1‘8' seae

Takum 06Pa30M, €CAH HPPALUMOHANBHOE YHCAO O 3AKIAIOUEHO MEeway
JIBYMd DalHOHAJILHBIMH YHC/IAMH G # Gy, TO CTelleHb G 3aKJI0YEHa MewKAY
CTeneHAMH g™ W @™ u Toraa, koraa a> 1, u Torma, korma a<l.

7 Anarcops, 4. U1, o7



B) a == | n ¢ — ompuyarieabroe UpUAYUCHAABHOE HLUCAO; HAIIDHMED:

10755 (L7

Torna BoIPAXKEHHIO Q* NPHAAT TOT e CMBCA, Kako#t HMeloT CTenesn
C OTDHLATeNbHBIMA PAIIMOHAJbHBIMM TUKasaTensaMn. Tax:

0Vl (D7 -t
2

Ipy noopoliOM paccMOTPEHH TEOPHH HPPAUHOHAALHBEIX TOKasaTeneft
oﬁnapymunaerca, 4YTO BCe CBOHiCTBA noka3arvedel pallHOHaAbHLIX NOpHME-
HHMII H K DOKa3aTensiM HppauuoHaJdbHbIM; TaK:

a*.ab=a*t+?; (a‘)f’_—_a"@.

1V. MMoxkasaTtenbHan QyHKLUHS.

98. Onpenencnue, [loxazarmeasHol QyHKyUel HA3LBAETCE (PYHKLHA
y=a*, npeicraBaaomas coCofl ¢TencHb, y KOTOPOH OCHOBahHWe @ eCTb
KaKoe-HHOYAb TOCTOSIHHOE IIOIOMHTENbROE UKCJAO, He pasHoe |, a nokasa-
Te/lb X — HE33BHCHMOE MepeMeHHoe, Moryllee JIPHHHMAaTb BCEBO3MOXHhIE
3HayeHHs, MOJOXKHTeJbHLIE W OTPHIATe/NbHbie, Ltable W APOOHBIE, PAaIMO-
HaJbHHE H HppauHoHaabHble. [IpH 3TOM mnpeanonaraercs, 4YTO B TOM
cAyyae, KOrja nokasarenb X paBedH ApceOH M, CAeLOBATENbHO, Korapa a*
031ayaeT pajMKan HEKOTODPON CTereHH, TO M3 BCeX 3HAYEHHW pajkana
GepéTCs TOABKO OHO APHPMETHYECKOe, T. €. MONMOXHTedbHOe 1),

M3 Toro, 4TO MH 3H2eM O MNOKa3aTeAfX CTEeNeHH, CAeAyeT, uYTo
GyHKUHA Y=Q7 npyu BCAKOM 3HAYEHHH X HMEeT e[MHCTBEHHOS 3HaueHue
(Gnaronaps YyCAOBHIO OpaTh A/NM  PadHKanOB TOJAbKO apudMeTHyeckoe
3HauCHHe).

94, CBoiicTBA NOKA3ATEALHOH ¢VHKUHUH. PaccMOTpHM  HeKOTOpHIE
CEOHCTBY MOKA3aTEALHOR (QYHKUMH, NUMHA, YTO @ MB CYHTAREM TMOJOMH-
1€/LHBIM YUCJAOM.

1. Ilpn BCAKOM NOAOKHMTCABHOM OCHOBIHHHM (YHKUHA a* NOAOKUTENb-
Ha, T. e. a* > 0.

[Ipp x ueaom nonoxureabHoM a* > (0, KakoBo OH HH ObIO MOJIO-
¥uTeJbHOe 4YHCJIO @) CAef0oBaTesNbHO, BBHICK3aHHOE HAMH [MOJOXCHHE
B 3TOM CJjyudae CHNPaBeMIHBO.

1) OcHoeatMe a npejnonaraeTca He pasveiM |, Tak Kak 7pH a@a=1 crenens

C* IPH BCAKOM 3daueHlH x pasHsyach 6 1 M Torja oHa we 3apHcesa Oh oT.x.

OcHoBaHHC @ npefnosaraeTcs eLé 1 noJOXHTEAbHbM, Tak Kax npH @ < 0 cre-

[eEb ¥ 18 MHOTHX sHAayexH#d x He Janaaa Ob HHKAKCIO BEUISCTBEHHOro yicaa.
1

1 Ll
— e 2
Hanpuvep, npr e=—4 r npxu x=—4— clefedb a* ofparimnaca Gl B (—4)* ==/ —1,
YTO ABARETCA MHHMAIM SHPAMCHIELLL.
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[lycTs Teneps X PaBHO HEKOTOPOfl MONONKUTESLHOA NPOSH, HANDHMep
m

=~—. Toraa:
n

a =a

Ho a™>> 0, caenosarennuo, ';/' a™> 0, Tax Kak MH YCAORHAACH
OpaTh b apudMeTHYCCKOE 3HAaYeHHE KOPHSA,

flycts X — noaowHuTEAbHOE HPpalUMOHAALHOE 4Yucao. O603HaiuM ye-
pe3 a; H @, npHOAMKEHHBE DAlHOHA/NbHbIE 3HAYEHHA X 0O HeNOCTaTKy
H H3OLITKYy. DTH npHGANKENHBE 3HAYEHHA MOXHO BBIGPATh NMOJIOKHTENb-
uoiMH. Torama sHauenne a*, OYAyYH 3aKJIOYBHHWM MeEXAY ARBYMS I0A0-
WHTEABHBIMH YHCJIAMH @* H @', S9BJASAETCH HNOJXOKHTEJLHBLIM YHCAOM,

flycts, HakoHel, X PaEHO HEKOTOPOMY OTDHLATENBLHOMY UMCAY, Ha-
npumep x= — p. Torna:

1
. qg—P — .
a=at=—

KakoBo Oui HR OBIIO MONOKUTENbHOE UKCRO p, COFAACHO Mperbay-
1
utemy a?>> 0, Ho Ttoraa o ;,) 0.

Takuy o0p230M, BBLICKA3AHHOE HAMH MOJMOKEHUE CilpaBellIHBO Ias
BCAKOIO X.

2. Tip a> 1 ¢ynkmmn @a*>> 1, ecan x>0, m a* <1, ecan x <0
(npn a <! 3vakn Hepasencrsa AAH @* (POTHBOMOMOMHEL).

[lycth x — lleioe nonoXKHTeABHOE uKca0, Toriaa:

a>1;a*>1% a+> 1.
m
ITyctb X — nonoxurenpHas aApoOb, Hanpumep - Toraa:
n-— nRro~ n— il
a> a*> L va>Y L Vai>la > 1.

Ecau x — noaoxutensHoe MppauMonaibioe uucao, To ax > 1, rae
oy — NPHOMHKEHHOE PAIHOHANBHOE 3HayeHie X 1O HeLOCTaTKy, a no=
sToMy # a®*> 1. Takuu 06pa3oM, fpPH BCAKOM WOJAOKHUTRALHOM X

~
a*>1. -

[Mycrs renepb X ecTb Kako2-n1160 OTPHUATENLHOE YHCIQ, HanpuMep
X== — p. Torna:

LR D
at=a"=—~
Ho cornacuo npeaunyuiemy a’> 1. Crenomarennuos
L <1, 1 e ay(‘\ l.

3. [ipn a>> | dynkuus g' 803pacraer HPU BOIPACTAHUA X.
7 ' o)



Ecan x; u xg— [iBa LENBX NOJSOMHTENLHHX YHCAA K Xy > X;, TO
OYeBUEHO, YTO npH a > | GyneM umerh:

as>> at,
Nycts Temeps X; M X, — NOJOXHTENbHbie JPOGH, Hanpumep X;==
m
=— u x,=%. Myctb Takke x,°> x,. Torxna:
P~ 7.
q > a
Hau no npusesenun apoGe K OONHOMY 3HaMeHATeN:
pr M9
qn > qn

M3 asyx HepaBHHX ApoGeH ¢ OAMHAKOBHLIMHM 3HAMEHATENAMH Ta GOMbe
me, Yy KOTOPOR yHuCAuteab OoJbiie. CreroBaTelbHO:

pn > mgq.
Tak xak pn H mg —uejnie uYHCAd, TO K HHM MOXHO IIPHMEHHTb
fnpeAbAyWwHe PAcCYMASHHA H MH [OAYYUM:

a™™ > a™,

Hasneuém 3 a®" u a™? xopeus creneHH gn., MH gHaeMm, 4TO H3
OBYX KOpHe#l ONMHAKOBOH CTeneHd TOT GOAblle, Yy KOTOpPOro Goabiue
noaxkopenHoe 4ucao. CienopartenbHo:

qn ,—— qn — pn mq
v arn>'y @™, wan at">ain,
Coxkpaian nokasarenn, NONYYUM:

L2 m
ai>ar, 1. e a1 arn,

Mycts x; # X; — NBa BeIleCTBEHHHX HYHC/AR, H3 KOTOPHX OMHO HJH
002 MPPALUHOHAJBHbL.

O6o3naunm uepe3 § npuOamkénHOe palUOHANBLHOE 3HAYEHHE X; MO
H36HTKY, a 4epe3 G NPHOAMXKEHHOE 3HaueHHE X, MO HepocTarky. Ecam
Xy < X5, TO MOXHO BbIGpaTb @ u B npun ycnosun B < a. Toraa Gyzem
pMeTs a¥ <ZaP n a* < a%. Ho tak xak af < a*, To afr <ax.

100. Fpadpuxk nokasareavnodl ¢yuknud, Iloctpoum rpaduk cae-
RYIOUHX TPEX NMOKA3aTeJNbHBLIX QYHKUHH:

I y=25% 2) y=(3)5 3 y=10%

Jaa noctpoenna rpaduKoB nepBbX ABYX ¢YRKIUKHA Mbl AadHM nepe-
MEHHOMY UYHCJAY X PRA LeJHX 3HayeHuh:

—3; —2; —1;0; I; 2; 3.

Mpu x=—3 mu noayuum?
1 1 1y—8 1)\2 1
r=gr=g () =l:(g) =l:g=8.
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ITono6HO STOMY BHYHC/IHM 3HaYeHHA Y W 1A BCeX OCTAJbHBLIX 3HA-
ueHHH X.

Jdas dyukumn y =10% Heyao6HO 6paTh yxasaHHble SHaYEHMA YMCAA X,
TaK Kaxk MBl noayuwnd OM TOTAa A1 Y TakHe GOJbuIMe UMC/Ia, KOTODLIE
Ha ueprexe 29 He ymemaiorca (Hanpumep, NpH X=3 MH noayunan Gnul
v=103=1000). IJra sToft GyHKUMH MH BO3bMEM TaKHe LPOGHLIE 3Ha-
deHHs (Bak/ouawroiniecs Mexny —1 n 4-1):

e IT 0 ol

COOTBCTCTByKMnHe 3HaueHHd ) BLMYHCIHM B Tako#t mnocaegoBaTENb-

HOCTH.
-1
109 = ]/|/ =1/3,162=1,778

1oT=1oT=VF)=3,162.

x=—1;

Jlanee NpOCTHM YMHOMeHHEM M JeNeHHEM HAXOHNUM:

10 =107 . 107 =3,162.1,778=5,62...
10 %=rﬁ=:—‘7’2-g=o,56 .
10—%“5“}‘@—5%’032-
107+ = se =t =017~

BumuumeM Bce Han,zerHue 3HauyeHHsl B CheAyloume TpH Tabauunie

I} y=2*
x= |Bospactaer| —3 | -2 —I1 ’ 0 1 2 3 | mospactaer
y = | Bo3pacTaer 1 1 1 1 2 4 8 | BospacTaer
8 4 2
1
2 y=(3)"
x = |Bospacraer| 3| —2 ' —1 o 1 2 3 | Bospacraer
y = | y6wnaer 8 4 2 1 1 1 1 yGrnaeT
] 2 q 8

8 Anrc6pa. w 11, 101



Xes | Bo3pacTaer |—1 __.43_1 _-22-' _—} Ol% %‘% 1| poapacraer
y= | sospacraer |0,I| 0,17 0,32]0.56 11.783,16}5,62 10j BospacTaer

(8 nocnennedt TabmuUe YHCAA OKPYTIEHH).

Hanecs 3TH 3HaYeHHMs Ha YePTEX K COeJHHAA FMOJNYUEHHBIE TOYKH

KPHBBIMH, MB TOJY4HM (4€pT. 29) Tpu rpadrKa B3MTHX QYyHKUMP (yROO-

HO qepT'é)K BBINTOJHHTb Ha MH/I/IHME -
Y " TpoBO#l Oymare, Oeps 3a eXMHULY
10— 1 AJHHBEL CAHTHMETD).

Paccmatpusas rpadukn nokaaa-
TeAbHBX (PYHKIHA, MBI BHUOMM Ha
HHUX B HarJAsAHOM H30GDaXeHUH clle-
Ayroiie cBolcTea:

1. TIpH BCAKOM MOMOMHTENLHOM
OCHOBAHHH QYHKLHA A~ ONOKHTENb =
Ha (BCe KpHBbIE PaCMOJOXKeHH Bhille
OCH X-0B).

2. Mlpu a> 1 pyuxuna a*> 1,
ecin x>0, u a* <1, ecan x <70
(npn a <] 3HaKK HepaBeHCTB Has
a* MPOTHBOMNOMIONHH ).

3. Tlpu Bo3pacTannu X QyHKIHS
a* Boapacraer, eciH a>> ] (4 yOu-
Baer, ecd a < I).

4. Ecmn x=0, 10 a*=1 npu
BCAKOM a4 (BCe KPHEBIE TPOXOAAT
Yyepe3 OJAHY K Ty ¥e TOYKY, Jexa-
IYI0 Ha OCH ¥Y-OB H OTCTOSUIYIO
or toukk O na +1),

5. Mpu a> 1 dyskums nprn BO3pacTaHMM X BOSpacTaeT Tem GHICTpee,
yem Gonbme @ (xkpusan npu a=10 noAHMMAETCa BBepX 3HAYHTENLHO
Gonbie, 4eM npH a=2).

Ynpascuenusn. )
168. [ToctpouTth rpaguk OyHKusa y=3* B npomexyrtke or x=0 p0 x=3,

- 1
napaf noxasartemo sHayenus: 0 7 1; 5 2; 2—2~; 3.

169. IMocTports rpadnk OYHKIMH Y==2*¥ B npOMeMYTKE OT X= —3 10
x=+42 (sa eaumnHuy npuHaTb casTHMerp). [Iloabayace rpaduxom, HafiTH npn.
GNHXEHHYIO BEIHSHHY X, YAOBJETBODSIOMIYIO YpaBHeHHIO 2%=D5.

2x— 1

170. ITocTporTh rpaduk ¢YHKIHH y-x—+3— B NpoMexyrke oT ~—1 j0 44

(Gepa 2 cm 32 exmmuny gnEdm).  [loabaysics rpaduxoM, HafiTR y, ecaH
x==1,5 # ecan x=—20,b.



OTIEJN CEAbMOM.
JIOTAPHOMEI.

I. O6wue cBoiictBa Jorapugmos.

101, Jla peiicteug, ofpatHpe BO3BHIEHHIO B CTENEHD.
BoabMéM paBeHCTBO:
28=2.2.2=8.

310 paBeHCTBO BhIpaM(aeT eHCTBHe, HA3BIBAEMOE 8038HUIEHUEM 8 CME-
nexb, B 3TOM NEHCTBHM JIAIOTCA OCHOBaHHe CTeneHH (YHCAO 2) M moOKa-
satelnb CTeneHn (uncao 3), a OTHICKMBaeTcs camas crenenb (8). ITocmor-
DHM, KaKne HeHCTBHS 06pamus BO3BHIIEHHMIO B CTeNeHb, Takux AeHcTBui
MOXHO yKa3aTh ABa: D /

1. Ilycts Tpebyercsa Y3HaTh, KaKOe YHCHO HALO BOIBHICHTH B CTEMEHb
¢ nokasatenem 3, yTo6n noAyunTh YHCAo 12. O603HaUMB HCKOMOE YHCHO
GyKBOM X, ME MOXeM HamucaThb ypasheHue x°==12. JleficTue, nocpes-
CTBOM KOTOPOTO HAaXOIHMTCA OCHOBaHME X MO HAHHOM CTeNeHH ¥ ZaHHOMY
1I0Ka3aTeN0 e¥, HA3LIBAETCH L3844EHUEM KOPHA; OHO 0GO3HAYaETCA, KaK

MBI 3Haem, Tax:
3
x=y 12.

2. TlonoxuM, Hano yaHaTh, KAKOW NOKA3aTenb HROMKEH OHWTbL y CTe-
NeHH, B KOTOPYI0 HAajJ0 BO3BHICHTh OCHOBauue 4, uTO6H MOAyuHTs 16.
O603HauuB MCKOMBH 10KasaTenb OyKBOH X, MB MOXeM HaNHCaTb ypaB-

Henue: 4%=16. [leficTeue, nOCDeACTROM KOTODOIQ HAXQAMICH MOKASATEL
CTeneHy MO NAaHHOR CTENeHH M NAHHOMY OCHOBAHMIQ. HASHIBALTCA HAXOXC-

MEWQMLT— TueM. ozappdma narnoro uucna (16) mo nannomy ocnosanuio (4).
HalleM npuMepe X==2, TaK xa_xg\ti_’;_f‘l_ﬁ_.

rax, BO3BHIICHHE B CTeNeHb nuyeeT 1A OGDATHHIX NeHCTBHA. ITocra-
BHM BONPOC: PA3/HUHEL M 3TH AGHCTBHA? BEAb M JJS yMHOKEHHS MOKHO
PaccMOTPEeTb IBa OOPATHHX KEHCTBHA: NEPBOE == HAXONIEHNE MHOXHMOIrO
N0 LAHHHM NPOH3BENCHHIO H MHOXHTENO, BTOPOE — HAXOXIEHHE MHOXH-
Tedas MO JAHHEIM TPOM3BENEHMI0 H NHOWMMOMY. OnHako neHCTBHS STH
PacCMaTpUBAITCA He KaK DPas/MHyHhie, a KAK OLHO M TO e AeHCTBe,
Ha3nBaemoe AeneHueM. [IpHuMHA_CNMAHWS STHX 1BYX o6paTHuX AeHcTBHA
B OHO 3aK/IOY2eTCA B MEPEMECTHTENLHOM CBOHCTBE YMHOXEHHH, MO KO-
TOPOMY NpOHM3BEJEHHE He MEHSeTCs_OT TepeMeHH MeCT MHOXHMOIO H
MHOXHTeas. B TaKoM Xe NOADKERHH HAXORMTCA H cnoxende (ABYX cha-
raeMblX); 3TOMY NeHCTBHIO TaK )Ke MOXHO yKasaTh JBa OGDaTHHX jef-
CTBHS —HAXOX[leHHe HEM3BECTHOI'O YHC/A (epBOro CnaraeMoro), K KOTO-
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poMy Hano npuGaBUThL AaHHOE YMCAO (BTOpOE ciaraeMoe), UTOGH! MOMYyYHTh
JaHHYIO CYMMY; HAPyroe — HaxOXAeHHe HEeH3BECTHOrO 4uHCJIa (BTOPOro
charaeMmoro), KOTopoe Hano NpuGaBUTL K AAHHOMY 4YHCAy (K NepBOMY Cla-
raeMoMy), 4TOGH MNORYYHTH HAHHYI0 CyMMy. ONHAKO STH [ABa mefcTBUA
paccMaTpHBAOTCA KaK OIHO, HashbiBaeMOe BBIYHTAHHEM, BCAENCTBHe TOTO,
YTO C/lOXeHHe 0O6/1a1aeT NEPeMeCTHTEeNbHEM CBOHCTBOM, IO KOTODOMY
CyMMa He 3aBHCHT OT MNOPSAKAa CJaraeMbiX. EcAn 661 3T0 CBOMCTBO NpH-
Ha[MeXaJ0 TaKXe H BO3BHINEHHID B CTENEHb, TO TOTAA H [IBAa YKa3aHHBIX
Bbiuie OOPATHLIX HeHCTBHA COCTABASANAH OB, B CYWHOCTH, oaHO. Ho BO3-
BHIIeHHE B CTeleHb He o0O0JazaeT CBOHCTBOM HepeMeCTHTeJNbHOCTH, Ha-
npumep 2% He pasuo 32, 10 He paBHo 21° u 1. a. Beaeacrsue storo
HaxXOXIeHHe OCHOBAHMA NO NAHHLIM TIOKA3AaTeJI0 M CTeneHw (u3BjeyeHue
KOPHS1) CYLIECTBEHHO OTJIHYAETCA OT HAXOXIEHWS M0KA3aTesd 10 HaHHBIM
OCHOBaHHIO M CTemeHH (HAXOXIeHHe norapuipma).

102. Onpepenenne. Jlozapugsuom OaHHOZO Hucaa no GAHHOMY oOc-
HOBAHUIO HA3LIEACMCA NOKA3AMEAs CMENeHl, 8 KOMOpYIS HAdo 8038bi-
cums 3IMO OCHOBAHUe, HMOOKW NOAYHUMS OAHHOE HUCAO.

Ecan, nanpumep, ocHosanMe Oynmer 4, TO:

aorapudpm 16 ectb 2, tak kaxk 4%=16;
» 64 3, . . 43=64;

» 4 . L, . 1=4;
!
» 2 » ';—n » » 42:1/—-::2;
1

1 1 ~z 1 1.

» 9 » —'"-2" ' » » 4 —T]_—?:
42

1 1

» 4z " _1, » » 4 lzz-

Ecau Bo3pMBM 3a ocHosaHHe 10, To

norapupm 10 ects__ ], Tax kax  10'=10;

» 100 2, . . 10°=100;
n 1000 , 3, » » 103=1000;

” 071 n —l» » » 10—1= !

] 001 , —2 , , 10-t=pb. _
Bumecto Toro urto6m nucars: ,norapudm uncaa 16 no ocxosamuo 4,
MHUIYT COKpAaWBHHO TakK: IOF_IB(_S_,E) rnoMeLas BHU3y 3Haka log To uucho,
KOTOpOe cayxMT ocHOBaHHeM. Biipouem, ecam 3apanee m3mecTHO, Kakoe
YHCTO B3SATO 34 OCHOBaHHE, TO €ro NPHHATO He mucaTh. BmecTo awnaxa log
(coxpax;l(z):nm €/10Ba ,a0rapugm“) mHwyT lg, ec/in OCHOBAHHEM CIYXHT
yucao 10.
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[lpexne 4eM roBOPHTE O MpPHUMEHEHHSX NOrapudMOB, MH npeaRapu-
TE/JLHO PACCMOTPHM HEKOTOPHIE CBOHCTBA Tak HasnBaeMoft sorapndvuye-
CKOMt YHKIHMHA.

103. Jlorapudmuueckaa dyHkuns u eé rpadpuk. Ecru B pasen-
CTBe y=a’ Mbl paccMaTpHBaeM IIOKa3areab X KaK He3aBHCHMOe nepe-
MeHHOe, TO Toraa y OyneT ¢pyHkuHe# OT X, KOTODYIO Mbl HA3BAJH paHblIe
noxaszameasHod. Ho eciu B 3TOM PaBEHCTBE 3a HE3aBHCHMOE NEPEMEHHOEe
M Oynem CYHMTaTh ), TO Toraa x OGyneT HeKoTopad GYHKLUMA OT J, a
HMEHHO:. X eCThb JlOl‘apHCbM yucaa y o QCHOBAHHIO aQ, 4TO MOXHO 3arnH-
CaTb TakK:

x=log,¥y.

O603uauas N0 NPHHATOMY He3aBUCHMOE NepeMeHHOe GykBofl X, a byHK-
LHIO OT 3TOrO mMepeMeHHOro OyksoH y (T. e. 3ameHss X Ha ¥, H Hao6o-
POT), MH Ty Xe caMyio QYHKIHIO MOKeM BHIPA3UTb TaK:

y=logx.

Takaa $yHkuns HasulBaeTcs sozapudmudeckold (oHa oGpaTHa MOKa3a-
TeNabHOR (YHKUMH).
[TocTpoum rpadmkn cnepyomux TpEX JaorapudMHueckHx yHKUHA:

1) y=log.x; 2) y=log, x; 3) y=log,x.
— T

——

Hns 3TOro cocraBuMm Tabiauusl 3HaueHu# 5THX dyHkuui. Beero npoure
HX MOXHO COCTABMTh M3 TaOAHI CO TCTBEHHHIX MNOKa3aTeNbHBIX yHK-
unst (§ 100):

’

D y=2" 2 y=(%)’; 3) y=10",

NOMEHSB B 3THX TabANUAX 3HaueHHs a6CUMcCH X Ha 3HAYEHHA OPAHHATH Y,
n Hao6opor. Cuenas 3TO, MW NOJYYYM TaKHE TPH TAGAWLLL:

. I)y=—;log?x.

1 1 1 '
YRR
y—_—l-—BI—Q‘—l‘Oll 2‘3
1 | ] |
2) y=log, x.

z
=] 8 4 2 1‘% % %
ly.:: -3 —2 -1 0\ 3 2 3
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3) y=log,cx.

X == 1 ‘ 0,56 1

3 1
2

178|31l 10
2
4

i 1

Hasecs Bce 3T 3HAYEHHS Ha YePTEX M COCHHHHB TOYKH KDHBBLIMH
aunpsmy, noayyrm (4epr. 30) TpH rpaduka B3fTHX GYHKIMH.

FiMes rpadux norapupmuyeckod (QyHKUHH, MB MOXEM IPH MOMOLIH
€ro HafiTH NpHOGAHKEHHOE 3HAYeHHe JorapudMa NaHHOrO 1ucia. BoabméM,
Hanpumep, rpadux ¢oyHkund y=log,x ¥ HaltnéM npu ero momoun log, 6.
Jns 8TOro BO3bMEM Ha uepTexe abCLMCCY, PaBHY O, H MOCTPOHM COOT-
BETCTBYIOLLYI0 €H OpAuHary. M3MepuB 3Ty OpAHHATY, Hanném npuGau3H-
TeabHo 2,6; 310 H 6yzer log,6.

104. OcHoBubie cBo#cTBa JoraprdgmoB. BoabméM norapudmuue-
CKkylo QYHKUHIO

y =log,x.
CorjacHO OnpefelieHHIo, MMeEeM:
fLx=w.

BriBeieM HEeKOTOpHE CBOHCTBA JaorapudMos.
1. TlpH DOOJOXATENLHOM OCHOBA HHH OTPHUSTEAbHBE YHCAZ HE HMEIT J0-
rapugpmoB.
[Ipn paccMOTpeHMM TMOKA3aTenbHOH (GYHKUMM MBH BHIAEAH, YTO TpH
a >0 dyukuns a¥ > 0 npu BCAKOM Y. DTO 3HAYHT, YTO KAKOBH OBl HH
OblIH  (MOMOKHTENBHOE)
OCHOBAaHWE @ © NOKa3a-
Tenp  (norapndm) Y,
dynkuus a¥, T. e. x,
O BCeraa apasercs nono-
HUTENbHHM _YHCIOM.

mame X 2. Iipu BuSKOM OCHO-

13

; BaHHH (He paBHOM eam-
HELE) JorapddM  eIHHu-
I eCTh HYJb.

JeACTBHTENLHO, MH

3HaeM, 4TO MPH BCAKOM @
(He DAaBHOM HYMKW)

Yepr. 30. a’=1.

Ho, cornacHo onpeneneHuio, 3TO 3HAYUT, YTO
log,1=0

3. Ilpn ocHoBanuy, GoabllleM eRMHMUB, JOrapuMbl YHCER, GONBLIWIHX EMHH-
ubl, DOJOMHTEABHN, a JAOrapH(pMb 9HCE, MEHLIIHX ©AHHAUH, O1PHLUATENLHDI.
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OTHOCHTENLHO NOKasaTeNbHOR GyHKUMK Q¥ MH 3HaeM, uTOo mpu @ > 1,
ecam y> 0, 10 @ =x>1, n ecin y <0, 10 @=x<1.

Ho, cornacHo omnpenenenuio, ¥ ecTb JorapudM uuciaa x. 3Ha4HT, KOraa
uncao x> 1, To norapudMm ero y >0, 1. e. nonoxuresed. Korpa e
uyncno x <1, 10 norapudm ero y <C 0, T. e. oTpuuareseH.

Ecin a <1, 1o y <0 nas 3Hauennst x>«1, u y > 0, ecan xZ 1.

4, Jlorapudm caMoro OCHOBAHHH PaBeH €JHUHHUE.

B camom nene:
g*=a, orcona: log,a=1.

6. [Mpr ocxoBaunm, Goabliem efauduny, OGospinemy umenay coorsercrayer
Gosapui Jorapupm. :

Mu Bunenn, uro npu @a>>1 dyuxuus a¥ BO3pacTaeT BMECTe € BO3-
pacranueM . Eciu 00osHaunM nBa DasnHYHBIX 3HAYeHHs Y 4epes y;, Va,
COOTBETCTBYIOLUME 3HaueHHs @ uepe3 X;, Xz, TO OyneM uMeTb:

an > ah, ecIn Y3 > ¥y,
WA

Xy > Xy, ecnu Yo > Y.

3 Ho p, u y, 9BASIOTCA COOTBETCTBEHHO JaorapudMaMi uucesn X; ¥ Xqo
HAuMT:

X3 > x;, ecan log,x, > log, x,.

Bce yxasauHoie CBOHCTBa J0rapudMOB MOXHO HIMIOCTPHPOBATH, pac-
cmarpusas rpacrk Jorapupmuueckoft ¢yskumu. Tak, nepsoe cBOKCTBO
o3Hauaer, uro rpadpuk OYHKUMH Pe]Og,X /exuT Bech BNpPaBo OT
OCH y-0B, BTOpOe CBOHCTBO rOBODHT TOM, 4TO rpaduk OyHKIHA
y=log,x npoxomut uepes Touky (],0) Tperbe cBOMCTBO O3Hauaer, 4TO
eca a> 1, 0o npu x> 1 opaMHATH, KPUBOH NOJOMUTENBHH, & NPH
% <<l — orTpnuaTejpHH H T. A

Ynpascnennsn.

171. Ecan ocHomaHEe PABHO 2, To KakHe norapudMbl HMEIOT WHCHIA:

= 3, 1 1 1 1
B48IGEVE V2 L gigigig

172. Hanucarb up® noMomA 3Haka log caegyiowye papeHCTRa:
100=1; 10'=10; 10* =100; 10—2*==0,01; a*=N.
173. TepenucaTb Ge3 snaka log |asecrsa:
1
10840 1000 = 3; 10849 0,001 = —3; logy 4 =5 logg P =y,

174. Tlpu ccosanAn 16 garue jgorapidmm HAMeIOT HHCTa:

1 1 1

i
16; 256; 51 5z5s 4 74 % g?
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176. Ilpr ocHoBanu# 10 kakue aorapHPMEI HMEIOT HHCJA:
10; 100; 1000 10000; 0,1; 0,001; 0,0001?

176. Hanrcats npu noMomd sHaka log ciesyiouiye PaBeHCTB3:
= 25; 7%= 343; 37 = 2187; 8% =512,

177. Hafita

} 1
. log,2;logs 9; logs 729; logy1i logy 3 & log,ﬁ.

178. Ecnir a eCTb OONOKHTENLHOE UYHCMO, OTHHYHOE ©T |, TO 4YeMy paBHH
BEIDAXKEHHAT

1
log, a®; log, a™ | 08a 4 » IOga'l/a logg—— }/—"
179. Yemy paBHO uHCAO X, €CJH:

1) log, x=3; 2)log; x=2; 3) logy x=—25; 4)1og_,1=g£_5) log,2=—5?
- ’ :l' . "
180. HOC?OHTB rpadax GynxuBH y = log, ¥, nonb3yach Ttabauned snaueHHZ
¢yHKUHH Y = 3% (cM. sansuy 168).

0| e

105. [llpakTHyecKoe s3HaueHwe Jorapudmuueckix Tabaun. Pas-
JMUHBIE YKCJIA MOXHO BHPAXATh KAK CTETNEHH OJHOTO M TOTO XKe 4YMCHa,
HanpuMep, Kak cremeHd uucaa 10. Taxue umena, xax 10; 100; 1000;...
und 0,1; 0,01; 0,001 # T. 0., BHpaxawoTca Kak creneHn 10 ouenb
npocto: 10=101; 100=10%; 1000=10%;...; 0,1=10"1; 0,01 =10—3;
0,001 =10—3 u r. n. Jpyrde 4ucna BEIPa3uTh CTeneHnio yncaa 10 Tpya-
Hee. Tak, ecan TpeGyerca HaHTH IOKA3aTeNb CTENMEHH, B KOTODPYIO
Hy®HO BO3BBICHT 10, YTOGH MOAYYHTb UYHCIO 5, TO MH MOXKeM
TOJAbKO CKazaTh, YTO MCKOMBIfl mnokasaTesib Gonbwie O, HO Mesbme 1,
tak xkak 10°=1, wro wmenrme 5, a 10'=]0, uro Goavwe 5; 3HauMT,
noxazaTeseM CTeNedH, B KOTOPYIO Hago BO3BbICHTH 10 mna nmonyuenus 5,
OOJXKHO ORTb HEKOTOpPOE TOJIO¥KHTEeRbHOe uHCao, MeHbiiee 1. Mu

1 3
MOXXEM JOaxe CKasathb, 4YTO 3TO YHC/IO Goxblle R HO MeEHbLIE 7

1 3
rak kak 102 =}/ 10=38,162, uro menpwe 5,a 10* =%/10% =}/ 1000=

=V1/m)=]/31,62=5,62, uro Goneme 5. EcTh oramensl marema-
THKH, B KOTODHX YKAasbiBAIOTCA CMOCOOGH, KAK MOKHO jJsf BCAKOTO AaH-
HOro umciaa N HafiTh TAKOR TMOKa3areiab X, NPH KOTODOM CcTerneHs 10*
HWAH B TOYHOCTH paBHsercs N, WM OTIHYAETCA OT STOTO YHCAA KakK
yroaHo Mano. nom:syHCb 9STHMH CHOCOGaMH, COCTABJIeHH TaK HAa3HBaeMHe
Aozapuﬁxuuecxue md6/lllubt B KOTODHX NOMECLIEHH pasAH4YHBE 4YHC/a H
OKOMO KAXIOro M3 ITHX WYHCEJ YKa3aH MOKa3arenb CTENEHH (rorapudm),
B KOTODYK H210 BO3BHICUTH 10, UTOGH MOMAYHHTH STO UYKCHO. PasEACHHM,
A4S KAKO® UENH MOr'yT CHAYXHTb TaKHe TaGIHILbL

[lycTe TpeGyerca BRHIUMCIUTH YHCAO X mo dopmyae: x_=.-5./‘4‘o.
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HsBnekats kopeHb naroft creneHd Mo He yMeeM. B nonoGHuix cay-
yasx MOTYT MOMOYL Jorapudmuyeckue Tabauusl. Haxoaum B aThx Tabnu-
unax uucao 40 M OKO/IO Hero COOTBETCTBYIOUIMH Jaorapudm. Ilycth at10
O6yner 1,6... D10 3HauMT, uTO

40 — lOl 18..s
H, crefoBaTennbHo,

V40=y o1,

Tak Kak npu H3BJeUEHHH KOPHA M3 CTENEHM MOKA3aTelb MOLKOPEH-
HOro uucna (xako#t 6 OH HHM GHT) AEIHTCA Ha [MOKasaTedb KOpHA, TO
1.6. ..

VE=5|/ 101»6---___10 5 =100.32.—..

Tenepy B Tex e Tabauuax, B croabue znorapudmos, naxomum 0,32
H OKOJIO Hero COOTBETCTBYIOUlee HHUCJO; NYCTh 9TO OyIeT, [NO/NONKHM,
2,09... dT0 u OGyner npHOAHKEHHOe 3Ha4YeRHe 5/25.-

Mu BCKOpe yBUAMM, YTO Jorapudmudeckne TaGnuusl BO MHOTHUX CAY-
uaAx TO3BOJAIOT NPOM3BOAMTL TaKHe JeHCTBHA HaX YHUCAAMHU, KOTODHIE
Ge3 Tabinu Oniip KpaHHe 3aTPYOHHUTENbHH (KAaK B ADHMEpE, TOALKO 4TO
YKa3aHHOM) HJIH Ha BHIOJHEHHe KOTOPHX NOTPe6oBanoCch Ghl O4eHb MHOTO
BDEMEHH.

Teneps HaM NpPeACTOMT O3HAKOMHUTHCH, BO-NEPBLIX, C TeM, KAaK MNPH
COBEPLIEHHH KaKOro-qHG0 AeNCTBHA HAX JAHHBIMH YHCJIaMH MOXHO HafiTH
norapndM HCKOMOTO YHCJA NPH JIOMOIUH JIOTADH)MOB [AHHWX 4YHCeN
(B3THIX M3 TaGAHLl) H, BO-BTOPHIX, KaK, HaKnA Taxoft JoraprHdms, OTHCKATD
no HeMy B TabJHLAX HCKOMOE YHCJO.

106. Jlorapudm npousBencHns, €acTHOrO, CTENEHH H HOPHA.
a) ITycth TpeGyercA NMPOH3BECTH YMHOMKEHHeE:
378-.45,2.

[TonpoGyem BHNOAHUTE 5TO AEACTBME NOCPENCTBOM Jorapudmos. Hait-
ném B TaGanuax Jorapudpmue uncea 378 u 45,2. Ilycte onm Gyayr: 2,5775
u 1,6551 (no ocsosammio 10). Dto sHauur, yro

378=102.5776 y 45 ,2=—10!.85651
H, CJel0BATENLHO,
' 378-45,2-=10%5775 . 10! - %55},

TaKk Kak npH yMHOXEHHMH CTencHeH OAHOTO M TOrO Ke 4HC/Aa MOKa-
33aTeJH 9THX CTeneHel CKJAAALBAIOTCA (Kakue Obf HH Obla¥ 3TH NOKasa-
YeJa), TO:

378. 45,2= 102 877641 .655\;104.2326.

3HaunT, Jaorapudm npousBeneHus 378-45,2 ectb wucao 4,2326, mno-
JyudsBlileecss OT CJIOXEHHS JOTapU(PMOB HAHHBIX COMHOMXHTeAett (IO aTOMY
aorapu¢my B T1aGAHUAX HAHOEM M CAMO MPOHU3EENEHHE).

[Tonoxnm BooGwe, yto N, w N, OynyT aABa uncaa, nponsBeseHue
KOTOPHX TpPeOyercs BulYdC/AHTb. IlyCThb Mbl HAWAM B TaGAHUAX HOrapHPMb
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3THX umMcen: %, n %, OcnoBannem zorapudmos Mmoxer OmTh uncno 10,
HO MOXeT ObThb M KaKOe-HHOYIb APyroe MNOMOXKHTENbHOE HHCI0, KOTOpOoe
Mbl 0003BauuM uepe3d a. Torna Mm GyneM MMeTh PpaBEHCTRA: :

N,=ax, N,=a*, caenosatrensuo, N N,=a%.a%=a51+%,
Orciona sugso, uro log (NyN,)=x,4-x,. Ho x, —ost0 logh,,
a x3 — aro log N,; zunaunr:
log (N N,)=log N, +-log N,.

/, Jlorapudm apomssegennn (MO KAKOMY YrOAHO OCHOBAHMIO) PABEH CyMMe J0ra-
pROMOB comMHOXATEaER (BIATHX OO TOMY xe QCHOBAHHIG)

3akaoueHne 9TO OCTaéTcA BEePHHM H TOPNA, KOTAA COMHOXHTenRel
Oyner Oonee NBYX, TAK KaK MPH YMHOXEHHH CTeneHe# OAHOIO H TOrO
We UHCJHA [OKAsaTeNH CTeneHed CKAAABLIBAIOTCA H Npu A060M uHCle
COMHOMXHTERER,

6) IlonmoxuM, HANO TPOU3BECTH NeJsieHue:

5637 :26,3.
Hatingm B Tabnuuax snorapudMbl STHX uucen (HanpuMep, N0 OCHOBa-
o 10). Mycts log5637=3,7§1 u log 26,3=1,42. Torna:

5637 =10%7%" » 26,3=10""*2
CrenopatenbHo,

5637:26,3=103 L7658 10] , 42 103 2751 — 1,42 102 331

Orcioga BHAHO, 4TO JAoTapudm uactHoro 5637:26,3 ects unucno
2,331, nonyumeireecs OT BHUYHTAaHHA nOrapudMa DeauTens ua aorapudma
aeaumoro. BooGiue, ecau

N,=a* u Ny;=a%, 1o N,:Ny=qa*1:aq%==q% ~ %,
ChepoBatensHo,
.
lOg (NI:N2)=XI el x2=]0gNl — ‘OgN,.
Jloraputm 4acTHOro paBeH PasHOCTY /A0TapudMOB JEJHMOIO ¥ JeauTens.

Tak xak Bcsikas ApOoObL €CTb YaCTHOE OT Je/eHHs YHCAWTess Ha aHa-
MeHaTenb, 103
Jlorapudm apoGw paBen pa3sBocTH norapydMOB HHCANTENS M SHaMeHATeas.
.--nipuMep:
log —;—=log2 — log 3; log 2 ——— log =log 11 — log 4;
log 0,6=1]og 6 — log 10.

8) Ecin N=a*, 10 No=(a*)"=a"*,;
C/leL0BATENbHO, .
log (N)*==nx==nlog N.
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4 Jlorapndm crenenn paBes mnokasarenio 8TOM CTENEHH, YMHOMEHHOMY Ha JAora-
pUPM YHCHA, BO3BLULAEMOrO B CTEnCHb.

Hanpumep, log (15,3)2=2log 15,3; log 3—*=~— 2 log 3.
; .
Tax Kak 'VIV=N”, TO, TIpPHMEHAS MNPABWAO O JOTapuMe CTEMeHH,
MONYUYHUM:

1
NS n__ 1 log N
log/ N=log N =—logN=——.

Jlorapudm Kopua paser JorapudMy WOAKOPEHHOTO 4ucAa, pealnHomy Ha
NoKa3aTenb KODHA.

107. JlorapupmupoBanue aareGpauyeckoro Beipaxenus. Jlora-
prdMHpOBaTh anre6pauyeckoe BEIDAXKEHHE — 3HAYHT BRIPA3HTb JOTapHGOM
ero mnocCpencTBoM JlOI‘apH(bMOB OTHEeNBLHBIX 4YHCes, COCTABAHIOLIUX 3TO BbI-
paxenue. Buteoinl npeapiaywero mnaparpaga Mo3BONAOT STO CAeAaTh B
NPHMEHEHNH K NMPOM3BENEHHIO, YaCTHOMY, CTenmenH M npobu. Hanpumep:

2,5.72
1) log 455 o8 =log (2,5-7%)—log 0,28 =log 2,54-1o0g 73.—-—log0,28=
=log 2,5-}+3log7 — log 0,28.

2) lo q)/_=log (5ax) — log V' 3=log 5--log a—{-logx —3 log3
3) log (a®*V5x)=3 loga -{-—2— (log 54log x)=3loga+
+-;-'log 5+% log x.
108. 3amevanus. a) Ecnn B BHPaXKeHHH, KOTOpOe Tpe6yeTca BHIUHC-
JMHUTh, BCTPEUAETCA CYMME HIH PA3HOCMS UYHCEN, TO MX HAAO0 HAXOAHTb

6e3 noMouu TabaHl, OGHLIKHOBEHHBIM CIOXKeHHeM M BuiuutaHuem 1). Ha-
npuMep:

log (35+47,24)%=5 log (35+7,24) =5 log 42,24.

6) YMes JOrapHbMHPOBATH BHPAXEHHS, MBI MOXeM, OGPaTHO, MO NaH-
HOMy pe3y/lbTaTy NOTapHMHUDORaHUA HAHTH TO BRIPANKEHHE, OT KOTOPOro
NOJYYHACH STOT PE3yAbTAT; TaK, €CAH

log x=loga+-logb — 3loge,

TO Nerko coo0pasuTh, UHTO

31‘)’ Onepalutd HA3LIBAKT AOMEAREpOsaHued.

1) Tak kak Mb He HMeeMm QOPMYJ, BbPaXAOIXUX JOTapHPM CyMMM HAM pa3e
HOCTH B S3aBHCHMOCTH OT jorapu¢mMos RaHHWX YHCeN.
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B) [Ipexne uyeM nepeTH K paccMOTPeHHIO YCTPOHCTBA JOTapH(pMH-
YeCKuX Tab/mul, Ml VKaXXeM HeKOTOpHle CBOMCTBA JecAmuuHbx A02a-
pugao8, T. e, TaKWX, E KOTOPHX 32 OCHOBAHKE NPHHATO uucao 10,

Ynpasxcuenus.

JlorapugMupoBath CJAeLyIONHe BHPAXKEHHUS:
181. log (a2b%); log (5a%x*); log (mn)®.

$H—8
182, logg—‘;—,; log4—ab——l—; log},”ab.
5mntx?

183. log 3/77’1); log (4 5/-277_’); log (7a'b§/?). 184. log 082‘/2’12

185. log VloaVbT; fog Vo by o
Haltitu BHpaxenue x, ecau ero Jorapudm pasen:
186, log x=loga+log b; log x=loga—logb.
187, logx=210ga log x= 210g a+3logb.

188, log x= Ioga log x_d (log a+log b).

Il. Ceofictea aecarnynpix Jorapudmos.

109. CgolicTBa RecATHYHHIX AorapHgmoB. a) Tax kak 101=10;
102=100; 10*=1000; 10*=10000 u rt. &, TO 1g10=1; Ig100=2;
1g1000=3; 1g10000=4 u 1. &

Jloraputm uenoro_uucaa, Hzob 0 _epHHHlUeA € NOCACLYIOLIHMH HyJS-
MH, €CTb UeJoe no%mum%ﬁ%[uee CTO/BKO €JIHHUN, CKOJBbKO
HyJefl B H300paMEHHH -{ucaa\'?—'T“ / a7 (

Takum o6pasom, 1g 100000=5, 1g1000000=6 u 1. L.
6) Tax xax

1
S . —2_____
1071=5=0,1; 10-2=2=0,01;

10-3== =5 =0,001; 10~= 0,0001 # T. &, TO
1g0,1=—1; 1g0,01=—2; 1g0,00l=—3 u 1. 1.

Jlorapudm necsTHHHOA ApoGu, H300pakaemod 'exuHHUeH C npefileCTBYOW H-
MH HYJSIMH, ecrs’fm;mmubuoe YHCNO, COREPRALLECE CTOJBKO OTPHUATENb-
HBIX €AMHKI, CKOIbKO HyJeH B H300paxeHHH ApoSH, CUHTAS B TOM HHCAE H  ye-
abX, A~

" Taxkum obpasoM, lg0,00001=—25, 1g0,000001==—6 u 1. 1.

B) Bo3sbMEéM uenoe uHCA0, He H306paxaeMoe EAMHHUEH C Hyaamu,

HampuMmep 35, WM ULeTOC-wICAU C ADUOEN; HanpuMep 10,7. Nlorapnm
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TAKOTO YMCNa He MOMKeT ObITh LeJbIM YHCAOM, TaK Kak, Bo3BuicHB 10

B CTeNeHb C 1e/1bIM TOKa3aTeJaeM (MOMOXKUTENbHEM HIH OTPHLATEILHEIM), MBI

MONYYHM eIHHHILY C HYASIMH (CelyIOLHMH 33 elWHHMIIeH WM el mpeniuect-

ByrownMy). [Ipenanonoxum Teneps, Y10 JAorapudM TaKOro YMCAa €CTh KakKas-
L

a
HHOYZIb ApoOh - Torxa mMbl HMeau Gbl paBeHCTBA:

Aas yucaa 35: 10?=35; {’/TO_“=35; 10%=357%;

a

ana wncaa 10,7: 10° =10,7; ¥ 106=10,7; 10#= 10,7.

Ho st paBeHcTBa HEBO3MOXHH, Tak kKak 10% ects egunnua ¢ Hyas-
MM, Torma Kak creneHn 35% u 10,7° H¥ npH KakoM nokasarene b He
MOFYT [aTh €OMHHUM ¢ HyaamH. Jlorapudm uncna, He SBASIOWErocs
CTeNneHbl0 MeCAATH, €CTb UYHCJAO HppauMOHANbHOe, OH (T. €. Aorapudm)
He MOXeT ObiThb BHIPAXEH TOYHO KaKWM OBl TO HH OBIIO PAlMOHAJIBHBIM
yncaoM. OOBIKHOBEHHO MPPALHOHaJdbHbie JOTapH(bMB BHPaXaloT #pubau-
HCEHHO B BHIE OECATHYHOH NPOGH C HECKOJILKAMH JECATHYHLIMH 3HAKAMM.
Ilenas yacTe 3TOM APOGH HasblBaeTCa Xapakmepucmukold, a npoGHas
yacTh — Marmuccod norapudma. Eciu, Hanpumep, rorapudm ectb 1,5441,
TO XapaKTepMCTHKa ero paBHa 1, a maHTHcca ects 0,5441.

r) Bo3bMmEM kKaKoe-HHOYAb Lle10€ HMAM CMELIaHHOe YHCA0, HalpHMep
623 uam 623,57. Jlorapudm TaKOro UMCIA COCTOMT M3 XapaKTePHUCTHKH H
MaHTHCChl. OKasblBaeTcd, YTO JeCATHYHbie JorapudMel 00JafdlOT TeM
ynoGCTBOM, UTO XAUAKMBPUCMUKY UX Mbt 8Ce2da ModceM Haumu no
odnomy 6udy OanHozo wucaq. IINs STOFO COCYHTAEM, CKOMBKO UHp B
IAHHOM LEJOM YMUCAe MAM B HEJOM YACTH CMelIaHHOro uucaa. B Hammx
npuMepax’ atux uudp Tpu. [TosroMy xaxaoe H3 uucen 623 m 623,57
6oabmie 100, Ho medbwe 1000; 3HauuT, M nOrapudM KaXAOr0 H3 HHX
Goneuwe 1g 100, T. e. nByx, Ho meupme lg 1000, T. e. Tp&x (BCrOMHHM,
uTo Gonbllee uYHCAO0 uMeeT M Goabwn#h aorapudm). CraeanosartenbHo,
lg683=2, ... u 1g623,57=2, ... (ToukH 3aMeHAOT COGOH HewsBecT-
Hble MaHTHCCH).

IMopo6uo 3TOMy Haftnmém:
10 < 56,7 < 100; 1000 < 8634 < 10000;
P < 1g56,7 <C2; 3 <C1g8634 4.
Cle10BaTeAbHO

1g56,7=1, .. .; 1g8634=3,.... '

Iyctb BooGuLe B JaHHOM 1eyoM uHCAe N HJH B €ro uesoll YacTH CORepMHTCA
m wmidpp. Tak Kak camoe MaJjioe LeNIoe 9HCJO, Coaepakaluee m nugp, ecib 1
C in— 1 HyJafMH, TO MO#XeM HaNHCaTb HEPaBeHCTBO:
m— 1 Hynek m nynaei
P ———————
1000...0<N<1000...0
H, CJeJIOBATeJBHO, .
m— l<lgN<m,
a no’ToMy
IgN=(m—1)40, ...
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3naunT, xapaxrtepHcTHka lg N pasgna m — 1.
Mul sHIHM, TakHM 0GpasoM, HTO:

XapaxTepucTHKa aorapudma UEAOro HAM CMEINAHHOTO YMCAA COAEPHHUT CTOILKO
HONOMHTEALHHIX efHHHI, CKOMLKO Lupp B uenodl yacr uyuciaa Ges oxHOMR.

3ame-ma 9T0, MH MO:eM npaMo mucate: 1g7,205=0, ...; 1g83=
=1 lg7204 2,...nT. I

11) BostéM HECKOJbKO NEeCHTHUHBIX npobell, meHsmux 1 (1. e. uMe-
jomux 0 peanx): 0,35; 0,07; 0,0056; 0,0008 u 1. m.

QueBnano, 4TO CnenoBaTe/NbHO:
0,1<0,35 < —1<1g0,35 < 0
0,01 < 0,07 <« 0,1; —2<1g0,07 < —1;
0,001 < 0,0056 < 0,01; — 3 < 1g0,0056 < —2;
0,0001 < 0,0008 << 0,001. —3‘< lg 0 0008 < —-3

TakuM o6pa3oM, KaXIbi# H3 STHX IOrapuPMOB 3aKMIOUEH MENIAY ABYM:A
LeJBIMH OTDHLATE/NbHBIMH YHCAAMH, DA3/IHYAIOLIMMHCA HAa ONHY eNNHHIY,
NOSTOMY KOXKIKH H3 HHX DABECH MEHbIIEMY H3 3THX OTPHLATEIBHHX WYHCES,
YBEJIHYEHHOMY Ha HEKOTODO€ NOJOXHTENBHOE YHCJIO, MEHbLIEe eNMHHIIH.
Hanpumep, 1g0,0056=— 3+4-0, ... . [IpeanonoxuM, uto BTOpOE Ci1a-
raemoe Oyzaer 0,7482. Toraa .

1g 0,0056=— 30,7482 =— 2,2518.
Taxue cymmn, xak — 3-1-0,7482, cocrosiuve H3 Lenoro OTpHUATENb-

HOTO YHCJAA M NOJOXHTENTLHOH HAeCATHYHOR NPOOH, YCJAOBHJHCH NPH J0-

rapudMHUECKHX BBHIYMCIEHHSIX NKCATh COKpalEHHO Tak: 3,74821), T, e.
CTABMTH 3HAK MHHYC RaJl XapaKTepUCTUKON ¢ IeJNhI0 MOKa3aTh, 4TrO OH
OTHOCHTCA TOABKO K XaPaKTEPHCTHKE, 2 He K MaHTHCCE, KOTOpPas OCTadrcs
nonoxuTensHolt. Takum o0pa3om, H3 NPHRENEHHOM BHIe TAGMUYKH BHIMO,
4TO

1g0,35=1, ...; 120,07 =2, ... ; 1g0,0008=14,

m uyned

e —

IMycrs Boo6me A=0,000...0aB.., ecyb JecuTHyHa® Jpobb, Yy KOTOPOH
nepej nepBoil  aHavamed UHQPOA @ CTOHT /. HYJNeH, cuHTas B ToM 4nchae HO ue-
aux. TOTAA OYeBHINO, YTO

m nyneft m— 1 nyjef

. — .
0,000. . .01 <A< 0,000...01.
Caenopatensso:
m uyaeft m — 1 uyneit

120,000...01<1g A<1g0,000...01,
—m<lgA<—(m—1)
Tak Kak #3 Asyx umcens: — m ¥ — (m — 1) MeHbliee eCTh —m, TO
1IgA=—m+40, ...
U (O3TOMY XapakTepHCTHKA g A paBHa — m (IPH MOJOMHTENLHOX MaHTHCCE).

1) Takoe 4YMCJHO YHTaeTCA TaK: 3 C MUHyCOM, 7482 AeCSATHUTHICAYHBIX.
»
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Xapakrepuctnka aorapadma necaruunoft npoGn. Mem.uxei I, copepwur B cele
CTOALKO OTPHLATENbHLIX CAMHHIN, CKONhKO HYJel B NAHHOW Accgncnloﬁ ofi apo6u nepen
nepsofi sHauvauret uudpohi, cunras M 0 YeablX; MAHTHCCA XK€ TaKOTO AOrapHpma
NONOXHUTENbHA.

e) YMHOXuM Kakoe-HKOYLb uncao N (nenoe uan npo6HOe — BCE PasHO)
Ha 10, wa 100, va 1000, ..., BooGue Ha eawHHny ¢ HyaaMu, IlocMoTpHM,
kak or aToro uamenutca IgN. Tak kak norapudm npomsseieHus paseH
cyMMme JaorapudMOB COMHOXHTeNREH, TO:

lg(N-10)=1gN+ 1g10=I1gN-+1;
Ig(N-100)=1g N+ 1g 100=Ig N+2;
lg (N-IOOO)=1gN+Ig 1000=1gN+3 u 1. 1.
Korza x g N mu W HeN0e YHC/IO, TO 3TO YHCIO

YREMUUHBAET JIHLIB "xapaxgg_%ﬂ;rux a He manthccy. Tak, ecan IgN=
=2,7804, to 2,780441 04--2= 47804 H T. I.; HIK

ecn Ig N=3, m—j—r—z 5649; 3,5649-12=1,5649 u 1. n.

IToaromy: _—

Qr1_ymHomenms wmcaa Ha 10, 100, 1000, ..., Boo6ume Ha eAMHRLY C HYJIAME,
MauTHcCA Jiorapudma ne nsMenneTca, 2 XapaKTEPHCTHKA YBCJHYMBAETCA HA CTOABKO
€AHHHU, CKOJbXO HYAEH BO WHUKHTENE.,

[Tono6HO 3TOMYy, MPHHSB BO BHHMaHWe, 4TO norapudM YacTHOroO PaBer
norapudMy nmeaumoro Ge3 norapudpma NeaHTeNR, MB NOSYUHM:

lgg=1gN—1gl0 =IgN—1;
=lgN —1g100 =IgN — 2;

~1gN—1g1000=I1gN —3 n 1. m

Ecau YCNAOBHMCA NPDH BHYHTAHHH LEAO0r0o 4YHCIa H3 norapucbma BRIUU=
TaThb 3TO lLeJoe HHC/AO BCerna H3 XapaKTEePpHCTHKH, 2 MAHTUCCY OCTaBAAThH
Gea H3MEeHCcHHAA, TO MOXXHO CKas3aTlb, 4TO

OT feneHus YHCNA HA EIMHWIY € HYJSMH MaHTHCCa JorapHjma He HM3mMeHscTcs,
2 XapPaKTEPHCTHKA YMEHBITATTCN—MA TTOABKO EIHNHL, CKOAbKO Hyaeil B pejuTede.

110. CaenctBug. a)mca JoraputmMa JAecsATHYHOro uMcJHa
HE H3IMeHseTCs OT €HHs B 9NCHAE 3anfAToH, HOTOMY \TO nepe-
HeCeHHE 3anfToA pﬁ%wm Ae/ieHHI0 Yncaa Ha 10,
100, 1000 » t. n. Taknm o6pasom, norapudms uncea: 0,00423; 0,0423;

4,23; 423 oOTAMYAOTCA TONLKO XAPAaKTEPHCTHKAMHM, HO He MaHTHCCaMH
(TIPH  YC/OBHH, YTO BCE MAHTHCCH NMOJIOXKHTE/bLHH).
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6) ManTHcenl JorapH(MoB uuce], HMEIOWHX OJHY H Ty Xe 3Ha-
YAy 4acTb, ONHHAKOBH; Tax, Jorapupmm uncex: 23; 230; 2300;
23 000 OTANYAIOTCA TOABKO XapaKTePUCTHKAMH.

3ameuanue. VI3 yxazanuelX CBONCTB eCATUYHBIX NTOrapHPMOB BHIHO,
YTO XapaKTepHCTHKY noraprdma A000T0 JAHHOrO YMCAA MBI MOXEM Ha-
XOAHTh 6e3 nomowM Tabaulk (B 3TOM 3aKJa04aeTcs 00Jblloe yaoOCTBO
IeCATHYHLIX norapudMoB); BCIeLCTBHE 3TOro B AorapudMuyeckux Tabiau-
LaX MOMEIIAITCH TOAbKO OJHH MAHTHCCBI; KPDOME TOT0, TaK KaK HaXOX-
LeHHe NOTapHdMOB APOGEeR CBOAMTCA K HAXOKIECHHKIC NOTapUPMOB LEABX
uncen (morapudm ApoGH pasHIeTCHA JdorapudMy uucaurens Gea jorapudma
3HaMeHaTens), TO B TaGiMUAX NOMEIIAIOTCA MAHTHCCH J0rapHdMOB TOIBKO
LeJBIX uHCel.

Ynpaxcrenas,
189. HafiTu xapakTepHCTHKH JAeCATHUHBIX morapHMOB cieaylomux umucen: 3;

38; 382; 3824; 3,12; 37,2; 56315,726; 57—%—; 34853.

190. UeMy paBHH JecaTuuHble JorapudMe caenywomux apoteft: 0,1; 0,01;
0,001; 0,00001; 0,0000001? -4 .

191. HafiTH xapakTepHCTHKH JecATHYHBIX J0rapuMoB cCaeiyiomux Apobed:
0,36; 0,183; 0,02; 0,0036; 0,00056; 0,00000378.

192. Hano: g 2=10,301;1g 3 =0,477; 1g 7 = 0,845. 3uas 510, BHUYUCIUTD JeCHA-
THuHBle JorapidMu Auaa nepokix 10 HaTypaabHHX uHCes. -

193. Tlo manuuMm 1g 2==0,30103 u 1g 3 = 0,47712 suruucants 1g 0,0015 u 1g 750.

194. Croabko unpp B gHcae 2100, ecan 1g,,2 = 0,30103?

M. ¥Ycrpoiictso u ynotpeGaende Tabaui,

111. Cuctema Jorapudmos. Cucremoft snorapudmMoB HasnBaercs
COBOKYMHOCTb JIOrapMgMOB, BBIUMCAEHHHX IS PAAa MOC/AEfOBATEAbHHX
HeABIX YHCeA A0 OXHOMY M TOMYy 3Ke OCHOBaHHIO, YnorpeGHTrenbHE JBe
CHCTeMBI: CHCTEMA OOBbIKHOBEHHOIX, WIH JeCAMuLtblX, N0TaPHGMOB, B KO-
TOPHX 32 OCHOBaHHe B3ATO YHc/10 10, M CHCTEMA TaK HA3HBAEMHWX HaMy-
panbHbLX NOTApHGMOB, B KOTOPHX 334 OCHOBaHHe (MO MPHYHHAM, KOTO-
phie YACHSIIOTCS B BHICIUEH MaTeMaTHKe) B3STO HMPPALMOHAIBHOE YHUCIO
2,7182818... Ins BhiuHcAEHHH YIOTPEGAAOTCA NECATHYHBIE JOTapHMBI
BCAEACTBHe TeX yJoGCTB, KOTOphle ObAM HaMH ykasaHwm B § 109, 110,

HatypanbHble orapindMbl HasHBaIOTCA TaK¥e HENEPOSLIMU, IO HMEHH
usoOperaTens A0rapudMOB MIOTJAHACKOro MaTemaTika Henepa (1550—
1617), a necatuudsle jorapudmu — 6pU22086IMU, IO WUMEHH TIPOdeECCcOpa
Bpurra (coBpemennnxa v ppyra Hemepa), BnepBole COCTABHBIUEFO Ta-
O/MIEl 3THX J0TapHOMOB 1),

1) JJomxHo, .OHAKO, 3aMETHTh, YTO HCIEPOBB! JOrapH¢Mbl He TOMJIECTBeHHL!
HaTYPaJIbHEIM, 3 TOJBKO CBS3aHH C HHMH HEKOTOPHIM COOTHOmeHHeM. Brnepshe
HaTVpaJsbHbIE JorapHdmel CuMIiH BBeJleHn nocse cueptn Hemnepa, 8 1619 r.,
yauTeneis Marematakn B Jlongose I ko nom Cne fi e ne M B cuenyomen,
1620 r. weedluapen B p r n onyGaukoBan cBou Tabiauubl, COCTABJEHHLIE HM He-
sapHcamMo ot Hene p a.

3averuM, 4TO B 1914 r. HenmonuHaock TPEXcOTJetHe H3OOpeTeRMs  JorapHdg-
MOB, TaK Kak Tabinun Hemepa Geith MM onyGJukosanh B 1614 r. (noj HasBaHHeM
«Mirifici logarithmorwn canonis descriptios).
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112. Iipeo6Gpa3osaHHe OTpHiuaTeNbHOro Jorapupma. Mu BuaeaH,
4yTO norapudMs yMCes, MeHbUIMX 1, OTDHUATENbHH. 3HAYHT, OHH MOTYT
6BTh TpPeNCTaBJIEHH NPH NOMOIIY _OTPHIATENLHHX AGCATHUHHX ApoGett.
Takue norapupMer Bceraa MQ)gjm__npg_o_QpaaQBth TaK, YTO y HHX MaH-
THCCA OYIeT NOAOHCUMEABHAA, A _XADAKTEPUCTHKA OCTAHETCH OTpHua-
TeJbHOR. I/ 3TOTO AOCTATOYHO NPHOABHTH K MAHTHUCCE TOJIOKMTEABHYID
eQUHHUIlY, @ K XapDaKTepHCTHKe — OTpHLATeNAbHYI0 (0TYerc, KOHEYHO, Be-
nMHY¥Ha dorapudma Be u3MeHWTCs)). Ecax, Hanmpumep, MH HMeeM Jora-
puchm —?,0873, TO MOXHO ero npeo6pa3oBaTb Tak:

—2,0873=—2 —1+4+1-—0,0873= — (2-+1)4-(1 —0,0873)=
=— 340,9127,
HIIA COKDPAEHHO:

— 141 —
—2,0873=—12,0873=3,9127.

O6paTtho, BCAKHI A0rapHdM C OTPULIATE/IbHOR XapaKTEPHCTHKOM M ro-
JOXHTENILHOH MAaHTUCCOR MOXHO MpPEeACTABUTh NPH NOMOLIH OTPHLATENLHON
HeCATUUHOH ApOOH. JJs 3TOro IOCTATOYHO K TMOJNOXHUTENBHOA MaHTHCCE
npubaBHTb OTDUUATENbHYIO €IMHHLUY, a8 K OTDHHATeAbHOR XapakrepH-
CTHKE — MOJOXUTERALHYIO 1); TaK, MOXHO HANUCATh:

— +1-1
7,8302= 7,8302=— 6,1698.

113. Onucanue dYeTHPEX3HAYHBIX TAGJIHI H NOJL30BAHHE HMH.
Ilna peureHns OGONbLIMHCTBE NPAaKTHYCCKHX 3ada4 BMNOJMHE HOCTATO4YHH
yeTHPEX3HAYHEIE TaG/Iuubl, OOpallieHHe C KOTOPHIMH BeCbMa MpOCTO ).
HeGoabias 4acTb Hx (A1 OOBACHEHHS PACMOMOMEHMs) HaneyaTaHa Ha
cledyoielt crpaHHue. B HHX coaepxaTcA MaHTHCCH JIOTapH(MOB BCeX Ue-
AeIX 4unces oT 1 mo 9999 BK/IOYNTE/NLHO, BHIYHCJACHHBE C YETHPbMA fe-
CATUYHLIMH 3HAKAMH, NPHUYEM NOCAeIHHH H3 3THX 3HAKOB yEBeJHYeH Ha |
BO BCEX TeX CAyyasx, xoria 5-# mecATHUHHHM 3Hax HNOMKeH 6ba Gb OKa-
3aTbCH O wiaM Gonee 5; Clel0BaTEJAbHO, HeTHPEX3HauHble TaGJHUBI HAIOT

" 1
ﬂpHGJIM)KEHHble MAHTHCCHN € TOUHOCTBIO JO 53 OeCATHTHCAYHONR noau

(C HelOCTaTKOM WAH C H3GLITKOM).

1) [as BHINONHEHHA 3THX npeobpa3oBaHuil npuxogurca npubasuts +1 B —I1:
OAHMO H3 3THX UYHCeJ — K XapaKTepHCTHKe, a Apyroe — K MaHTHcce. Yrobul He owin-
O6HTLCHA, K ueMy NpHOaBHTh -1 H K ueMy —I1, nonesHo scerja ofpallaTe BHUMa-
HHe Ha MaHTHCCY 3aJaHHOrO JiorapHdMa H paccyAaTh TaK: NMYCTb B 3aJaHHOM JOFa-
pudme ManTHCCa OTPHUATe/bHa, 8 HARZo e€ caesaTh MOJIOKHTELHOH; Torpa K Heit
caeiyer npubaBHTe -+1, @ NOTOMY K XapakTePHCTHKE Halo npuGasuTs —I1;
mycTh B 3aaHHOM JorapHdpme ManTHcca OyleT MOMOKHTENBHA, a Hajo €€ chesaTh
OTPHILATENbHOH (Bech JiorapHPm RoJ/kes OHTb OTPHIATe/lLHHII); Torxa K Heil cae-
Ayer aobaeute — 1, a, cnefoBaTeNbHO, K XapaKTePHCTHKe +1.

%y B cayuasax, TpeOylOmMHX 60Jbii0h TOYHOCTH, TOJB3YIOTCA MATH3HAUHLIMK
TAGIHUAMI M HHOLRA CeMH3HAUHWMH (HanpuMmep, «JlorapHdMmIiiyeckH-TPHIOHOMETDH-
yeckoe PyxoBoAcTBO® eopra Ber a). Cuoccl No/Mm30BaHUA TAKHMH TaGaHLAMH
06BbACHEH BO BBEJEHHH K HHM.

9 Aare6pa, u. 11, 117



MasnTtuccent aorapudmos.

NP O i 2 3 4 5 6 7 8 9 ‘123 456’789’

50 16990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059. 7067

123345678
5117076 | 708417093 17101 |7110|7118 {7126 |7135|7143|71521123{345/678
5217160 | 7168|7177 |7185| 7193|7202 7210 |7218(7226!7235|122(345|677
53| 7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292,/ 7300 [ 7308 | 7316 {122{345|667
541732417332 7340} 73481 7356 | 7364 | 7372} 7380 | 738817396 | 122|345667

55 — | — | —

Tak Kax XapakTepHCTHKY JorapHdMa LeaOro 4HCiAa HIH HASCATHYHOR
ApoGH MBI MOKEM Ha OCHOBaHHM CBONHCTB JECATHUYHHX /OrapudpMOB npo-
CTABHTb HENOCPEeACTBEHHO, TO B TaGMHIIAX NOMELIEHH TOJIBKO MaHTHCCHL;
NpH 3TOM HALO NOMHHTH, 4TO MOJOXeHWe 3amsiTOR B HNECATHHUHOM YHCIe,
a TaKXe YHCI0 HyJdeH, CTOSIIMX B KOHLE YHCIA, He HMEET BJIMSHHMA Ha
BEJIHYUHY MaHTHCCH. [103TOMYy NpH HAXOXIEHHH MaHTHCCH [0 JaHHOMY
YHCAY MH OTOpDAaCHBAEM B 3TOM UHC/Ie 3amATy0, & TaKXe M HYJIH Ha
KOHIle ero, eClH TAKOBHE eCTbh, H HaAXOJHM MAHTHCCY JOTapudMa LeaOro
yucaa, o6pasoBaBuierocs nocae sToro. IIpy 3TOM MOryT npeacTaBUTLCH
CleNyIOUHe ClyyaH:

1) Lenoe wucro cocmoum u3 mpéx yugp. Hanpumep, nycrs Hano
HaltTy MautHcCy aorapudmMa uucaa 536. [lepsuie ase UMPPE 3TOro uMcAa,
T. e, 53, HaxoauM B TaGaMIAX B NEPBOM CJAEBA BEPTHKAILHOM CTOJOLE
(cM. Tabauuy, HamevaTaHHylo Ha 3Tof cTpauuue). Hattas uucno 53, npo-
IBHTaeMCsl OT Hero MO TOPH3OHTA/NLHOH CTPOKe BMPABO IO fepeceyeHus
3TO# CTDOKH C BePTHKAJLHBIM CTOJ6IOM, IDOXOJAUIHM Yepe3 Ty H3 KD
0, 1, 2, 3,..., 9, nocrasieHHHX RaBepXy (¥ BHHU3Y) Tabauuwf, KOTOpas
npexcrapaser coGo# Tperpi0 HUPPY AAHHOIO YHCAA, T. €. B HAIEM NPH-
mepe uudppy 6. B nepeceuenun noayumm mautuccy 7292 (r. e. 0,7292),
npuHafexaulyo norapkpmy yucaa 536. Tono6Ho sTomy, And aorapudma
yucaa 508 nadngm mautnccy 0,7059, nas norapudma uncaa 500 zahadm
0,6990 n 1. n.

2) Lieace uucao cocmoum u3 98yx uau u3 odnod yugppw. Torna
MGIC/ICHHO MPHNMCHBAEM K 3TOMY YHCIY OfMH WX Ba HYJAS M HAXOIUM
MAaHTHCCY IUts JIorapH¢Ma 06pa30BaBIIErOCs TAKUM 06pa3oM TPEX3HAYHOFO
uypcna. Hanpusep, ¥ uncay 51 mpunuceiBaeM OAHH HyJAb, OTYEro TOJNY-
yaeM 510, n Haxonmm mauTuccy 7076; K uMcay 5 npumHCHBaeM 183
Hyas ¥ Haxommm Mamticey 6990 u T. A

3) Llesoe wucao supasxcaemces semupsus yugparu. Hanpumep, Hano
HafiTH maHTHCcy 1g 5436. Torna cHauyana HaXOMWM B TAGAHIAX, KaK GbLIO
cefluac yKasaHO, MaHTHCCY IJf JorapugMa 4ncjia, H3oGpaxEHHOro mep-
BMMH TPEMA UA(pAMU AAHKOTO YMCaAa, T. €. 118 D43 (312 MaHTHCCa 6yner
0,7348); sarem npoasuraeMcs OT Ha#IeHHOH MAHTHCCH 710 TOPH3OHTAML-
HOH CTPOKe HanpaBo (B NPaBY0 4acTb TaGaHUB, PacMONOXKeHHYIO 3a
KUPHOH BEPTHKAILHOH YepTOft) KO MepecedeHUs C BEPTHKAIBHSIM CTOJAGLOM,
npoxomdluM uepes Ty u3 uudp: 1, 2, 3,..., 9, crosmmMx HaBepxy
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(4 BHH3Y) 3TOH wacTH TabnMUH, KOTOpPas NpeACTALifAeT COGOi UeTBEPTYIO
uMdpy AAHHOTO uYuCAa, T. €. B Hamem npuMepe uudpy 6. B nepecedenun
HAXOAUM TIONPaBKy (YHCAO 9), KOTOPYIO Hado NPHUIOXHTL B yM€ K MaH-
tHece 7348, uTo6w nmoayuuth MaHTHCCY norapudma uwcna 5436; M mo-
ny4duM, Taxum oGpasom, MaTtHccy 0,7353.

4) Llenoe uucao supasxcaemcs namsw usu Goace yugppamu. Torna
oT6pacuBaeM Bce LMABPH, KPOMe IEPBHIX YeTHIDEX, H GepéM NMPHOIUMEH-
HOe 3HAayeHWe B BHJE YeTHPEX3HAUHOIO UHeNAa, TIPHUEM TOCHEXHIONN HUHPpY
3TOr0 4YMCAa YyBedHuMBaeM Ha 1 B TOM cayuae, Korja or6pachiBaeMas
natag uudpa uucaa ectb b uan Goaeme 5. Tak, BmecTo 57842 mu Ge-
pém 5784, mmecto 30257 6epem 3026, smecto 583263 Gepem 5833 u r. n.
HOns norapndma 3TOro OKPYIAEHHOTO HETHPEXSHAYHOTO YHCAA HAXORHM
MaHTHCCY TaK, Kak GhuIO celiuac OGBACHEHO.

PyKoBOACTBYACh 9THMHM yKasaHusaMH, Hafingm mjas npumepa Jorapudmul
CHAeAyIOUYX YHCeN:

36,5; 804,7; 0,26; 0,00345; 7,2634; 3456,86.

[lpexpe Bcero, He ofpawasick MokKa K Tabauuam, NPOCTABHM OLHM
XapaKTePHCTHKH, OCTaB/IA% MeCTO [/ MAaHTHCC, KOTOPHE BHNHIIEM NOCae:

lg 36,6=1,...; 120,00345 =3, .. .;
1g804,7=2, ...} Ig 7,2634 =0,...;
lg 0,26=1,...; Ig 3456,86 =3, .. ..

Janee mo taGaiuaM BHCTaBAAEM NpsAMO MAHTHCCHIS

lg 36,5=1,5623;  lg0,00345=3,5378;
1g804,7=2,9058  1g7,2634 =0,8611;
lg 0,26=1,4150;  lg3456,86=3,5387.

114, HUnrepnonupoBaHue. B HeKOTOPHIX YeTHPEX3HAUHHX TaGAULAX
NONpaBKH Ha HeTBEPTYIO UMDY NAHHOIO YHCJ/A He NomelleHH. Mimes meno
C TaKMMM TaGJHLAMH, TPHXOIMTCH FONPABKK 3TH HAXOAWUTH MPH IIOMOLIH
NMPOCTOTr0 BHUMCIAEHHKA, KOTOPOE MOMKHO BHIMOJIHATb Ha OCHOBAHHMH CJIELYIO-
UIErO MOJIONEHHUA: ecau yHcia npesocxonaT 100, a pasHocTH MexLy HHMH
menbite 1, To 6e3 uYyBRCTBUTE/NLHOR MOrPELIHOCTH MOXHO TNPHHATH, YTO

Pa3HOCTH MeXAY JorapamMamMu [OpOMOPUHOHAIbHB  PA3HOCTH
MEX]Y COOTBETCTBYIOWUMH HHCJAMH ).

1) PaccMaTpHRan rpaHk JorapHoMHueckol GYHKUHH Y = [0g,0x (§ 103), Mp
3aMeyaeM, 4TO Jaxe jmas uKHcen HeGoabmAX (Ranpumep, s uHcex or 3 xo 10)
rpadHK oyeHb Majo OTANYaeTCA OT npaMof JuHHH. Ecsau 6Bl 5TOT rpagpHx nporos-
XHTb Hanpaso agaa uncea oT 10 go 100 (1. e. wa 90 eamHHU AMMEBl BRONMB OCH
X-0B), TO OPAHHATEI BO3pOCJH OB TOABKO OT 1 N0 2, Takkak Ig 10=1_al1g 100 =2;
OpH  nanpHefilneM ero MNPONOMXKeHHH and uwHcen or 100 no 1060 (T- e. Ba
900 eaHBHI AJIMHB) OpJUHATH YBENHUH/JHCH OH CHOBa TOABKO Ha | equuHuy. 3Ha-
yuT, AAS qnces, Goaburnx 100, 6e3 yyeCTBHTENbHOH OMBGKH MOXHO HNPHHENTH, YTO
rpadHk GyHKIME Y == log,,X¥ cOBnanasT ¢ npsaMoAi. Ho NONYyCTHTE 9T0 — 3HAYHT
APHUATh, YTO JJA TAKHX 4YHCe] MPUPAWEHHA OPAHHAT NPONOPUHOHANBHBI NpHpaIle:
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ITycts, Hanpumep, Hado HaHTH MaHTHCCY Jgorapudma yucna 5367,
ManTHCCA 3Ta, KOHEYHO, Ta Xe caMad, YTO M 1Ja aorapudma uucaa 536,7.
HaxonumM B Tabnumuax png norapudbma uucna 536 wmantmccy 7292,
CpaBHHBas 3Ty MaHTHCCY € cocenHe#t snpaBo Mautucco# 7300, coorser-
crByoell uucay 537, MbH 3aMeyaeM, YTO eCAH 4YHCA0 536 yBenuuutcs
Ha 1, To ManTHCcCa yBeanudTca Ha 8 mecATHTHICAYHBIX (8 eCTh TaK HaswiBae-
Mag mabAau4Haa pasHOCMb MexAy ABYMst COCEJHMMH MAHTHCCAMH); €CaH
#e uucno 536 ysemmuurca Ha 0,7, TO0 mMamTHCCAa yBenMuMTCS He Ha 8
IeCATHTHCAYHLIX, @ HA HEKOTOPOEe MeHbLee YHC/IO: X AECATHTHICAYHHX,
KOTOPHIR COrJIaCHO NONYLIEHHOR NPONOPIMOHANLHOCTH HOJIMEH YHOBJe-
TBOpATL npomopunn x:8=0,7:1, orkyma x=8.-0,7=5,6, uro no
OKpYI/ICHHH COCTaBnAfeT © AeCATHTRICAYHHX. 3HAYWT, MAHTHCCA AJS JO-
rapupma uucna 536,7 (u, cnemomarenvHo, s uucra 5367) Gymer:
72924+-6=7298, . e. 0,7298.

3aMeTHM, YTO HaXOXAEHHE 10 MABYM PAAOM CTOSIMM B TaGAMuIax
YHCaM TPOMEXYTOYHOTO YHC/IA HA3bIBAETCA UHHIEPHOAUPOoBaruem. VnTep-
NOJMPOBAHHE, OINUCAHHOE 3MeCh, HA3EIBAETCA IMPONOPUYUOHAALHBIM, TaK
KaK OHO OCHOBAaHO Ha [ONYLIEHHH, YTO W3MeHeHHe Jorapugma nponop-
UMOHANBHO HM3MEHEHHIO uHcaa. OHO' HA3HBACTCA TaKXe JAUHELHbIM, TaK
KaK npennoJsiaraet, uto rpaduyeckn MaMeHenue jaorapupmuueckod yHK-
LMK H300paxaeTcs NPAMOR auHHeH,

115. Tabaunpl aHTHAOrapudMoB. [l HAXOXAEHHA uHCAA MO HaH-
HOMY JOrapH(My MOTYT CAYKHTb Te Xe TabJuiL, NO KOTOPHIM OTBICKH-
BAaJOTCH MEHTHCCH JOrapudMOB HaHHBIX YHCesl, HO yAOGHee MOJb30BATHCS
ApPYyrUMHA TaGMMIAMH, B KOTOPHX NOMELEHH T4K HAa3bIBaeMble AHMUN02d-
puchmor, T. e. UNCJIA, COOTBETCTBYIOLIKME NAHHHM MaHTMCCam. HeGoabnas
4acTh MX moMelleHa Ha crpanuue 121 (ans ofbsicHeHus).

Hycre nana uernip&xaHauyHas Manrucca 2863 (Ha XapaKTepHCTHKY He
o6pailaeM BHHMaHHA) H TpeGyeTcd HalTH COOTBETCTBYIOLLEe LeJIOe YMCIO.
Torna, mMesa Tabauub! aHTHAOrapudMOB, HAAO NOJL30OBATHLCA MMM COBep-
IIEHHO TaK e, KaK Oblio paHblne OGbACHEHO AAA HaXOXIEHHA MaHTHCC
No IAaHHOMY YMCAY, 4 HMEHHO: NepBHe NBe UH(PDPH MAHTHCCH ME H2XOXMM
B NnepBOM caeBa croabme (TOUKa, CToawlas mneped umbpamu, saMeHser
co6oit 3anATyi0, OTAEJNAIOLLYIO IleJOe HHCAO JOrapHdMa OT MAHTHCCH).
3aTeM MOABUIaeMCs OT 3THX UKD NO FOPH3OHTANBLHON CTPOKE BNPaBoO
IO nepeceueHHs C BePTHKA/IbHBIM CTO/AOLIOM, HAYIHM OT TpeTbeH umdpsi
MaHTHCChl, KOTODYI0 HAlNO MCKaTb B BepxHel#t cTpPoKe (Mau B HHKAeH).
B nepecevennn naxoaum uernp&xsnaynoe yucao 1932, coorsercrsymomee
MaHTHcce 286. 3aTeM OT 3TOrO 4YMC/Aa NPOABHMFAEMCH fafjblie MO TOpH-
S0HTA/MBLHOY CTPOKE HAMPABO IO MEPEeCEueHHd C BEPTHKAJLHEIM CTOAOLIOM,
HIYILHM OT YeTBEPTOM LUQPb MAHTHCCH, DTY UMDY HALO HANTH HABEPXY
(vnu BHU3Y) cpeny nocTaBdeHHwx Tamuudp 1, 2, 3,..., 9. B nepeceué-
HHH MBl HAXOAMM MOMNpaBKy 1, KOTOpPYI0 Hano MpUAOMKHTL (B yMe) K Hafi-
IeHHOMY panbuie uyncay 1932, 4TOGH MOAYYHMTH YHCAO, COOTBETCTBYIOILEE
mauTicce 2863.

HHam abCuLuce, T. e., JIPYTMMH CIOBaMH, 4YTO pPa3HOCTH MEXXY JOrapudmams npo-
NOpPUBOHAADHA PA3HOCTH MexAY YHCJIaMH.
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Aurraorapudms

m| 0 1 2 3 4 5 6 7 8 9 {123{456(789

.25/ 1778 | 1782|1786 [ 1791 | 1795 | 1799 | 1803 | 1807 | 1811 [ 1816{011|222|33 4
.26/ 1820 | 1824 | 1828 | 1832 | 1837 | 1841 | 1845|1849 | 1854 | 1858 |011|223|33 4
.27/ 1862 | 1866 | 1871 | 1875 | 1879 | 1884 | 1888 | 1892 | 1897 { 1901 |01 1[223 (334
,zglgos 1910|1914 | 1919 | 1923 [ 1928 | 1932|1936 {1941 | 194501 1{223 /344
.20 1950 | 1954 | 1959 | 1963 | 1968 1972'1'97% 1982|1986 1991 [011]2231344
B — | === == =|=|=|=| ===

Taxum o6pasom, unciao sto Gyzer 1933. ITocae sTtoro, o6pamas
BHHMAaHME Ha XapaKTEPHCTHKY, Hago B uucae 1933 mocCTaBMTh 3anATyo
Ha HamJexalleM MecCrte.

IlpnBenéM HECKOJNBKO NPHMEpPOB:

Ecan 1g x=23,2863, 10 x==1933;

. lgx=1,28063, , x=19,33;

. lgx=0,2863, , x==1,933;

» 18x=2,2863, , x=0,0193;

» 18 x=0,2287, |, x=1,693;

. lgx=T1,7635 , x=0,5801;

. lgx=3,5029, , x=3184;

» 1gx==2,0436, , x=0,01106 u 1. m,

Ecau B ManTHCCe ykasaHo 5 uau Oonee 1mudp, To GepéM TOALKO mep-
BHe 4 uudpH, OTO6pacHBad OCTajbHble (W YBeMUYHBAS UYeTBEPTYIO UUPY
Ha 1, ecam naras uudpa ecth 5 uau Gosee). Hanpumep, BMecTo MaHTHCCH
35478 Gep&m 3548, Bmecto 47562 Gepém 4756.

116. 3ameuandne 00 HHTepnoJAHpOBaHHH. ITompaRKy Ha derBép-
TYI0 K Cjelyoume ULHPDH MAHTHCCH MOXHO HAXOJHTb H MOCPENCTBOM
nutepnonnposanus. Tak, ecnn Manrucca G6ymer 84357, To,. Hafad uyucaO
6966, cooTmeTCTRylOUIee MaHTHCCe 843, MH MOXeM pacCyxkaaTh xanee
TaK: e€CJAH MaHTHCCa yBeauuuTca (Ha 1 THCAYHYO), T. e. caenaercs 844,
TO YHCIO, KdK BMEHO M3 TaGJMU, YBeAUUYHTCH HA 16 emMHHL; eC/IM e Mawu-
THCCA yResNMUNTCS He Ha 1 (Thicwunyio), a Ha 0,57 (THICAYHHX), TO uNCIO
VBEJAHUHTCA HAa X ERHHHL, OPHYEM X JOJKeH YAOBAETROPATE MPOMOPIINH:

x:16=0,57: 1, orkyna x=16.0,67=9,12.

3uaunt, Hckomoe uwncao Oymer 6966-4-9,12=6975,12, wuau (orpa-
HHUYMRAACH TOJBKO 4YeTHIpbMs uudpamu) 6975.

117. JeiicTBua Hajl JorapupmaMy ¢ OTPHUATEJBHRIMH XapaKTe-
puctukamu. CioxeHWe H BblUHTaHHe JOTaDH(MOB He NpPENCTABAAIT
HHUKAKMX 3aTpyAHEHNH, KaK 3TO BHAHO H3 C/IEAYIOWNX IPHMEDOB:

Zo73¢ 38384 10384 0,002
& ,8302 5,8804 5,9630 4,5736
0,8036 7,7188 7,0754 3,4316
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He npencrasiseT HHKAKHX 3aTpYyAHeHHH Taxe M YMHOXeHHe Jora-
prdMa Ha NONOKHTENLHOE YHC/IO, HaNpHMep:

3,5837 2,4735
%9 x 34
22,2533 1 8940
14 205
16,0990
— 68
52,0990.

B mnocieaneM npuMepe OTIAEALHO YMHOXEHa MOJOXHTENbHAS MAHWTHCCA
Ha 34, 3aTeM OTpHLATe/NbHafA XapaKTepHCTHKA Ha 34.

Ecan norapudM ¢ OTPHIATE/NBHOH XAapaKTEeDHUCTHKOM H MNOMOXKHTeNb-
HOM MaHTHCCOH YMHOXaeTcs Ha OTPHLATEABHOE YHCAO, TO TOCTYHaIOT
IBOSIKO: WJH HNpEeABAPUTENbHO AaHHWH norapudm obpamarT B OTpHLAE-
TeALHLIl, HIH e YMHOXKAIT OTHAEJbHO MAHTHCCY M XapaKTEPHCTHKY H
pe3ynbTATH COENMHSIOT BMecCTe, HATIPUMED:

3,5632- (—4) = — 2,4368- (— 4)=9,7472;
3,5632. (—4) = + 12—2,2528 —9,7472.
ITpu nesieHny MOryT TpPeACTaBHTLCA ABa CAYy4Yasd: BO-NePBHIX, OTpHila-
Te/ibHas# XaPAKTEPHCTHKA NEJMHTCA Ha IEAHTENDb, BO-BTOPBIX, OTpULATE b~

Hasd XaPAKTePUCTHKA He JEeJHTCR HA JeJHTe/lb. B MepBOM Ciyyae OTAENBHO
Je/MAT XapakTepPHCTHKY H MaHTHCCY!:

10,3784 : 5=2,0757.

Bo BTOpOM ciayyae nNpHOaBAAIOT K XaPadKTEPHCTHKE CTOJALKO OTpHua-
TEALHBIX €AHHHU, YTOOH 06pa30oBaBlUeecA YHC/IO HAEMHAOCh HA JeaHTess,
K MaHTHCCe NPHOABASOT CTOALKO Xe MONOXKHTCHBHBIX eXMHHIL:

3,7608 : 8=(— 8-}-5,7608) : 8=T1,7201.

310 npeofpa3oBaHMe HAZO COBEpLUATL B YyMe, TaK YTO AeHCTBHe
pacnojiaraeTcs Tak:

'3,7608 :8=T,7201, unn 3,7608| 8
1,72Cl.

118. 3ameHa BbMMTaeMbIX Jorapu(Mmos cJaaraeMmbiMH. IIpu Bhiun-
C/ICHUH KaKOTO-HUOYAR CIIOXHOTO BHPaXeHHS C MOMOLIbLIO JOrapudmon
npuxonnrca HEKOTOpbHIE JlOl'alet)Mbl CKN1anbiBaTh, APYTrHe BHYHTATH; B
TAKOM Ciaydae npH OGBIKHOBEHHOM cnocobe coBeplieHHss NEeACTBHH Haxo-

AT OTHE/NbHO CYMMH CHAaTdeMBX NOrapucMOB, MOTOM CYMMY BBIUHTAEMBIX
H K3 NEepBOft CyMMnl BRUYUTAIOT BTOPylo. Hanpumep, ecnu nMeeMm:

1g x==2,7305 — 2,074043,5464 — 8,3589,
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TO OOLIKHOBEHHO BHIMOJMHEHHE HeACTBHA PacnONOMHUTCR TaK:

L 27305 L BOM40  _0,2769
+3,5464 8,3589 6,4329
0,2769 6,4329 7,8440=1g x

ECTb, OAHAKO, BO3MOXHOCTL BaMEHHTb BHIUMTAHHE CJIOXMECHHEM. Tak:

— 3,0740=2 — 0,0740=1,9260,
-f4+1 —
— 8,3580 = — 8,3589=9,6411.
Tenepb MOXHO pacnoJIOKHTb BBRIUHCACHHC TaK.:

2,7305
1,9260

-+ 3,5464
9,6411
7,8440=lg x.

119. Mpumepw! BuYHCIEHAR ¢ nomoyblo aorapudmos,
[lpumep 1. BoluHcauTe: BHIpameHHe:
,\,_-_-.?____M‘B‘
c.y D’
ecan A=0,8216, B=0,04826, C=0,005127 u D=7,246.
Jlorapudmupyem naHHOe BHIPAKEHHE:

lg x=—lg A+4 1g B— 31gC — - IgD.

Teneps nja KH36eKaHHA M3AWILHEH NMOTEPH BpPEMeHH H 1S yMeHbIne-
HUS BO3IMOMNHOCTH OWHKGOK NpemAe BCEro PAacloJOKHM BCE BHUHCIEHHS,
He UCNONHAS fIOKa HX H He OO0pallianch, CJaelOBaTeNbHO, K Tab/JAHLAM:

]gA=1g0,8216 =:£,.....- __;_lgA=
lg B=1g0,04826 =2,...... 4 1gB=
lg C=1g0,005127 =3,...... —31gC=
3gC. .. .. = — - lgh=
lgD==1g 7,246 =0,...... =
1 gx=
§lgD° e e e = Xzm
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ITocae sToro Gepém TaGAHLKH H NPOCTaBAseM NorapudMbH Ha OCTaB/AEH-
HbIX CBOGOJIHLIX MecTax:

1g B=1g 0,04826 =3,6835 e
1gC=1g0,005127=37099 | _ %8 B=5.7540
31gC . . . . . =7,1297 | T BET>
Ig D=1g 7,246... =0,8601 | — 5 1gD=T1,7133
LgD . .. .. =02867 Ig x= 1,801
x=19,45

Mpumep 2. Bruncants: x=(— 2,31)3}/ 72=— (2,31)3}/72.
TaK KaK OTPHLATE/NLHbIE UHCAA HE HMEIOT JIOrapH(MOB, TO NMPEABAPHTELHO
Haxoaum x’ =(2,31)% V72.

lg ' =3 1g2,31 ¢ Ig 72.

Tocae suuncneHns oxawercs: x' =28,99, cienorartensno, x=— 28 99,

3
5 ,o— 4,
Npumep 3. Buuncants: =) v 8+ 3.
Cnaowroro n0rapHMHPOBAHHA 34eCh NDUMEHHTb HEAb3R, TaK Kak
NOA 3HAKOM KODHA CTOHT CyMMma. B noaoOHEIX cayuasx BEIUHCARIOT ¢op-

3 ‘
Myay no yacram, Cravana Haxomwm N=y 8, mnorom N,=y 3, namee
npocTeiM  ciaoxendeM onpenenseM N4 N; H, HakOHeu, BhuMCAnEM

i/’m-,; OKamercs:
N =1516; N;=1,316; N 4N,=2,832;
Ig x=1g V' 2,832=—- Ig 2,832=0,1507; x=1,415.
Ynpancrnenusn.

195. ¥ enenyiomux OTPHUATENALHHX JNOTAapDHQMOB CAENATH MABTHCCH NOJNOMKH-
reaphmMu: — 2,3783; — 1,0760; — 0,0058: — 5,6700.
196. Crenytomue norapdcduit npeBpaTHTb B OTPHNATENBHLE:

2,7359; 1,0803; 4,0760; 1,0023.

Haflte no TaGanuam JorapHpMbl CHERVIOUIHX YHCE:

197. 8; 26; 573, &55; 78; 7,414; 0,7557.

198. 5,634; 10,083; 0,207238; 0,00534.

Hafity 4Hcaa no CAefyloullM JOrapHgmam:

199. 2,8676; 1,3496; 0,0111; 3,1412,

200. 1,6628; 2,3114; 0,5100; 1,5806.

201. 3,7467; —1,0834; —0,6347; —3,9134.

(B Tpé€x upocnenuux upuMepax HaZo NPensapUTensHO npeolpasoBaTh sora-
Houn. )
P [Tpor3eecT chefyioulHe fedcTBUA BAJ NOrapadMamu:

2,7303. 1.5734, 2.0387
202. +{3.9683' + {'2.8430' + {1.7357-
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0,3756,
208. —{2'7 1o9; 2.7403x7.

204. 1,4018x9; 3,5612x36. 205. 3,5603%(—23); 12.6310: 4.
206. 3,0274:5; 2,5074:17.

B cnepyioulnx npliMepax BHIZHTaHHE 3aMEHHTb CJOMKEHIEM:
207. —3,2603; —7,5920; —0,4168.
208. —1,5609; —2,2754; —3,0406.

BuiurcaHTB ¢ DOMOMBIO JOrapHpMOB CJAEAYIOIHE BHPAKEHHAS:

209, 0,03714%; ¥ 0,3571; 3 235.8.

3 T 3y 5\

3.3 1 0,7361.0,03715
210. 2.y 17705; 1/ . 211 (2—); 2 [o02-4,U3729 |
V17 4 85.77 6 2.165-0,8717

3 p 3 fETEE
212. I/_MQ.“_; IV s 2 .l/'zls,s: 2,718~8, 142, ,
3,142-27,05 2 5

214. Cronsko uudp NOMKHO OhTh B qAcae 3307

1
215. Jlyu ceera, OpoXonf 49epe3 CTEKAAHHYIO NJIACTHHKY, TEpRer 10 92cTe
cBoeft HHTeHCHBHOCTH. Kakas wacTs HaYaJabHOR HHTEHCHBHOCTH OCTaHeTCs y Jayua,
Koraa oH npoAnér wepes 10 TakuX NNACTHHOK?
4
218. Busucauts o6néM wapa mo ¢popmyne V= —3-nR? ecnn R=5875
n = 3,142.

217. Buaucauts maoman, S TPeyrosbHHRA CO CTOPOHaMH a, b w ¢ 1o ¢op-
MyJae:

S=ypp—a)p—Hp—oc)

1
B KOTOpOfl p ecTb moaymnepUMeTp TpeyronbHHKa, T. €. p=—2—-(a+b+c). ecn

croponn Oyayt: 1) 6 cm; 8 cm; 9 cm; 2) 0,927 a; 1,135 m;, 0,575 m.
218. O6béM V nosnoro uHAMHAPA, y KOTOPOTO BHICOTA A. BRewHud pajuye
OCHOBAaHHA R n BHYTPeHHHN pamHyc r, BwpaxaeTCs ¢OpMyJsof:
V =x(RT —r3)

Buiynenuts V, ecnn R= 7430 M, r==42,63 m, h= 1328 m n == 3,142,

219. TIpORONKHTENLHOCTL QIHOFO MPOCTOrO Ka4aHHA MAnTHHKA (T. €. BpeMs,
B TeueHHe KOTODOTO MASITHHK NEpeXOLHT H3 KpafiHero npaBoro MOJOXKEHHA
B Kpafidee jeBoe) BHpa)aercs ¢opMynoll (eciH yroa OTK/JIOHEHHS ManTHHKA OT
OTBECHOR AHHHH He HNPEBOCXOLHT 3°):

= nl/ _l.

g

rne ¢ ecTh epeMs (8 CeKyHAAax), [-— AMHA MAasTHHKA (P CaHTHMETpPAax), g —
YCKOpEeHHe CHJIB TAMXECTH (B CAHTHMETDAX HA CEeKYHAY B KBaJpale)H m-— OTHOUe-
Hie JUIAHH OKPYXHOCTH K JHameTpy. Hafitw spems ¢ ecam (=100 ca,

cM
g= 981.5-;,;.—- Hw=3142

120. ¥YnorpeGaenwe naTH3HA4YHWIX Tabauu. Mas Gonee TOuHMX
BEIUHCJIEHHR yNOTPeGAAIOTCA NATH3HAUHEE TaOauOw norapudpmos. B sTux
Ta6IMLUAX AOrapudMbl YHCEa BHIYHCAEHH ¢ TouHocThto ao 0,00001 (sep-
Hee, ¢ rouHoctsio no 0,000005). Han6oaee ynorpeGurennuniMn aBAAIOTCSH
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tabmuuel, cocrapiednsie E, IIpxeeanscxkum. Jaaum xparxkue ykasa-
HHMA K [O/Ib30BAaHHIO HMMH,

1. Tleppas crpaHnma TaGanLL COREDKHT MAHTHCCH norapudmoB umcen
oo 100. Ho srtoft cTpaHuuef MOXHO He NO/L3OBATLCA, 2 HCKATh MAHTHCCY
Cpel{ MAHTHCC JOrapHMOB TPEX3HAYHHX uucen. Tax, uroOnm HaftTH
MauTHCcCy aorapudmos uucen 67; 6,7; 0,0067 u r. a., nuuyr cooreert-
CTBYIOILYI0 XapaKTePHCTHKY M HILYT MaHTHcCy Jorapugma uucaa 670.

2. Ilycrp 4MCAO HMeeT TPH 3Hakaluve HHOPbl. (HanoMHuM, 4TO HYJb,
crosamvit Mexiy 3HauamuMH IHQPaMH, NPHHUMAETCH TOMe 33 3HAYALLYIO
1mudpy.) Hinyr sTo yncj0 Ha COOTBETCTBYIOUIEH CTpaHHUIE B JIEBOM Kpa#-
HeM croabue (oH oGosHaueH GykBo#h N). B croabue, crosiuem pﬂnom nog
sHaukoM O HAXOAAT COOTBETCTBYIOILYIO MAaHTHCCY.

3. ITycth uuCnO uMeeT uyerhipe 3Hauaune uudpu. Uy B croadue N
YHCNO, COCTABAEHHOE MEPBHMH TpeMs LudPaMH AAHHOTO.

B ropmusonTanbHOM psily, B CTOJI0NE, COOTBETCTBYIOLIEM 4YeTBEDPTOH
mubpe AAHHOTO YHC/IA, HAXOIHM HCKOMYIO MaHTHCCY.

INMpumep. Hatrn lg 84,37. Xapaxtepucruxa pasna 1. ,

Hutem 8 cronGue N uncao 843, Mném ot 91010 Yucaa Bupaso. B cronbue
non uubpo#t 7 HAXOAMM COOTBETCTBYWOULy0 MaHtHcey 92619. Hrak,
1g 84,37 =1,92619.

4, ‘-Inc.no coxepxuT Gosee 4eTHpEX 3Havaumx uudp. BepéM umcro,
COCTABJIEHHOE NEePBLHIMU YeTHPLMA UMPPAMH, H HILEM ero MaHTHcCy. Hanbiue
HOCTYNaeM TaK e, KaK H B UeTHIPEX3HAYHBIX TAGMMLAX, T. €. HIH CO-
CTaBJIsleM NPONOPLHIO, HIAW NOJb3yeMCH TaOAHUKAMH, NOMEIIEHHBIMH B KpaH-
HeM npaBoM croiabue nox sHakom P. P. (partes proportlonales)

MNpamep. 1g187,367.

Hwem uucio 187 u B cronbue 3 naxomum Mautuccy 27254. Haxo-
IUM PasHOCTh Mexay cieaywlomelt mantucco#t u uaknennoit (raGmnunyio
pasHocts). Ona passa 23. B xpaltnem mpaBom croiabue nox uucaoMm 23
g uudpet 6 Haxomum 13,8 croreicsunbix none#t, ans 7 maxoxum 16,1.
BriuncneHns pacnomaraem Tax:

1873 27254
6 138
7 % 161
187367 2726941.

Hrak, g 187,367 =2,27269.

IV. [lokasareabnuble n Jorapudmiyeckne ypaBHeHUS.

121. Mpamepw ypasReHHil. [JoxasamesvHusu YDPaBHEHHAMH HA3H-
BAIOTCE TaKUe YPABHEHHWHA, B KOTOPHX HEW3BeCTHOE BXOAUT B NOKa3saTenb
CTCIICHH, 4 /zozapuﬁuurtecrcuuu—raxme, B KOTOPBHIX HEH3BECTHOEC HAXOOHNTCH
nojx 3HAaKOM Jjorapudma. Takue ypaBHeHus MOryT OLiThb DaspelllaeMH 3je-
MEHTapHHMH NpUEMaMH TOJbLKO B YACTHHX CAydYasaX, NPHYEM NPHXOAMTCS
OCHOBBLIBATBCA Ha CBOHCTBaAX JIOI‘apHCbMOB H HA TOM IIO/IOKEHHH, YTO €CJ]IH
YHCAAa PaBHH, TO PAaBHH M HX JIOTADUGMH H, OODaTHO, €C/aH norapuqmu
pasHH, TO DABHH H COOTBET(CTBYIOIIHE HM HYHKCJA.
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Npumep 1. Pewurs ypasnenne: 2¥=1024.
Jlorapudmupyem 06e 4YacTH ypaBHeHHMs:
_ . . lg1024 301030 ..~
x1g2=1g 1024; x= §2 = 0.30103 =10.
Mpumep 2. PewnTth ypasHeHne: a®* — a*=1.
Ionoxus a*=y, nOJAYYHM KBaipaTHOe ypashenue: y° — ¥ — 1=0,
OTKYyZa:

1+/ 5 1—) 5
yl= 2 ’ =h2 .

)
-

CnenoBaTeabHo,

1+ 5 1—y 5
X___ X . r
aF=—"7 o Q%= ———.
Tak xak 1 — V' 5 <0, 10 nocnemmee ypasHenne He MMeeT pelLuieHHit

(eci¥ @ — NOJOXHTENbHOE YKCJ0), a NepBoe Hadr:
_lg(1+V'5)—1Ig2
- g a ’

Mpumep 3. Pewnts ypasuenue: 1g(a+-x)4-1g (b+x)=1g(ci-x).

YpaBHeHHE MOXHO HAaNHCaTh TaK:

1gl(a+x) (b +x)]=1g (c+x).

‘Y3 paBescTRa JOTapU(MOB 3aK/AI0YaeM O DaBEHCTBE Yuce] MpH paB-

HHX OCHOBAHHMAX!

X

(a+x)(b+x)=ct+x,
3TO eCTbhb KBajApaTHOe ypaBHEHHe, KOTOpOe erk0 peliaeTcd.

122, Popmyna cCJOXKHBIX NpoOUEHTOB. 3aaada. B xaxywo cymmy
obpatuTca B Tedende [ JieT BkJaan 4 pyGnell, eClH OH €XErOIHO NPHHO-
CHT D CAOXHHX NPOUEHTOR?

T'oBOpAT, YTO HA BKJAl HAYMCASIOTCA CJOXHBE MPOUEHTH, €C/IH NpH-
HHMAIOTCH BO BHHMaHHMe TAK H43HBaeMble ,TPONEHTH Ha NMPOLEHTHY, T.e.
€CAH NPHYHTAOLIHECA Ha BK/JAL NMPOLEHTHHE MEHBFH NPHCOEIHHAIOTCH
8 KOHIle KaXAOro rojla K BKJAady /s HapalleHHs MX NPOLEHTAMH B Cle-
AyloulHe FOAH.

Kaxawit pyGap BK/I3J2, OTAAHHOIO 1O p NPOLEHTOB, B TeYEHHE ORHOTO

FOa TIDHHECET noxona-l—g—f) pybns, W, CJAenoBaTeNbHO, KawAbiR pyliab

seknaga uyepes 1 rom obBparurcs B l—{—%(—) py6as (manpumep, ecau
BKMa4 CchaesaH 1o 5%, TO Kamni,m py6Gan ero uepes roa obpaturca
8 l-{-%, T. e. B 1,05 py6as). O6Go3uaukB s KPaTKOCTH ApOOGH %@

onHo#t 6YKBOH, HANPHMED r, MOKEM CKa3aTb, YTO Kawiu# Py6abL BK/Aala
yepes roa o6paturci B l--r pyOGneft, creaoBaTenbHO, a pyOGned oOpa-
tatca gepes 1| ron B a(l-7r) pyGaeft. Emg uepes roa, T. e. uepes
2 roma OT Hayala pocTa, Kaxablft py6ab u3 3THxX a (1--r) pyGae#t o6pa-
THTCA CHoBa B l-}r pyGaelt; 3Haunt, Bech BKJIaA obparturcs B a (l47)?
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pyGaett. Taxum ke o6pasoM Hala¥M, uTO 4epes 3 ropa Bxnan Gyaer
a(l+r)3, uepes 4 ropma Oyner a(l<4r)4,..., Boobue depes t ner,
ecnd I — nenoe uncao, oH ofOparnrtcs B aq(l4r)* pyGaen. Takum
o6pazoM, 0603Hauue uepes A CYMMy JeHer, B XOTOPYIO OGDATHTCS BKIAN
yepea [ ger, GyLeM HMETb CAeAywuly:o (HOPMY.Ty CIOXKHBIX NPOLEHTOB!

— P
A=a(l +r), rne r=yg-

M3 sTo#t $OPMYJsl Jerko HaHTH mo6oe M3 ueTHpEX uucen: A, a, 7
(vnu p) m f, ecaM OCTajlbHbie TPH 3alaHBL.

Npumep. Mycts a=2300 py6., p=4, {=20 xer; Toraa:
—-i= M == . 20_
» L4r lg (1+r) 160 0,04; A=2300-(1,04)
lg A=1g 2300420 1g1,04=23,3617 -}

+20-0,0170=3,3617+40,3400==
= 3,7017.

3 1,03 0,0128372
31/, | 1,0325 0,0138901

—5031 py6is.
s, | 1,085 | 0,0149403 A pyGae

. 3ameuanus. 1) Batom npumepe Ham
3%/s | 1,0875 0,0159881 npumaocsk Ig 1,04 ymuoxute Ha 20. Tak
4 1,04 0,0170333 kak uncao 0,0170 ects npuGanxéunoe

1
anauenne 1g 1,04 ¢ rouHOCTHIO IO — He-

a7, 1,0425 0,0180761 2

. CATHTHICAYHOH HOJH, TO MPOU3BeHeHHe
44/, | 1,045 0,0191163 aToro uucaa Ha 20 GyNeT TOYHO TONLKO
437, | 1,0475 | 0.0201540 no%.:)o, T. e. 10 10 ZecATHTHICAYHHIX,
5 1,05 0,0211893 uau 0o oxHo#t Teicaunoft. Ilosromy B cym-

me 3,7017 Mu He MOXEM pyuaThbCH He
TOABbKO 33 UMDY HECATHTEICAYHBIX, HO
¥ 332 nubpy THCAYHEX. UYTOGH B NOXOGHBIX CIYYaAX MOXKHO OBLIO
NONYy4YHTb OO/ALIUIYI0O TOYHOCTb, Jyulle &I uHcaa 1-4-f Gpatb nora-
pUdMH He 4YeTHpEX3HAuHble, a C OOJBIUMM UYHCIAOM HH}pP, HANpHMED
ceMM3HayHne. [Jlnw sSTOH Henn MH OPUBOAHM 3Aecb HeGONBIUYIOD Ta-
644Ky, B KOTODOM BBIMMCAHH CEMH3HAYHHE JOrapueMBl A/ HEKOTOPHIX
sHaueHUH p.

2) dopmynoft CHOXKHEHIX NPOUEHTOB NPHUXONKTCS TIONB30OBATHCH HE
TOJMBLKO B (PMHAHCOBHIX BONpOCAaX, HO HHOIA M NIPH PellleHHWH 3ajad, Baf-
THX M3 E€CTECTBEHHBIX NPOLECCOB, HallPHMED NPH BHIYHCIEHKH YHCIEHHOCTH
Hace/IeHMs KaKoW-HHOydb CTpaHB, NDHPOCTa YHMC/IAa HEPeBLeB B JieCy
HT. I :

Ynpasxcnenus.

Pemuth ypasHerns:
220. 3% == 243; 21x —5]92; 5%+3 — 3195,
221. 10¥ = 3; 5% = 10; 10&% — 5,754,

5

202, 4,007 = 3652 (o) = 2,48.
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228, 3VF = 243; 0,55% == 2,718: 3/ 16 = Y 4.
224, 2% 44X == 72; 9X+1 — 3X+3 m 486,
226. Ig(x— D)+lg(x+1) =g 2.

1
228. —-lg x*="5Ig x.

227. 1g x*4-1g 8x = 2 1g x-1g x3.

228. VI3 pesepsyapa, BHyTpeHHHd o6B&M Koroporo pases 6 Om®, BexauHBaOT
BO3AYX IIOCPEACTBOM BO3JYIIHOIO HACOCa, BCACKHBAKIOHA LHMIHHAD KOTOPOrO HMEET
061eM B 2 Ox*. CKOITBKO MOEEMOB MOPUINA HACOCA HAJO BHIOJHHTB, YTOOH JO-

BECTH DaspeiKeHHe BC3AyXa B peaepByape 10 m HAYaJbHOrO JaBJIeHHA (BJHAHHE

BPEJHOFO NPOCTPAHCTBA HTHOPHPOBATH)?

229. Yepes cKONBKO JieT BKJaJ, OTAAYHBIR H3 5 CJIOXHBIX [POWEHTOB,
YAEOUTCA?

Yxazarue. Hauanenell BKJaX X, OKOHYATeNBHHIN 2X; B YpaBHEHHH X COKpa-
aercs.

.230. To e, ecnn BKaag oTjan na 4 9.

231. Panuii npH H3Ty4ueHHH yMeHBINZETCH B Bece, a HMEHHO: B NPOXCMXCHHe
1600 ner kaXkJAul rpaMM pajus TepsAeT MOJOBHHY CBOEro Beca. BEIpasHTE rozosyio
NPOUESHTHY!IO NMOTEPIO Beca pajus.

232. HacejieHHe HEKOTOPOH CTpaHW yrcJHYHBZeTCH eXeroiHo Ha 1,29;. Ha
CKOJIbKO HaCeJeHHe YBeMHYHTCH (B npoueHTax) 3a 25 Jer?



OTAEJ BOCbMOTL
UCCIENOBAHHUE YPABHEHHH.

I. Hccneposanue ypaBuenuit mepBod cTeneHw
C OJlHUM HEH3BECTHbIM,

123, Yro 3HauHT HccAeloBaTh ypaBHenHe. FlccnenoBath ypas-
HEeHHe — 3Ha4YHT PacCMOTPETh BCe 0COOble CyuyaH, KOTOpule MOTYT Npel-
CTABHTLCA NPH PELIEHHH €ero, W YACHHTb 3HAUYCHHE 3THX C/y4yaes n/id TOH
3a]1a4d, W3 YCMOBHH KOTOPOR ypaBHeHHe COCTABJ]EHO.

124. OOwui BHR ypaBHEHHS MNepBOH CTENEHH C OJHHM He-
W3BeCTHHIM, Bu suzenn pambwe (u. I, § 88), uro ypasnenwe nepsoft
CTeleHH C ONHMM HEM3BECTHHM II0CTE HZAMEKALMX NpeoOpascBammi (pac-
KDBITHE CKOGOX, 0CBOGOKAEHHE OT 3HAMeHaTes el , epeHeceH e HEH3BECTHRIX
Y/eHOB B OJHY 4acTb YPAaBHEHHA, 4 M3BECTHHX B ADYIYI0 H NPHBELEHHE
MOAOGHHX Y/MEHOB) MPHBOAHTCA K TAKOMY NpOCTefilueMy BHIY:

ax=b,

rae 4Mcaa @ u b Moryr GHTH MOJOXWTEAbHHIMH, OTPHUATEJLHLIMH H Pas-
HHMH HY 10, !

PaccMoTpuM, KaKoro poga pelueHus NOAYYaeT 3TO ypaBHEHHE TNpH
PA3IHYHBIX YMC/ASHHHIX 3HAYEHHAX @ H b. L

125. IlonoxurenvHoe pewenHe, Takot-peileHHe NOAYYaeTCs TOr-
ja, KOoraa uMcaa a4 H b o06a nonomHTenbHH HAH 0063 OTPHLATE/LHEL.
fyctb, Hanpumep, 3x=6 uan — 3x=—06. Torad" Mul MOy M

6 —5
x—T—2 HIH x-:_—3=2.

[TonoxuTrensHOe pelueHHe, YAOBNETBOPAS YDPABHEHHIO, BMECTE C TEM
YEOBJIETBOPSET M 3ajaue, H3 YCJIOBHR KOTOPOH ypaBHeHHe BHIBENEHO,
€CIH TOMbKO B yPaBHEHHH BbIPaxeHH BCe YCJOBW# 3ajayu, Ho uHoraa
CNYYaeTCd, Yr0 He BCe YCJAOBHA 3alauM BBIDAXEHH VDaBHEHHEM; TOTHA
NOJOKUTENLHOE DeilleHHe MOMET M He yIOBMeTROPATh 3axave. [1puBendm
3TOMY NpHMep.

3agaua. PaGoun#t Kpywok, coctosumi us 20 4es0BeK (BIPOCHAHIX H
AOAPOCTKOB), YCTPOHI CO0p Ha MOKYNKY KHHUF JAAA OGHONHOTEKH, NpHUEM
KaXIHH B3POCAHA BHEC 1O 3 py6., a kawnasit monpocrok — mo 1 py6.
CkonbKo ObiI0 B 3TOM KPymKe B3POCABX H CKOALKO NOAPOCTKOB, €C/H
Bech c6op cocrtasua 35 py6.?
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OGosHauuM 4YHCAO B3POCABIX GyKBOH X; TOMAA HHCAO HOAPOCTKOB
O6yner 20 — x, u c60Op €O B3POC/ABIX OKawercd 3x py6., a € MOAPOCTKOB
(20 — x) py6. Cnenosatensuo, ypabHenue Oyner

3x+4-(20 — x)=35, otkyna x=7 —;—-

ITO MOJOKUTEILHOE PEUIeHHE YIOBAETBOPAET YPaBHEHHIO, HO He YIO-
BJACTBOPAET 3a[aue, TaK KAaK MO CMBIC/AY 3a1a4H HCKOMOE YHCAO HOJKHO
ObITh LieAnM. Pasinuve MemAy ypaBHeHHEeM H 33ajadell NPOH3OLLIO 31eCh
OTTOTO, YTO YpPABHEHHE HE COLEPHKHT B cele NOIPA3yMEBaeMOro B 3anave
Tpe6OBaHKA, YTOGB HCKOMOE 4HCJIO OblA0 LeanM. IlpensnowedHas 3anaua
He HMeeT peuleHHH.

126. OtpruaveapHoe pewlende. Taxoe pelueHHe [OMyuaeTcs M3
yDaBHeHH ax=0» 710rza, KOrAa 4HcAa d M b MMeT NPOTHBONOJOKHLIE
sHaku. [lyctb, Hampumep,

5x=— 15 umn — bx=15;

TOrha:
—15 3 15
=== H —'———r=—3.
X 5 Wmox=—
Yro6ul mnoOKa3aTh, B KaKOM CMBIC/IE HAJO NOHHMATh OTPHUATEILHOE
peiieHde X=-— 1, OOpaTHM BHHMaHHE HA TO, Yr0 €CJAH YHCIAO — m

YAOBJETBODSIET [A4HHOMY YpaBHeHHWw ax=), TO paBeHCTBO — am=b
DOMKHO GBITE TOXAECTBOM; 3HAUYHT, TOrAad MOJOKHTENBHOE YHACAO /M yAO-

BJIETBODSIET APYrOMy YpPaBHEHHIO: — @X=¥5, KOTOpPOe mnoay4yaeTcd M3
HAaHHOro, ecaIH B H&M 3amenuM X Ha — x. OCHOBHBaAfAICh HA 3TOM 3ameua-
HHM M TIOJIYYHB OTDHUATENbHOE pellieHHe Y= — 1, MH MOXEM NOCTYMHTb

TaK: U3MEHHM B YDABHEHMH X HA — X; OT 3TOrO NOJYYHM HOBOE ypaBHE-
HHe, KOTOpOe [O/KHO HMEThb MOJOKHTENbHOEe peuiesne x=m. Hooe
ypaBHEeHHe, KOHeYHO, He COOTBETCTBYeT MIPel/IOXEeHHOH 3amaue; BcMmaT-
PHBasICb B Hero, Mhl JIerKO ONpeI_/IHM, KaK Hal0 H3MEHHTb 3aJauy, YTOOH
OHa MMeJa TNOJOXHTENbHOE PelleHHe X==/71.

Ilna npuMmepa npueendM TaKylO GPOCTY:0 3afauy.

Oty 40 ner, a cuny 10 aer. Uepes ckonbko JeT oTel OyneT B 7 pas
crapule chiHa?

OG6o3HauumM HCKOMOe YHCAO OYKBOH X.

OuesnaHo, uTo Yepea x ner oruy Oyner 404-x, a cwuy 10-}-x ser.
IMTo ycnosuio:

404-x=7(10+4x), orkyma x=— 5.

3ameHHB B yD2aBHEHHH X Ha — X, MOJyYMM HOBO€ ypaBHeHHe 40 — x=
=7(10 — x), xoTOpoe OTBeuaeT TOH e 3alaye, HO C H3MEHEHHHIM
BOMPOCOM, a HMEHHO, BONPOC NOJMKeH GhTh TAKOM: CKOJAbKO JIET Hasan
oreu OWn B 7 pa3 crapule CHHA?

HUs npurMepos, nOAOGHHX YKa3aHHOMY, MOXHO YCMOTDETb, 4TO OTDH-
LaTeAbHOE DelleHHe HALO MOHHMAThL B CMEIC]e, MPOTHBONO/IOXHOM TOMY,
B KAKOM NOHHMAJZOCh OW NOJIOXKHTebHOE DPelleHHe; TAK, eCHH MOJOMH=
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TenbHOE DelIeHHe O3HayaeT BpEMA NOCJAe HEeKOTOPOro co6mTus, TO
OTpHIIATe/bHOE O3HAYaeT BPEMs paHblle 8TOrO CcOGHITHA; €C/IH MepBoe
03HayaeT J0XOX, TO BTOpoe — pacxoa M T. 1. Ecam ke caywaercs, uTo
N0 CMBICNY 3a[a4H HEW3BECTHOE HYMCIO X HeJb3d NOHHMATE B ABYyX MpoO-
THBOTIONOXKHBIX CMEICIAX, TO TOTAa OTPHUATENbHOEe DpellleHHe O3HAYaeT,
YTO 3aJaya He HMeEEeT DelleHHd.

127. Hyaesoe peuitenue. Ilonoxum, uro B ypaBHeHmn ax=2>b
yucao b okaxercs HyJéM, a KosdduuueHT a OyaeT Kakoe-HMOyAb 4HCIIO,
OTAHYHOEe OT Hyasd. Ilycts, Hanpumep, ypasHeHue Oymer 4x=0., 3na-
yuT, npousBelenne 4x NOMKHO PaBHATbCR Hyaw. Ho npowuseenenre
paBHAETCA HYMI0 TOJALKO TOFAA, KOrJa Kako#-HHOYAb COMHOXHTenb pa-
BeH HyJ/I10; CJeLOBaTe/NbHO, COMHOXHTENb X NOJAXKEeH DaBHATLCA HYTHO.

U w3 dopmyan x=—2— Bunno, uro x=0.

3amaua. Kakoe uucno Hamo NPHGABHTE K YUCAMTENI0O M 3HAMEHA-
13 1
TenO apobu 567 4T06B TMONYYHTb —5-?

0OG603HauMB HCKOMOE 4HCJIO GYKBOR X, MBI NOJNY4YHM ypaBHEHHe:

OTKyJa:
26 4+2x=26-}x; x=0-

1
310 8HauHT, yTO APOOH CaMa pasBHa -5

128. Cayuai, Koria ypaBHeHHe He HMeeT KopHda. [Tycrte B ypas-
HEHHH ax=b 4YHCN0 a OKaMeTcs Hy/a8M, a YHCAO & He PAaBHO HYJAIO; Ha-
npuMep, O-x=10. Taxoe paBeHCTBO HEBO3MOXHO, TaK KakK, Kaxkoe Obl
YHCNO MH HH B3IH maa X, npousBeldenne 0-x paHo Hyawo, a He 10.

[lycte, HanpuMmep, ypaBHeHue OyIeT Takoe:

x x 5x
7 At =Tt%

PemaeM ero, xak OOBIKHOBeHHO (OOLu# 3HameHaTeab 6):

_ 3x — 24 4-2x =424 5%,
T. e,

5x=66-}5x, uan Sx — Hx=66.

Kakoe Owt uncno x mut Hu B3sunM, pasHocTs 5x — Sx Bcernaa pasua
HyAwo, a He uncay 66. 3HaunT, NpPeMJIOKEHHOE YpaBHEHHE He HMeeT
KOpHS.

Ecan 6w mbl, He 3aMeTHB, YTO KOShHNMEHT g PIREH HYJIO, Pa3jie/HIN
Ha Hero o6e wacTH ypaBHeHMA ax=0,, TO MOMy4HaH OB LA X TaKyIO

dopmyay: x=-%. O6uapyxue aateM, uro a=0, mb U3 3TOH# dopmyan

Hawau Oul X= —g—.
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Tax kak aenenre Ha 0 HeBO3MOXKHO, TO M3 nocaenHelt GopMyssl Mu
apuad Gbl K 3akjaoyeHHio, 4T0 npH a=0 ypasHenxe ax=>b wue
uMeeT KOPHA (3HAYHMT, M 3a1a4a He KMeeT DpellieHHH).

Ho HeZocTaTouHO OrpaHuuHTLCA TOMLKO 3THM ONRHHMM 3aKJIOUEHHEM.
[Tonesno ykasaTh elwE HAa OAHO BaXKHOe OGCTOATENbCTBO, NI YHACHEHUS
KOTOPOro Mbl [PEABAaPHTE/IBHO MOOJXHBI PACCMOTpETh, KAK H3MEHAETCH
ApoGb, KOTla 3HaMeHaTelb & HEOrPaHHYEHHO YMEHbIUAETCH, a YHC/HTE/b
OCTaETCH HEHIMEHHBIM.

129. Kak HAN0 NOHUMATL PABEHCTBO —Z—'—:—_L—oo. MycTts 8 1pO6u -""—'-

3HaMeHaTenb BCE Bosee u OoJee ymeHbinaeTcsl 1O adCOMIOTHOH Beauuune,
f1IpH6ANKAACh HEOTPAHHYECHHO K HYJIO, @ YHCAHKTENb OCTAETCA HEN3MEHHBIM.

IMonoxuM, Hanpumep, UYTO BHAMEHATENDb 11 NONY4YdeT TAKHE YMEHbINAI0-
UIHeCH 3HAUEHHS:

n=0,1; n=0,01; n=0,001; n=0,0001 u T. &
Torna apoOb Oyner nNOAY4YaTh TaKHe BO3PACTAWIUHE 3HAHEHMA:

m m ' . m . m
o= 10m; 50T =100 m; 5001 = 1000 m; 70001 =10000m u 1. m
Orciona BHAHO, YTO €CAH YHCINTENb OCTABTCA HEX3MEHHHM, 4 3HAMEHR-
TeAb HEOrpaHHYeHHO NPHOHKALTCH K HYMO, TO abCONIOTHAA BeJHYHHA

m
ApOGH ? (useHs KOTOPOA MOTYT OBITb M OTPHUATENbHBIMH UHCAaMK) Gyner

HeOorpaHHUeHHO yBeAMUUBATHCHA. ITO OOCTOATENLCTBO KPATKO
&nipamaeTcs B NHCbMeHHOM GOpMe Tak:

g": + o,
€e 3HaK oo BhipaxaeT ,06eCKOHEYHOCTL®, 3aMHCh 3TY HEeMlb3A NOHHMATh OyK-
8anLHO, TaK Kak gesenHe H2 0 HEBO3MOXKHO; OHA TO/ILKO KPATKO O3Hauaer,
410 abCOAIOTHAR BEJHYMHA APOGH HEOTPAHHUEHHO YBEJHUMBAETCS (H/H, KaK
HHOTa FOBODAT, CMPEMUMCA K GecKOHedHOCmn), eCn 3HaMeHaTens He-
OFpPaHHYEHHO MPHOAHIKAETCS K HYJIO, 3 YHC/AHTEAbL OCTAaéTCT HEH3MEHHBIM,
fipHuéM caMa JApOoGb OCTaéTCA MJ/IH MNOJONXHTEeIbHON, HJEH OTPHLATENbHOR
{cmoTpa MO TOMy, HMeeT /M 3HAMEHATeNb, CTPeMAIMACA K HYMI0, OXMHA-
KOBbIR 3HAK C 4HHC/AHTEAEM H/H NPOTHBOMOJOXKHBIf).

130. Tenepr Mul MOMEM MNONONHHTE HCC/AeAOBAHHA NpPeALIAYIUEro
qaaparpada TaK:
*
fipy a==0 gpanuene ax—>D0 He uMeeT KOpPHR, HO ecax G He paBHO 0, & TOAb~
«0 npuGammaerca K O Bcé Gamxke m Ganke, To aGCOMOTHAR BEIHUHHA KOPHE BO3~
PACTAET HEOr PaHUUCHHO.

131. Heonpegeaénnoe peuwienne, Ecan B ypasHennn ax=05b o6a
4yucna a M b OKAXYTCR HYJAAMH, TO ypaBHeHHe o6patiuaeTcs
s roxaecTso: 0-x=0, BepHoe NpH BCAKOM 3HAUEHHM x. 3HAYHUT,
B 3TOM C/y4yae ypaBHeHHe CTAHOBHTCA HEeOMNpeAeNEHHH M, T. €. OHO
JonyckaeT OeCYHCIEHHOE MHOXECTBO NPOH3BOJbLHLIX pelieHull.
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Ecan 6ul mul, He 3ametus, uro a="0, pasneannun ofe 4acTH ypasHeHHR
: b
Ha @, TO A7 X noayduau OH apobb —» KOTOpas npu b=0nnpua=0

0
o0paiitaeTcn 8 BHPAKEHHE R Taxoe BhipaxeHue He KMeeT HRKAKOTO YHC-

JIEHHOTQ 3HAUEHHS.
Paccmorpnm npmsep.
3apaya. Kaxoe uncno wano npuGaBuTh K YHCAHTENO H 3BAMEHAaTENIO

a
apo6y ——, 4Tobn 373 APoOb CheAanach paBHON uucay m?

b A
OGosnauue HckoMoe 4HcaA0 OyxBOR X, FOAYYMM TaKOe ypariieHHe:
a+x
— =7
b+x g
OTKyAa:
atx=bmymx; x —mx=bm—a; (1 —m)x=bm—a.

bn —a
Ecom m£1, 10 x=2 .

Nonyctuy, uto m=1], a pasHoCTh b — @ ecTh Kaxoe-HuGyab 4HCAO,
OTAHUHOE OT Hyan (HOAOKMTeAbHOE HAW oTpHuarenbhoe). Torma ana x
NOJYYHM:

0-x=b—a.

Orcloga MB MOXeM 3aKJIOuMTb, 4TO npH m=] u bs=a e cyue-
CTBYeT HMKAKOrO YHCAA X, YAOBAETBOPSIOWEr0 BOMPOCY 3afauM, HO ecan
m de pasno l, a ToaLKO npuGmikaerca k L, TO aGCOAIOTHAA BeNHYHHA
yucaa X yBEJIWUYMBAETCH HEOTPARHYERHO.

Ecau xe npp m=1 ewmd b=g, 10 A1 X noayuaerca ¢opmyna:

0.-x=0,
H3 KOTOPOH MOMHO 3aKAI0UHTL, 4T0 BCAKOE HECAO X YAOBAETBOPSET BONPOCY
a+x
at+x
132, [padmueckoe HCTOAKOBAKHE pEWEHHA ypaBHeHua ax=b.

O603Ha4HM JICBYIO 4aCTh
ypaBHeHHA GYKBOR ¥, H npa-
y,=b BYiO 4acTh — GYKBOW Y, 10~
/ CTPOHM Ha OHOM M TOM e
K ueprexe rpaduki AByx Qynx-
WHR: Yy=ax n Yy=b.

a ‘ [papuk nepsoit dyHkunn
eCTh NpsiMast, NPOXOAsuIas ye-
v X pe3 Hauano KOOPIHHAT U Yepes
D \_T_-" A rouky (1, a); rpadnk erOpof
YHKUNH eCTh MPAMAR, napaj-

Uepr. 31. nenbHas OCH X-0B U OTCEKalo-
ulaR 0T OCH y-0B OTPe3oK b

(na vepTexe 3] Mb uaoGpasuan cryvah, xorna a>0u b>0; npesoctas-
AWeM CaMHM MHTATE/iM CACAATbL YEPTrekn A CiyvaeB, KOria lia>0, HO

i

3303y (K neficTBUTeabHO: ApOOb npH BCAKOM uHCAe X paBHa l),

Y y,—ax
M

e ——

-




6<0; 2) a<0, 6>0 u 3) a<b u b <C0). TINepeceuenne srux ABYX
NPAMBIX ONPEAETHT HEKOTOPYIO TOYKy* M¥asdcumcca kotopoR OA u Gyner
KOpPHeM YPaBHeHH aX==b, TaK KaK npu 3TOH abcuucce OpAHHATA NMpsMolt
Y, =Qax paBHa OpIHHate npamoli y,=b w, cnenoearensHo, ax=>s.
Nonbayach TakuM rpaduueckitm M300paxenrem, Mo MOMEM HATARIAHO
YCTOJIKOBATb BCE C/AYYaH pelleHUs ypasHeHus ax=»>. OrpaHuuumcs pac-

CMOTDEHHEM nByx C/lyuaesB:
M, MM

1) ypaBHeHue He nmeeT pe- Y M/
wenun U 2)ypaBHeHue HMeeT
HeonpenertHHoe pelueHKe. K
1) Ypasnenue ne une- /
TVyTA A A, A,

em pewenuid (uept. 32). &
YMmenbluas YHCNEHHYIO Be-
AnunHy kosddHuMedTa 4,
MBI  3aCTaBAAEM MADPAMYIO
y=ax sBcé¢ Gonee u Go-
nee NpHOIMIKATLECA K OCH

X-0B. p’I‘orna Touka M, B ) Hepr. 32.

KOTOpO# npsimas Y=>b nepecekaerca c npsaMoH y=ax, Bc& Gojee u Gojee
yAAJAeTCA HANPABO, NPOXGHAs Yepe3 nonoxenus My, My, My u 1. a., npuyem
a6ecuncca OA Touku nepeceuenns GecnpenebHO yBEAHUMBACTCH, TIPHHAMAR
snayenns OA,, OA,, OA; U T. n. 3HaYUT, KOrd2 @ HEOrPAHHYEHHO
YMEHBLIIAETCA, NPHUOANKAACh K HYJIIO, KOPeHb yparHeHHsa ax=b ueorpa-

\\ Qe
N

HHYEHHO BO3pacTaer [4TQ MOMHO BbIDAIHTHL TakK: x=—g— = OQ

2) HeonpedeaéuHoe peuwrerue nonyvaercd, Kak mul sunenn (§ 131), npu
a—5b=0. Uro6ul HCTONKORATL BTOT Ciyual rpaduyecku, Boo6pasuM, YyTo
#a uepTexe 32 BeanuMHa b yMeHblIaeTCH, NMPHGAHKAACL K HYMIO; TOrAA
npamMas y,=b, ocraBasicb MapaiejLHOH OcCn x-0B, Oyner Bcé GoJee
# Gonee npUGAKIKATECA K 3TOH OCH K npu b =0 conbdrea ¢ Heto. C apy-
roit cTroponsl, npaMas ¥,==ax npu a=0 obparurca TOXe B OCb X-08,
# TOraa naBe mnpaMbie y,=0 M Y, =ax COBMAaZyT C OCLK X-OB, W,
C/IeJ0BATE/NbHO, KAKAYK M3 TOUEK 3TOH OCH MOKHO CHMTaTh 33 TOUKY
fiepeceyeHusl; 3HAYHT, BeJHUHHA KODHR OCTAETCH HeonpexeA&HHOMN.

Ynpascnenus.

V6endThcs, 9TO CICAyOUiHe YPABHEHHA HE HMEIOT KOpHeR (IpHBOIATCA K He-

BO3MONHOMY PABEHCTBY).
5x41 x4 x—3

233. S +-——4—=x+]+ o

234, (X424 (x — D = (x+3)2+(x — . )

Y0OenHTbes, UTO CAepyiollle YDABHEHHN JOMYCKAOT GECUHCRCHHOE MHOMme-
CTBO peweHH#A (06pawlaloTCs B TOXKAGCTEA):

235, 8x+43 = (x+2)* — x24-4x —|.

236, (x+ 1+ (x— 1) = 2(x2+1).

237. Ha upsamofi, npoxoasaued uepes ueHtpm O H O ABYX OKPyXHOCTef,
paiMycel KOTOPLMX 7 H Fy, a paccTOfiHHE MEXAY USHTDAMH PaBHO d, HAATH TOUKY,
£ KOTOPOR Uepecekaercs ¢ STOR OpAMORl ofWias BHEWHsR KacaTeslbHAA K ABYM
yKa3auHBM OKPyXHOCTsM. VlccienosaTo pasiidHbie Cydad, MOTYWHE OpefcTas
BHTBHCH TIPH DELUEHHH.

238. To e — gns oGineA BRYTPEHHeA KacaTe]bHOL.
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1. Hcchenosanue CHCTeMbl JBYX YDAaBHEHHH NePBOii
cTeneHd C JBYMHd HEH3BECTHHIMM,

133. OGiune dopmyant, B nepso# wactw s1Oro yueGHHKa MH BH-
genn (§ 97), uto cHCTeMa IBYX YpaBHeHWH:

ax+by=c w dx+b'y=c
Ra8T caeRyiowHe (BOPMYJb LA HEU3BECTHHIX:
(ab'— a'b)yx=(b'c — bc’); (ab’l— a’b)y=(ad — a’'c). 4))
Ecan ab’— a'b+0, 10 ’

b’'c—bc’ ac’—a’c
*=r—ap Y=er—ap - 2

134. HUccnenosanue. Mccnenosanne stux ¢opMmya noapasnesmM Ha
JBa CaAyuas:

1) O6wnit sHamenatenr ab’— a’b He paseH HyaO.

B atom cayuae CHCTEeMd WMeeT CBHHCTB(EHHOC peuienne. O 3HAYEHHAH
2TOTO pellleHHs A9 3aJa4u, M3 YCAOBHH KOTOPOH COCTaBJjeHa paccMaTpH-
BaeMas CHCTeMa, 31eChb MOXeT OHTb CK43aHO TO e CaMoe, YTO rOBOPHJIOCH
panblie TIDH MCCAEAOBAHHH OOHOTO YpaBHEHHS C ONHMM HEHU3BECTHHIM.

2) O6ummit 3HaMenaTeab ab’— a’b=0. B 3TromM caywae uncauntenn
B dopMynax (2) MOryT GHTb KaK OTJHYHBIMH OT HYJS, TaK H DaBHHMH
Hynto. JlokaxeM, 4TO ecliM HH OLHO W3 uHcen g, a’, b, b’ ve pasHo HymO,
TO OyAeT HMeTh MecTO ORHO M3 CReAYIOWMX ABYX NPeANoOXeHuH:

a) Ecan onun u3 umcauTeneft nus x nan gas y B popmyaax (2) pasen
HyM0, TO H OpYyrol paseH HyAlO.

IycTe, HanpuMep, uYHCAWTENb LA X paBeH HyaAl0, AJA 4ero Heo6xo-
ANMO, YTOOM:

cb’ =c’b; n, kpome TOro, mamno, uro ab’=a’b.
YMHOXKHB JIeBYIO 4acTb NEPBOIO M3 3THX PABEHCTB Ha NpaBYlO YaCThb
BTOpPOro, & NpaBylo — HAa JIEBYIO BTOPOro, NOJY4YHM:
cb'a’b=c’bab’, otkyna cb’'a’b — ¢’ bab’ =0,
H, Clen0BaTeALHO,
bb’(a’c—oc’)=0.
Tak kax uncaa b u b’ ne paBHH HyJI0, TO NOCAELHEE PaBEHCTBO
BOBMOXHO TOMLKO TOraa, kKoraa a’c—ac'=0, 1. e. uncauTeas 1as y
paseH HyJsno,

Tax ke, ecqM DONYCTHUM, YTO HHCAHTEAb MM ¥ B Popmynax (2) paBen
HyJo (T. e. ecau ac’ =a’c u ab’=a’H), TO noayunm:

acab=a'cab’; aa’(c’b — cb’)=0; ¢b—cb'=0.

6) Eciu onun u3 uncaurenel mas x unau ana Yy B dopmynax (2) me
paBed HYA0, TO H YUCAUTE]b JJisi APYrOro HeW3BeCTHOFO TaKiKe HE paBeH
HYJI0.
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Je#AcTBUTENBEO, ecan OGbl AN ONHOrO0 M3 HEM3BECTHHIX qucnmenm,n
6b1 paseH Hy.)'IIO, TO, MO noxaaaﬂﬂomy, YHUC/AHUTENDb LJA }IpyFOFO HeHBBeC_:’HOFO
Takxe Obl1 6H DaBeH HY/IO0.

Ecay uncaurenu 1y o60HX HeW3BeCTHHIX B GopMynax (2) pasuul Hyal0,
TO 3TO OBHAYAET HEONPeAeNEHHOCTb 3amadd. JleHCTBHTENbHO, YMHOXKHB BCE
YJeHH MepBOr0 ypasHeHusa HA b’, a unenst BTOPOro Ha b (UTO MOXHO
COenatb, TaK KaK, M0 NPearonoXeHHlo, unciaa b u b’ we pasuwl $), MOAYUHM:

ab’'x+bb'y=chb’ u a’bx|b'by=c"b. [A]

Ho ab’=a’b u cb’=c’b; cneposarensno, o6a ypasHenus [A] npen-
CTaBASIOT COOOH B CYHIHOCTH OJHO YpaBHeHHe C [IBYMS HEH3BECTHHIMH,
a B 3TOM Cjyuae, KAK MH 3HdeM, HEM3BECTHHlE MOTYT HMeTb GeCHYHC/IEHHOE
MHOXECTBO 3HauyeHHuH.

Ecan uncnutenu B dopmynax (2) He pasuH HyMo, a ab’ — a'b =0,
TO 3TO O3HauaeT HeCOBMECTUMOCThb ypaBHeHuit. B camom nene, ecaun ab’ =
=a’'b, a ¢b’s~c'b, To nepple uactH cucrembl [A] HMEIOT OIMHAKOBLIE
YHC/IEeHHBIE BEJHYHUHBl, a NPaBble — PA3HBHE; 3HAYMT, YPABHEHHA HECOBMe-
CTHMBbl, M 3aJaYa He MMeeT pelleHHs.

TlonesHo 3aMeTHTh, YTO B CAyuae, KOTZd ypaBHeHusa (1) NpHHUMAK.T
pua Ox=0, Oy=0, TO 9T0 el He B3HAYHT, YTO OOGOHUM HEH3BECTHhIM
MOHO [aBaTh MPOM3BOJbHHE 3HaueHHs. BrIGpaB 3HaYeHHA OMHOrO M3 HHX
NPOU3BOJILHO, MBI TeM CAMBIM OMNpeNeNHM [Apyroe HeN3BecTHOe, Hafna
ero M3 KaKoro-HHOyZAp OJIHOIO M3 JOBYX HAaHHHX ypaBHEHHH.

Hrak, ecan ab’— a’b=£0, 1o pelenHe cHCTEMBI:

ax+by=c, a'x+b'y=c

noayuaercd mo obmwmM ¢opmynam; ecad xe ab’— a’b=0, Ho HHM onHO
w3 uucen a, b, a’, b’ He ob6pamaercs B HyAb, TO CHUCTEMA HJIH HMEET
6eCunClIeHHOE MHOXeCTBO pelleHuH, WM HM OAHoro pemenust, Cayuaft,
korna ab‘— a’'b=0 wu, xkpoMe TOro, Kakoe-nuGo M3 uucen a, b, a’, b’
PAaBHO HYJI0, MKW HE€ pacCMaTpHBaeM.

Il. HccnepoBaHme KBaapaTHOro ypaBHEHMS.

135. Hccenenosanne dopmyn. KopHH ROJHOrO KBaipaTHOTO YPaB-
HeHus ax?-+bx-}c=0 BBHIPAXKAIOTCH, KaK Mbl 3HaeM, (GOpPMy/aaMH:

— b +Y b*—dac I b—V b*—4dac .

= 2a ¢ AT 2a

Yucao @ MH GyneM CUHTATh MONOKHTENAbHBIM (eciH GH OHO OHIO OT-
pULAaTeNbHOEe, MH MOr/IH GH NepeMeHUTh BHAKM [epell BCEMH WIeHaMH
yDaBHEHHs] Ha NDOTHBOIOJOXHHE; HYJEM 4HCI0 @ OHTbh HE MOXeT, TaK
K3aK B IPOTHBHOM C(CJiyuae ypaBHeHHe nepecrano 6Lt GLITH KB3APaTHHM, OHO
06pATHIOCH 6Bl B ypaBHEHHE MEPBOH CTENEHH).

Mu rosopuau pasee (§ 42), 4TO KOPHH KBaAPaTHOTO ypaBHeHHs GyIyT
06a BeLIECTBEHHLIE HIM 064 MHUMbLIE B 3aBHCHMOCTH OT TOTO, OKaXeTCs
M TACKPHUMHHAHT b%2— 44¢ BenHUYHHOMN TOJNIOMKNTEIBLHON HIIH OTPHLATEIBLHORN.

Paccmorpum  sTtotr Bompoc mnoapoGuee: 1) Ecmu 52— 4ac>0, To

V 52— 4ac ectb HeKOTOpOE MOMONKHIENLHOE YHCAO (BCMOMHHMM, YTO BHECH
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sraK }/ o6o3navaer apudMeTHUECKOE 3HaYeHHe PaMKania); CIeA0BaTEALHO,
KODHH X, H X, OynyT BellecTBeHHbe W HepaBHule. [IpH 3TOM MOryT npen-
CTaBHTLCH TPH Cyuas:

a) OGa KOpHS — TOJOXHTEeNbHBIE 4YHCAa, ecad — b+ b2 — 4ac>0

H—b —1/ b*— 4ac>0, nas Yero HeoGxonuMo, 4TOGs uHCIO b 6HIO
OTpHuaTeNbHOe (NPH NOJIOXKUTENLHOM b KOpeHb X, uMen Gbl OTPHLATENbHOE
3HaueHve) M yTOOH alCoNMIOTHAsA BejnuuHa b NpeBOCXOMAHIA V b*—4ac.

6) O6a KOpRA — OTpHllaTe/bHEIE YHCA, €C/iH — b4+1 b*— 4ac<0 u
—b — Vbr— 4ac<0, ana yero Heo6xonumo, 4To6bl b GLIO uHCIOM
NO/OKHTENbHEIM (1pH OTpHUATeNbBOM b KOpeHb X; Obln GH, OYeBUIHO,
NOJIOKHUTENbHHM) H, KpPOMe TOro, YTOGH YJIOBAETBODS/IOCh HEPaBEHCTBO:
B>V b*—4dac.

B) Oa1H KOpeHb — NOMOXKHUTeAbHEIH, a APYrOR — OTPUNATENbHEHY, KOrna
b, 6yny4un noJOXHMTEJbHBIM HJIM OTPHUATEAbHEIM, MO a6CONIOTHOH Beau-
uuHe MmeHbue )/ b —4ac.

2) Eciu b%—4ac=0, 10 xopuu OynyT BellleCTBeHHble M paBHEIE:

—b
55 TNOMONHTENbHEIE HWIH OTDHUUATENbHEE (WIH DaBHR HYIO
npu b=0).

3) Ecan b%—4ac<<0, 1o 06a kopHs# MHHUMHe (CAydyaH STOT HeBO3-
MoxeH npu ¢<0).

4) Hyneprie peumieHMsS MOTYT OKa3aTbCfi TOJBKO B TOM Ciyuae, KOria
OnMH M3 uucauTeNel GOpMYN IafS X; M X HAKM 006a 3TH YHCAHTENs OyAyT
nyau. Ileproe Oyxer Toraa, korma ¢=0, u, 3Hayur, yparHeHHe NPHMeET
Bun: ax’-4-bx=0; sTOopoe — Torza, koraa M ¢=0 n b =0, T. e. Koraa
ypaBHeHue Oymer: ax?=0.

Ecan a=0, 1o ypaBHeHHe nepecTadT ObITh KBaJAPaTHHM, OGPATHB-
LIKCh B ypaBHeHHe IepBo# crenenu: bx-}-c=0. Ho, nocraeuB BOMPOC,
KaK M3MEHRIOTCH X; H Xy, KOTA2 @ HEOrpaHHYeHHO NpHEIMXKAETCa K HYAI0,
MBI TIDHAEM K BBIBOAY, AHAJNOTHYHOMY CHAeMaHHOMY HaMH 06 YDaBHEHHH
nepeol creneHu. ViMeHHO: eciH a HeorpaHuueHHO NPUGAMIKAETCH K HYJIO,
TO OINMH M3 KOpHe# KBaJpaTHOrO ypaBHEHHA HEOrpPaHHYEHHO BO3PACTAET,

X1 =Xy =

[
APYyro#l ¥e HeEOrpaHMYEHHO TNPHOIHKAETCd K 3HAUEHHIO — —— .

136. 3ajaya o ABYX HCTOYHHKAX cBeTa. Yro6w Ha NpuMepe yKa-
3aTb 3Hay€HHe PAB/IHYHBIX C/AydYaeB, KaAKHE MOTYT NPeACTABATLCHA NPH pe-
LIeHHH KBAAPATHOrO YPABHEHHSA, IPUBEBM 34124y O ABYX HCTOUHHKAX CBeTa.

Ha ppamont MN B Toukax A n B HaxonsTCA OBa MCTOYHHKA CBETa.
CHJIa CBeTa MePBOTO HCTOYHUKA PaBHA @ CBeYaM, a BTOPOro pasHa b cBeuawm.
Paccrosinne mexny A n B pasuo d merpam. Haiiru ua npamo#t MN Ta-
KYIO TOYKY, B KOTOPOH OCBelleHHe OT OGOHX HCTOYHHKOB Onin0 OB OmH-
HakoBoe (uyept. 33).

Hickomass TOuka MOXeT HaXoAMTbCH MaM Mexxay A u B, mian Hanpaso
or B, uau Haneso or A.

CuenaeM mpeanonoxeHHe, uTo OHA JexHT Mexay A W B, HanpuMmep
B Touke C, oTcToswe# oT A Ha X MeTpoB. M3 ¢u3nKH n3BecTHO, 4TO OC-
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BELIEHHOCTD NPHY OAMHAKOBLIX MPOYHX YCJAOBHAX OGPATHO NPONCPUKHOHAALHA
KBaapary pacCTOfiHM# OT HCTOYHMKA cBera. IIpHHSB BO BHHMaHHe 3TOT
3aKOH, OyaeM paccyxnaarb Tak: ecad Obl Touka C OTCTOfIa OT A TOJLKO
Ha 1 M, TO OHa ocBellanachk OB 3THM HCTOYHUKOM TaK, Kak GYATO OT
Hero mamain Ha C AyYH OT 4 cBezel, HO TaK KaK OHA OTCTOMT OT A
He Ha 1 M, a Ha X METPOB, TO €& OCBEUIEHHOCTb 9THM HCTOYHHKOM OyleT

qQ
-x—.- JNIOKCOB,

Yepr. 33.

[Momgo6Ho stomy HaMagm, uto Touka C, OTCTOA OF HCTO4HHMKa cBera B

Ha (d—x) M, 6yneT HMeTb OCBEWEHHOCTh oT B B mokcos. Bo-

@—x¢
npoc 3agaux Tpebyer, uTOOH
= @
OTKy/a:
a(d — x)*=bx%, 1. e. ad®*—2adx4ax’—bx?=0,
(@—b)x*— 2adx+ad*=0.

Tak xax xodpduuuedTr npu x peaurcs Ha 2, 1o (§ 125, u. I)

o ad+V a*d*—(a—b)ad®_ad + dVab _ dV a(V axVb)

¢—b a=b (Y a+V )V a—vb)"
CnenosarenbHo,
. dv a o & a
A S A

Hccnenyem atu ¢opmyabl. Tax kak @ B b-— uHciaa NonoKHTenbHHE,
TO MHHMMHX pEUIEHHH B 3TOH 3ajlauye He OyneT.
1) Ecir a>b, T0 062 KODHf TNOJNIOXKHTENbHH, NpHYEM, TaK Kak

Va—vV o<V aV a+V b, 10 £,>d, a x,<d.

Bropoe peuienue (X,<d) COOTBETCTBYET HalieMy NMPELIOIONKEHHIO, YTO
¥CKOMas Touka Haxomutca Mexny A n B; nepeoe xe pewenue (x,°>d) eMy
NPOTHBODEYUT. YTOGH! NPHHAThL MM OTBEPIHYTb 3TO PellleHHe, MB JOJIKHbE
paccMOTpeThb, KAKOe yPaBHEHHE TIOMYUYHTCH, eC/H ClleiaeM NpeanonoxeHue,
YTO MCKOMasd TOYKA HaXORMTCS Hanpaso oT B (Hanpumep, B C,) Ha paccros-

a
Hud x ot A. Torna no-npexHeMy OCBEHIEHHOCTh €& HCTOYHHKOM A 6y ner 7
or ucToyHuka B Touka () HAXOAMTCA Ha DpACCTOAHHH X—d; NO3TOMY
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OCBEILIEHKOCTb €& 3THM HCTOYHWKOM OyIer —(x—_bd—), M ypaBHeHne Gyner:

a b

W (x—a)p @)

CpaBuHBan 3TO ypaBHeHHe C ypaBHenHeM (1), HAXOAHM, YTO OHH OAH-
HAKOBH, TaK KakK

(d— x)’=(x—d)%

3aMeTHB 3TO, MM MOXeM YTBEPKIaTh, UYTO 062 MOMOXKHTENbHLE pellie-
Hus ypaBHenus (1) ynosneTBOpsiOT 3ajaye,

2) Ecau a<b, T0 x;— OTpPHUATENBLHOE UMCTIO, @ X,— NOJI0KHTENbHOE,
npuugm x,<7d. [lonowurenpHOE penleHHe COOTBETCTBYET IPeANONOKEHHIO,
4TO MCKOMasi TOUYKA Haxomutcs Mexay A u B. Yro6ul ysacHUTH cMHCH
OTPHLIATE/bHOTO pelleHnst, 3aMeHHM B ypaBHeHun (1) X Ha — x:

a b
(—x)" (d+x?"
uay
a b
(AR 3

YpaBHenne (3) nMeeT Te ke KOPHH, 4TO H ypaBHeHne (1), TOABKO
C NPOTHEOMOJIONKHKMH 3HAKAMH. 3HAuKT, OTPpHLATeAbHOe pellleHHe ypaB-
Heuna (1) paBHO o aGCOMIOTHON BEIHYMHE IOJIOKHTEJIbHOMY PeLISHHIO
ypasHeHns (3). Ho 270 nmocaensee cooTBeTCTBYeT TO# ke 3aaaye, TONBKO
HHOMY TIPEATOJNIOMEHHIO, 3 MMEHHO, YTO HCKOMAas TOYKa HAXOILHTCR HaJeBO
oT A. HelicTBuTenbHO, €Cnu AONYCTHM, YTO MCKOMasm Touka ecTb Cy, OT-
crosmas OT A HA X, TO HaWI®M, YTO OCBEEHHOCTh €& HCTOYHHKOM A

ZF—Tb-—x)’; ciienoBarTeNbHO, ypasHeHue (3)
YAOBAETBOPAET 3TOMY NpPeLNOJOKEHHO.

HMrak, orpnuartesnrHoe pelueHue ypasHeHus (1) o3Hauaer, 4TO 4HCIO
MeTpOB, BbIpaxeHHOe GOPMY/IOR 177 X,, HAJO OTKNANALBATL B HANPABJIEHHH,
NMPOTHBOMOJIOXKHOM TOMY, B KaKOM CYHMT4eTCH NOJOXHTEe/NbHOEe pellleHHe.

3) Ecnn a=0, To BHpaxeHHe IAA X; TepAeT CMHCIA, 8 GOpMyan
079 KOpHeHW paroT —

a
ecTb —j, a HCTOUHHKOM B — paBHa
X

d
X2=T .

Paccyxpas tax, kak B § 129, saknmouaeM: no Mepe npHOIHIKEHHS
K DABEHCTBY BeNWUMH g ¥ b X, HEOTPaHHMUEHHO BO3DACTaeT, T. €. PaBHO-
MEDHO OCBEU(¥HHAA TOYKa Oe3arPaHHYHO YHAAIAETCA OT HCTOYHHKOB CBeTa.

d
Bropo#t kopeHs Xg=-5~ TOK43LIBAET, 4TO NPH a=~>b sTopas onuna-

KOBO OCBeEMIEHHAA TOYKA HAXOAHMTCH MOCEPEAHHE MEXAYy OAHHAKOBLIMH
HCTOYHHKAMH CBETa.
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4) Ecau a=b u d=0, 10 ypaBHeHne (2) o6pauiaeTcd B TOXIECTBO
0-x?—0.x4-0=0,

BEpHOE MpH BCAKOM 3HAaUeHHH X. 3HAuHT, 3ajXaya CTAHOBHTCA Heonpene-
JIBHHOMN.

Je#iCTBUTENBHO, €CAH MCTOYHHKH CBeTa OIHHAKOROH] CHIBI MOMEIAITCH
B onHoM Mecre (d=0), TO BCAKas NPOH3BOMbHAA TOYKA GYINET HMH OHH-
HaKOBO OCBEIaThCA.

5) Ecau a ue pasuo b, Ho d=0, 10 x,=x,=0. 310 Hano MOHHMATH
B TOM CMHICJE, YTO €C/IH DACCTOSIHHE MEXIy NBYMA HePDABHOH CHJK HCTOY-
HHMKAaM# CBeTa yMeHbINIAeTcs, NpHGAMIKasch BCE GoJee W Gojlee K HYIO,
TO o6€¢ DaBHO OCBEUIEHHbIE TOYKH HEOTPAHHYEHHO NPHOJAHKAIOTCA K HCTOY-
HUKY A.



OTIEJ OEBS THIML
MHUMBIE U KOMIVJIEKCHBIE YHCJIA.

137. Muumble uncma. Mu yxe rosopunn paubme (u. I, § 108),
YTO K MHHMBIM YHC/1aM NIPHBOLMT HM3BJeueHHe KOPHA YSTHOM CTemneHH H3
OTPHLATENBHOIO YHCAA,

Mu Gyzem rOBODHTH TOMLKOG O KBAJAPATHOM KODHE M3 OTPHLATENBHOrO
uKcha,

IMpunato o603Hauate mMuumMoe wucao }/ —1 Gykso# {§ (Haua’bHas
6ykBa ¢paHUysckoro ciaoBa imaginaire, uto 3HayuT MHHMBIA) M Ha-
3uBaTh MHUMOL eOuHuyeld. EcTeCTBEHHO NONMYCTHTb, uTO *=—1 ¥

(V— a)2=—a. Beakoe MHHMOe HHCIO MOMET OHTh BHPAKEHO B BHIE
npoH3BeleHHs { Ha HexoTopoe je#cTBHTeNbHOe vuucao. Hanpumep,
V=16=V16(—1)=4 )/ —1=4i. Boobme } —b:=} 6*(—1) =
=b) — 1=bi.

138. Komnaexcunie uMmcaa. Yucno suza a--bi, rae a n b — seue-
CTBEHHHE YHC/a, HA3HIBACTCHA KOMNAEKCHOLM YUCAOM 1); E HEM @ Ha3KWBaETCA
BELECTBEHHON YacThlo, bi — mummolt wactbio. [Ipu a=0 ono obpaiaercs
B YHCTO MHuMoe uucao bi; npu b=0 monyunm uucno a--0.i, xotopoe
paccMaTpHBaeTCs KaK BeELIECTBEHHOE YHCIO 4.

Kommnaexkcnue uncia Bupa a--bi v g— bi HasBIBAOTCA CONPAMEH-
Hoimu. KommiekcHbie uucna Buga a--bi u —a— bi wHasmsaiorcs npo-
MUBONOAHHELMU.

Onpenenenre, Jpa koMNJAeKCHBX uHcaa a+bi w a' +-b'i cuw-
TAIOTCA pPABHBIMH B TOM H TOJIbKO B TOM CJy4ae, ecau

a=a n b=b.

W3 storo omnpelcneHns BHTEKAeT, YTO KOMIVIEKCHOE 4YHCIO a<F-bi
PaBHO HyJO TOTA4, H TO/MBKO TOrZa, ecin a=0 u b=0.

B camom gene BeulecTBeHHOe yuca0 0 Moxer OWTh NMpPEeACTaBIECHO B
BHIe KOMIIeKkcHoro yucaa tak: 0-4-{0. Ha ocnoBanWe mOpemsgyiero
onpeneneHus, paBeHCTBO da-bi=0--{0 O6yner HMeTh MecTO TOJBKO
AU NpH ycaoBud @=0 u b=0.

Samewanue, OTHOCHTENBHO KOMIVIEKCHBHIX YHCeJ He NMPHHATO HHKaKOro
COT/IallIeHHs, KAKOE M3 HMX CYMTaTh GO0/blle APYroro.

1y CnoBo «koMnJIekcHEIfY 03HAuaeT MO-PYCCKH €CMOXKHbIAY, €COCTABHOR»; Takoe
Ha3paBHe YHCHY BUIA a+bi OLUIO 7aHO BrepBbie HeMelKHM MateMaTHkoM [ayc-
¢ oM (1777—1855). Hassaune «vunmnily (imaginaire) Obiio BBEJEHO (PaHIy3CKHM
mareMaTHKOM Jexaprom B 1637 r.
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139, [efictenst Haj KOMNJEGKCHHIMH uHcJamd. Han xommnekc-
HBIMH UYHCJdMH YCIOBUMCA MNPOU3BOLUTL anreGpanyeckdHe HNEHCTBHA H
npeo6pa3oBaHHA N0 TeM JKe MPABHJIAM, II0 KAKWM OHH NPOH3BOAATCH HAJ
YHCJIAMH BelleCTBEHHHMH, IIPHHUMas BCeraa (V—a)’=——a.

OTO MNOJMIOKEHHE CAYXKHUT OCHOBOH NPH ONMEPAUHAX HAL KOMINEKCHHIMH
yucaamd. YToOB IIPOH3BECTH KaKoOe-HHOYIb AeHCTBHE HAL KOMILIEKCHRIMH
YHC/aMH BHAA d-}-bi, Hajo NpoH3BeCTH geHcTBHA HaA ABYW/IEHAMH Ta-
KOTO BHJIAa MO TeM TNpPaBHIAM, KOTODHE BbiBeIeHH OLUIH IJIS HBYY/JIEHOB
. C BelleCTBeHHHIMH YJEHAMH, ¥, HAKOHell, B pe3y/bTaTe 3AMEHHTL Beske i*
yepes — 1.

Caroxenmue.

(@-+bi) (a4 byi) =(a+a) 4 (b+b,)i;
(a+bi)4-(ay+b40) +(ay -+ bal) = (a-+ay,+a,) + (b + b1+ by)i.

OTcrona Aerko yCMOTpeTh, MTO CYMMa KOMIUIEKCHBIX 4HCea o6napaer
TeMH Xe CBONCTBAMH, KakHe MPHHAIJIEXAT CyMMe BelleCTBeHHHX YHCed,
T. €. CBOHCTBAMH MNEPEMECTHTEJALHLIM H COYeTAaTENbHbIM,

BriunTaHHe,
- (a-{-bi} — (ay+byf) =(a —a)) (b — by)i.

3ameTHM, 4TO C)ﬁma MAM PAa3HOCTb HBYX KOMIUIEKCHHIX YHCEA MOXKET
OKa3aThCA YHCJICM BEUIECTBEHHHM; HAaNDHMEP, CYMMa COMPAMEHHEX KOM-
niaexcHuix uncen (a+bi)+4 (a— biy=2a.

YMHOXeHHeE.

(a+bi)(az+b50) =aa1+a1bz+ab11+ bb ==
=(aa,— bb,)+(a,b+ab,)i.

. TTono6HHM 06pa3oM MOMKHO COCTABHTH NpoH3BeNeHHe TPEX M Goaee
KOMIVIEKCHBIX YHCe.

3aMeTHM, UTO HpOM3BEJeHHE J[BYX CONPSIKEHHNX KOMIUIEKCHEIX, He
paBHHX Hyawo uncen (a--bi)(@—bi) paBHO IOJACKHTE/BHOMY BelEeCT-
BeHHOMY uncay a®--b2% JlefcTBHTENBHO:

(a+-bi)(a—bi)=a?-}-abi — abi — b*3,
HO [?=—1; C1eQ0BaTeabHO,

(a+bi)(a—bi)y=a+ b2

a+bi __ (a+biXay—b1i)
+ b4 (al+b1‘)(al—b1‘)
(aa1+bb1)+(a,b —aby )i — aa,-bb, +a1b —ab; i
— (b,0)° a% 4-b3 a? +6%
BosewmiuieHde B cTeneHb. IlpensapuTeqbHO Ha#tagM pesyin-
T4aThl OT BO3BbIILEHWA B CTeNE€Hb MHHMOHN eIHHHI(K i, 3Hast, 4TO COr/aacHoO

Aenenne.

YCAOBHIO {* HO/DKHO NPHHHMaTbh paBHbiM —1.
i o it i =( 1) i=i;
B=—1; | St
ls=i2‘l=('—l)'[=_i; ' l7=i.'i=(—1)'i=-‘i;
=8 j=—f=}1; l B=it. =41,
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Mu nonyuaem, TakuM 0o6pasoM, qempe YyepeayIOINXCS 8HAUEHHUA:
i, —1; —i; +1.
3ameTuM euwtg, yto i° npuHUMaeTcs pasHbiM 1.
Tenepb 7nerko wHahasM pe3yabTaThl Bo3BmueHHs a---bi B cremeHs
C UEeNBIM IOJIOXHTENLHBIM 1IOKa3aTeseM; TaK:

(a<+bi)*=a®+4-2abi 4 b%* =(a*—b*)+2abi.
(a4 0i)? = a®4-3a*(bi) -+ 3a(bi)2+-(bi)*= (a®—3ab?) + (3ab— b3)i.

HU3BaeyeHne KBajapaTHOoro KopHsa. [Tlonoxum, uro

Va+bi=x+yi.
Torna:
a-+bi=(x*—y%)-+2xyl.
CaenosarenbHo,
2 - }’2 =aq,
{2xy=b. (1)

Bonpoc NpHBOAMTCA K HAXOXKAEHHIO BEWECTBEHHEIX KOPHeH 3TOH cHcTe-
me. Bo3Buicus 06a ypasHeHus B KBafpaT M 3aTeM C/AOXMB HX, TOJYYHM:

(x2+y2)2=a2+b2 N x2+y2=|/.a2+ bZ.

(3BaK MHHYC nepen paAMKaIOM OTOGPOLUEH, TaK KAaK NMPH BeUIECTBEHHbIX
BHAYEHNAX X H ¥ BhIpaxkeHHe Xx24-y® He MOXeT OHTL OTPHIATEIbHBIM.)
BosbMEM rniocsielHee yDaBHEHHE COBMECTHO C NEPBbIM ypPaBHEHHEM CH-
crembl (1); ckaaxbiBad WX W BHYHTAA, TOJYYHM:

o Vafbta 'I/ v a'tbi+a
Xé= 5 B X=-+4 )

. Vat4bi—a V Z+b—a
V=—r—uy=zxy —s—.

M3 Broporo ypasHeHus cucTembl (1) ycMaTpHBaeM, UTO 3HaKM y X H Y
HOMXKHBE ObTh ORMHAKOBHE, ecan b>0, u pasubie, ecnu b<Z0. [ostomy:

V=TI | (A TEE N, VAT | PN

eI | VT R VI ET T | Y
Mpumepul.

) Vistie/ —1=V5+12i= []/—_—_‘/WJ’%

+ /S (Y RV 5)=

= £ (V9+iV 4)=+(3+2).
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o) VV=i=y i=VoiTi= s () 220+,

VTl E 1V )220
3V —vV=y=i=y0=T.i=

=i(]/ AT V,/o+p_o)
VT YD) ea(B)

3asmeuarue. Hssaeuenne kopHe#t (ojee BHICOKOH CTeneHH Mu He Oy-
JeM paccMaTpHBATh.

Ynpasrxcnenun.
239. IMpoeepuTh paBeHCTBO: £7 47184785 4 (35.4./97 4 j100= (),
BrIYHCAUTD EHPAXKCHHSA:
240. (x4-iy” 6) (x—iy/ 6).
241. V 442/ 6.V 4—2,/ —b.
242, (140 (—2y/ =2)°.
TIpoBepHTL BO3BLILIEHHEM B KBAJpar HJAH Ky6 caelylomue paBe:CTBa;
243. /%4y —Zi=2.
244,  i=—L
BunonuHTL yKasanuHe JefdcTrHA:
245. (Y 9+40i+ ) 9 — 40:)%

246. (a+ib)? - (a — ib)*
a—ib a+ib

YpocTHTE BHIpAXEHHS:

247. 1) — .oy 1, 1

_1+[/Tg 1+ 1 —¢°

248. O603Ha4YHB I KPaTKOCTH:

_1+21/—3 —ay; -1—;/—3 —a, #1=q,

MpOBEpPHTh paBEHCTBA:

1) u?:(zg:ag:l; 2) ay+a,4u; =0; 3) QyeQ, 0y == 1;
4) af:a,_,; 5) ag:al; 6) 1+.'xl+a';’=0,

140, TeomeTpnyeckoe un300paxeHHe KOMMIEKCHOrO wuucJaa. Bces-
KOe KOMIUIeKCHOe uncao d—-bi Moxer OhTh H306DPAKEHO reOMETPHYECKH.
BoabMéM B MIGCKOCTH APAMOYTOJNbHYIO CHCTEMY KOODIHHAT M, BLIGpAB
eIMHHLY IJHHBL (HanpuMep, CaHTHMeTP), 6yAeM H306paXkaTb BELUECTBEHHbIE
YHClla o OCiH X-0B, & MHHIMblE — 11O OCH Y-0B. COOTBETCTBGHHO C 9THM
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OCh X-OB Ha3hLBAeTCH BelleCTBEHHOH oOChO, a och Y-0B — MHuMoft. Tak,

Hanpumep (uepr. 34),

touxa N, usobpaxaer uucao 1,75

» N,
» Ns
” N4

» —2,25
» 1.1
. —2250

Yucno a-4-bi 6yneM H3oOpaxarh TOYKON NJAOCKOCTH, abciucca KOTO-
po#t paBHa ¢, a opauHara pasHa b. Tak, nampumep,

touka M,; usoBpawaer uucno 0,94-1,3;

.M,
» M8
» Md.
» O

" 0,9—1,75¢
., —l4—11
. —18+225
" 040¢

Ouepyauo, YTO NPH JaHHHX KOODAWHATHHIX OCAX H NpH JaHHOH eau-
HHLle ANKHB BCAKOM TOYKE TMJIOCKOCTH COOTBETCTBYET ONHO H TOJABKO

AN}

Y
4
e ———-
L)
]
'
' ‘*N'-‘“l
] 149 H
' : '
[ ]
L}
X, o ! !
* 0 !'
! '
! )
¢ ]
M- - = =~ -1 P
J }' Vv
_--_J,M?
4,
4
Y
Yepr. 34.

OAHO KOMIJIEKCHOE 4MCIO (B ua-
CTHOM CJyuae — BelleCTBEHHOE
WJIH MHHMOe) M, Hao60pOT, BCA-
KOMY KOMIVIEKCHOMY uYMCJIY CO-
OTBETCTBYET OJHA M TOJALKO OLHA
Toyka miaockoctu. Takum o6pa-
30M, MOAOGHO TOMY KaX BCfKOeE
BellleCTBeHHOe uucao (Kak nono-
JKHTEJbHOE, TaK M OTPHULATENb-
HOE, H HYJIb) MOXKeT OBITb FreOMeT-
pHYeCKH H3IOOPAKEHO TOYKOR
npaMoft NMHMH (Y4HCAOBOA oOCH),
TaK # BCAKOE KOMILIEKCHOE YHCIIO
MOXeT GhiTh reOMeTPHYECKH TIpesi-
CTABJEHO TOYKO# IIIOCKOCTH.
3aMeTHUM, YTO OTpe3oK OT
Hadaza KoopawHaT [0 TOYKH,
H3oOpakamllueA JaHHOe KOM-
NJIeKCHOe 4YHCHO a-+bi, npej-
craraseT COOOH runoTeHy3y nps-
MOYIOJIbHOTO TPEYIOJNbHHKA, Y

KOTODPOro OIMH KaTeT DaBeH @, a ApYrofl — . 3HA4HT, 3TO paccTOsHHE

ynciaenHo pasHo V a®-+b%; 3Ta BeanuHHAa Ha3HBAETCA MOOY. €M KOM-
TUIEKCHOTO uMcia q-bi. Monyap uuciaa, He PABHOTO HYJIO, BCEra noa0-

XKATEJEH.

[‘eomerpu%cxoe MpeAcCTaB/eHne KOMIIAEKCHBIX YHCE HrpaeT 601”:11]}’!0

poOJb B HEKOTODHIX OTHAeNaX MATEMATHKH.

140a. TpHrovomeTpuueckas opMa KOMNJEKCHOro uucaa. Hao-
Opa)KeHue KOMIIMIEKCHBIX 4YXCea MPH MOMOWH TOYEK HA MIOCKOCTH IM03BO-
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NAET HAM MNpPefcTaBHTh uncao a-}-bi B Apyrom Bujge, WMEHHO B TaK Ha-
3HBaeMOH TpHroHoMetpuyecko# c¢opme. Ilycts (ueptr. 35) Touka M
H306paxaer KoMmieKkcHoe uncao a--bi. Torna:

OA=a; AM=b. (N

OGosnaunm paccrosnne OM-T1ouku M or Hayanma KoopaMHAT 4epes r,
a yron AOM, o6pasyembit OM ¢ ocbio x-0B, uepe3 . Torma us Tpe-
yroasiuka OAM nmeem:

a=rcosP; b=rsine. 2

[ToacTaeyB B KOMINIEKCHOe 4KCNO a-|-bi BMecTO @ # b HalieHHble BHpa-
XKEHH], MOJYUHM:

a--bi=rcosg-irsine,
HIH
a4 bi=r(cos ¢ -}+i sin 3). (3)

310 4 ecThb TPUroHOMeTPDHuYECKas GOpMa KOMINEKCHOro uucaa. BeawuwHa
OM=r, nasmBaerci #00y/seM KOMNIEKCHOFO WYHCAZ, a BEAHYHHA Yraa
AOM =@ — ero apzymenmon.
3aMeTuM, YTO MOLYJbL [, BhHPaWaOUKR Y
paccToanue Toukn M OT Havana KOOpPAMHAT,
ABNSETCH BCErAa HUCJOM IIOJIOMHTENbHBIM 7
(TonbKO MOAyab HYJAs paBeH HYIO).
[MokaxeM, KaK KOMIJIEKCHOE YMCI0, JaH- r
Hoe B OOHuHOM aareGpandecko#tl) dopme b
a-+bi, npencTaBuTb B TPHrOHOMeTpHYECKOH ¢\
¢dopme. JIn9 3TOrO MBI KO/IKHB! HAHTH 7 K ¢, 0 CRR X
Koraa HaM u3BecTHH a u b. Ho u3 Tpeyrois- -
uika OAM (uepr. 35) nmeem: Yepr. 35

=V % tg =L, (4)
Takum o6pasoM, 3Has a W b, MH Bcerfa cmoxeMm Halitu 7 u ¢ no dop-
myaam (4).
Mpumep 1. Boipasuts uncao 5+ 12i B TpHroHomeTpHuecko#t ¢opme.
Mo gopmynam (4) Haxomum:
12

r=154122=1169=13; tg<p=-—

OcTadTcs no NAHHOMY TAHTeHCY HAWTH yroa @. HaumeHburum yriom,

12 : 00 .

TaHTEHC KOTOPOTO paBeH —5—=2,4, 6ynetr ©=067°23". Ho mMu 3Haem,
YTO TAKyI0 Xe BeJHYHHY TaHreHca umeer W yron 180° 4 ¢=247°23’,

) Tak xak a n b asamoTcA aGCUHCCOR M OpARHATOR TOYKH, wH3oGpaxkaiomeR
aucao ga+bi, 10 Takylo ¢opMy KOMIUIEKCHOTO 4HC/AAa Ha3blBaloT TaKXKe KOOpAH-
HaTHOH.
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Kakoft >xe W3 3THX Yri0B HaloO B3aTh B JdHHOM ciayuae? UYro6W ycra-
HOBHTb 3TO, NOCMOTPHM, KakdHe 3HaKH HMelT sin¢ u cose. Hs (2)
HMEEM:

. b, _a
sin e=—-; cos@e=—-. )
[Moxncrapass cioma snaueHus a=>5; b=12; r=13, noayunm:
. 12, 5
sine=13; cose=qy7,

T. €. CHHYC H KOCHHYC TMOJOMXHMTENBHH. J3TO 3HAauWT, YTO YrOA HAXO-
nutca B 1-B ueTBepTH M, cieaoBaTeabHO, @ =67°23’. Temeps Mu moxeMm
Hanucath:

5412;=13 (cos67°23" }i sin 67°23').

H3 TpHroHOMETpHH HM3BECTHO, 4YTO H CHHYC H KOCHHYC He H3MEeHsi-
I0TCA, €CH K apryMeHTy RNpHOaBHTHL MJIH OT Hero OTHAThL LIE/N0e YHCAO
pas no 360°. IlosToMy mnOJyYeHHOE BHPaXKEHHE MBEl MOXEM 3aNHCATh B
6oace ofuieM BHIE:

5412i=13[cos (67°23’ +360°k) }-i sin (67°23 4 360°k)],
rie k-— noGoe nenoe uucro (B TOM UHCHAe H HYJIB).
IlTpumevonue, Tak kak 3HameHaTeJb r B BhipaweHwax (D) Bcerna
YHCAO NOJOXMUTENBbHOE, TO 3HAKK CHHYCa H KOCHHYCa 3aBHCAT TOJLKO OT
aHakoB a ¥ b. [losToMy B maHHOM cayuae, BMAsf, 4TO 4@ H b 06a moJo-

JKHTE/bHB, MB MOTJIH CPasy 3aKJIOUHTb, 4YTO OyAyT YIOJOKHTEJIbHH H
CHHYC H KOCHHYC.

Mpumep 2, Banucars B TPUrOHOMETPHUeCKOH ¢opme uucio —3--2i.
Ilo ¢opmynam (4) nHaxomum:

r=V (=T P=VT3; tgo=——2=— 0,666 ...

TakreHc OTpHUaTelieH, CNeIOBATe/NbHO, 3HAYEHHE ¢ HANA0 HCKXaTh BO 2-ft
unu B 4-i qerBeptn. O6paiasce K GopmynaM (D), sameuaeM, YTO NpH

=—3 u b=2 cuuyc Oymer NONOWKUTENIEH, a KOCHHYC OTDHUATE/]EH,
4TO WMeeT MecTo BO 2-# dersepru. [lo Tabamuam naxogum ¢ =146°18’,
SHAaYHT:

— 3+4+2i=)/13 (cos 146°18’ 4 sin 146°18).

INpumep 3. Tpeactasuts B TpuroHomerpuyeckod gopme uncao 1 — i,

Hmeem: r=} P (—1P=}2; tg ¢=—1.
Tak kax 3gece a=12>0, a b=—1<C0, 1O KOCHHYC MNOJOXHTe/IeH,

a CHHYC OTpHilaTesieH, YTO HMeeT MeCTO B 4-# uerBeprd. OTC0Aa Haxo-
aum ©=315° u momeM HanucaTh:

1 — i=V'2 (cos 315°}isin 315°).
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IIpumenanue 1. Tax kak 315°=360°—45° u orcroza:

cos 315° =cos (—45°) =c0545°,
sin 315° =sin (—45°) = — sin 45°,

TO Mbl MOrad Obl A3aHHOE 4HCAO 3anucaTh ¥ B Taxolt dopme:
1 —i=Y'2 (cos 45°—i sin 45°).

IlIpumewanue 2. KoHeyHO, BO BCeX NpPMMEPAX MH MOTJH BMeCTO Tpa-
OYCHOFO BBIDAXXEHKS apryMeHTa NoJb30BaThCA paiHaHHmM, Tak, noxay-
YeHHOe B MpUMepe 3 BHPAXEHHE MH MOIMM OH 3aNHUCATh M B TAKOM
BHAe:

. 5/ = . . T=
l—i=1 2 kCOST-HSIHT) .
[pennaraeTcs yualMMCA NOCTPOMTL TOUYKH, 3alaHHHE B NpUMEpax
1—3, no ux maHHLIM KOODAMHATAM @ ¥ b M yGeauThCs, UuTO BO BCexX

CAy4adxX 3HA4YeHHWs 7 H @ COBMAJAOT C BBLIYMCIEHHBIMH HaMH 110 GOpPMY-
aam (4).

Mpumep 4. [peacrasuts B Tpurouomerpuqecxon dopme NeHCTBHTEb~
Hoe yucao m>0.

Taxk kax
m=m-0-{,

TO 3aech a=rﬁ, b=0, n MH umeeM:
— 0 m
r=Ym4+03=m; tgo = =0 cos ==l
CnenosatenbHo, ¢=0°, u MH MOXEeM HAMKUCATH:
m=m (cos 0°+4i sin 0°),
um B oflieM BHue: )

m=m(cos 360°k 4-i sin 360°k).

Orclofa 33aKTI0YaeM, YTO MOAYJEM MOMOXHTENbHOTO YHCAA SBISETCS
caM0 9TO 4MCAO, a aprymenroM — 0° (uam 360°k). -

Mpumep 5. TlpenactaBuThL B Tpurouomerpuqecxon ¢opMe OTpHLATENb-
Hoe uucao —m(m>0).
Taxk xak
—m=— m40-{,

TO 3l€Ch a=—m, b=0, u M HMeeM:
r=V{E=mPt0=m; tge=—
CnenoparencHo, ¢ =180°, 1 MH noayuaem:
— m=m(cos 180° 4 sin 180°),
#aH B Gojiee oOuleM BHACE:

—m=m[cos (180°4360°k) J-i sin (180°360°K)].

—m
= C=— ],
=0; cos¢ — 1
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OTCi0fa 3aK/AKYAEM, YTO MOZLYJeM OTPHMUATENLHOIO YHCAZ ABJSETCH
ero aGCoMOTHas BeaHudHa, a aprymeHToM 180° (uar B Gosee oGwmeh
tdopme: 180°4-360°k).

[NocTasum Tenepb OGPATHYIO 32Ja4y. KOMILJIEKCHOE YHC/IO, 33JaHHOE
B TpHroHomerpmdeckoft ¢opme, mnpeicTasuts B aiarebpanydeckoft dopme.

Ec/in uMciIo maHO B TPHUFOHOMeTpHYeCKOH dopme, 3HAYUT, NaHH 3HA-
venus r 1 . Ho Torna no dopmynam (2) MH MOXEM Cpa3y BRUHCAHTH
au b.

HNpumep 6. Yucno 6 (cos 40°-}-7 sin 40°) npeacrasutb B anreGpanye-
ckoft dopme.

HUmeem: a=r cos ¢==6 cos 40°=6-0,766 =4,596,
b=rsin¢=6sin40°=6.0,643= 3,858,

H J3aHHOe 4HCJaO 33aNnMUIETCHd B BUIOE:
4,596 4+ 3,858i.

3amernm, 4TO 3HAYEHHA ¢ B NMepBHX TPEX npumepax H 3HaueHHg @ n b
B TOC/NEIHEM mpyMepe ABAKIOTCA NPHOIHIKEHHEIMH, TAK KAK NPH HX BRIYH-
CJ/IEHMH MH [OJb3GBAIHCH TaONHLAMH TPHUTOHOMETPHUYECKHX yHKuuMH,

Hpimep 7. Bupasute B anreGpanueckoft gopme 4MCAO
4 (cos 30° +i sin 30°);
V3

TaK Kak c0530°=-—2—-; sin 30°=%, TO Cpa3y HMceM:

4 (cos 30°4isin 30°) =2}/ 34-2i.
NMpumep 8. Bupasurth B anreOpauyeckoll ¢popme HHCIO
5 (cos 0° — i sin 0°).

Tak xax c0s0°=1, sin0°=0,

10
5 (cos 0° +isin 0°) =5,

T. €. NOJYYH/H ReHCTBUTENBHOE YHCNO,

Yapaxcuenas.

249. 1) [peacraBuTs B TpHroHoMerpHueckod ¢opme gHcsa:

a)4+3i; 6) 4—3i; B) —443/; 1) —4—3i

2) TlpencTasHTb B TPHrOHOMETPHUECKOH ¢opMe uHCAa:

8 V24iV 2,6 —V 3+i, B) 1 —iy 3.

3) [lpencTaBuTh B TPHrOHOMeTpHuecKol dopme uncaa:

a) 5—4i; 6) 142i; B) 3; 1) bi.

4) lokasaTb, 4TO AJIA BCEX NEACTBHTEJBHBIX MOJOKHTENBHBIX YHCEN apryMeHT
Gynet pames 0° (uaH, uto 7O Xe, 360°K).

) LoxasaTs, YTO 117 BCEeX YHCTO MHEMEIX YHCen apryMeHT Gyjer pasex 90°
une — 90° (uan, B Gonee obuledl ¢opme, 360°k490° u 360°%k — 90°).

6) Haittu, Kak pacmonoxeHsl TOYKH, H300pa’KalolulHe UHCJAAZ, HMEIOmMUe MOo-
Ayab 2; 5.

7) Haiiti, Kak pacnonoxeHs! TOYKH, H306pa’KaoLiie YHCHAA, aPTYMEHT KOTOPHX
paren 30°; — 45°%; 180°.

8) IlpencTaBHTh B ajxreGpaHyecKofl ¢opme uicma:

a) cos24°4isin24°;, 6) 2 (cos 45°+isin 45°); B) 6 (cos 60°+sin 60°).
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1406. [eficTBHA ¢ KOMOJAEKCHBIMH YHCJAAaMH, BBIPAXEHHHIMH B TPHIrOHOMET-
puqeckoit ¢opme. Bce anreGpaHueckue ACHCTBHA ¢ KOMIJIEKCHRIMH YHCJAMH, BH-
paXKeHHHIMH B TPHrOHOMETDHUECKOR ¢opMe, COBEpPLIAOTCA NO TeM XKe NpaBHiaM,
KaK M € KOMIMeKCHHIMH YHCIAMH, BblpaKeHHWMH B anreGpandeckof dopme
(cM. § 139). 370 3naynT, 4TO JRefCTBHA COBEPIIAIOTCA MO NpaBHAAM ReACTBHI
C MHOrOuMeHaMH, NpHuEM Bcerha npuuuMaercs, uto (Y —a)®= —a, ® wacraocTn

2
=1)l=p=—1

CrloXKenHe B PHYHTAaHHE KOMIMJEKCHHX YHCEJ Tpoume H ynoOHee npOH3BONHTDH,
KOTa OHH Jauw B anre6padueckoit ¢opme. CoBceM HHaue OOCTOHT AEJ0 ¢ OCTadb-
HbhIMH YeThipbMsi anreGpaHuecKHMH JAeHCTBHsAMH.

YmHox eHue. [lycrs TpeSyeTca nepeMHOMHTE UHCJAS
m= R (cosa-}isina),
n=r (cos B4 sin ).
Bynem AMeTh:
mn = Rr (cos a+i sina) (cos B+ sin B). - (4))
Ho
{cos a-i sin a)(cos B+4-7sinP) = cosz cosB+islnacos B4
+icosasinfB4i2 sinasinf=
= (cos 2 cos § — sin a sin B)+ (sin a cos f-}-cosa sin fi),
U paseHcrso (1) npumer BHA:
mn = Rr [cos (@-+§)+i sin (@ +B)]. (1

TaxkuM 06pa3oM, OKa3nBaeTCH:

Modynrs npouseedenun G8Yyx KOMMAEKCHBIX dUcen pasex npouseedewwro modyaed
COMHONCUMEAER, @ APeYMERITL PABER CYMME QPZYMEHINOE COMHONCWINEAGU.

Mpumep t. [lycts
m == 3 (cos 20°+ sin 20°),
n =2 (cos 35°--i sin 35°).
Torpa: .
’ mn = 6 (cos 55°i sin 55°).

Mpuvep 2. [ycTh
m =5 (cos 200°+4i sin 200°),
n = cos 240° 4/ sin 240°.
Torga:
mn =25 (cos 440°4-i sin 440°) = 5 (cos 80°4-/ sin 80°),
fMpumep 3. [lycrb

m= 4(cos TZ".+1' sin%),

n= }/f(cos-;_-{-i sln-;—) a

Torna:
5 50 .. . 5:m
mn=4 }/2(cos—€+t snnT).
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Ilyctb TpeGyercsi mepeMHOXHTb TPH YHCJa:

m==r,(cosa-}isina),
n=r,(cos f}isin f),
p = ry(cos y+isiny). .

INepeMHoXHB nepBbE ABAa YHCJAA, Mbl COTJIACHO BHIBefICHHOR ¢opmyae (1)
AYUHM:

mn = ryr,[cos (a+43)-+i sin (a-+§)].
Tepemuoxas 7Tenepb uncyia /nn H p, no Tofi e dopmyne Gysem UMeTh:
mnp == r,ryr3[cos (G+3+ 1)+ sin (@ 4+341)).
Mpumep 4. anxo:

m, = 2 (cos 150° 41 sin 150°),
m, =3 (cos 200° 4-¢ sin 200°),
my == 5 (cos 10° 4 sin 10°).

Toraa:
mym,ms = 30 {cos 360°+i sin 360°) = 30.

CoBeplueHHO OYE€BHAHO, YTO YMHOXEHHe 3THX 4uCes B anareSpangeckoli dopme
norpe6oeano Obl ropa3fo Gonblle BLIYHCJACHHA H BpEMeHH.

B ofmem caydyae, KOraa AaHbl 11 WHCEN: My, My, ... , Mg, HMEIOWMX MOAYJH
ry rg «ee o I H APTYMEHTH @y, Gg, ee= , Qo Ml [OJYYHM:

MMy eee Mp == F Ty ooo Tp[COS{9 4Pyt o0 +9n)+
+isin(¢1+9g+ oo t¢ndl (1)
ODeaenne [lycts Tpebyercs uncno
m = R(cos a+isina)
paanemn‘b HA YHCJO
; n=r(cos f+isinB).
Bbyaem nmerb:
7 Tleositisind) T cosirisind | @

Tpeofpasyem BTOpyl0 NpoSb, YMHOXHB 9HCJIHTE/b H SHaMeHaTelb HA cosf — /sinf
(uucno, conpsénNHoe sHameHaremio). Iloayuum:

(cosa+isina)(cosB —isinf)
cos? f— * sin® B

Ho rak kak 7%= — 1, To 3HaMeHaTest GyneT paped cos?B+4sin? B = 1. Yncaarenn
MBI MOJKEM 3anHucaTb TaK:

(cos a+-i sin a) [cos (—PB)+i sin (—P)]
H, NPHMEHHB MNPaBH/IO0 YMHOMEHHA KOMIVIEKCHBIX WHCeN, [NOMYYHM:
cos(a — B)+¢ sin (@ — B).
[loaCT8BHB NOJNYyYeHHOe BhipakenHe B (2), OyneM HMETh:
m R

L= —_— i si _ (IT1
- ’ [cos(a — B)+i sin (@ — B)]. )

CnenoBaTellbHO, MEl MOXEM CKasaTh:
MoOyab  «acmuozo O6yx KOMNAEKCHbIX 4dOCEA PaASEN vacmuomy MmoOyseld,
O GPSYMEHM — LABHOCIML QPSYMEHNIOE OeaUN020 U Oeaumenn.
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Mpumep 5. [lycms

m = 12 (cos 55°+i sin 55°),
n = 3 (cos 35°-{ sin 35°).

Torna:
—';—l = 4 (cos 20°+4i sin 20°).

Npamep 6. INycTe
m =y 3(cos 200° 4 sin 200°),
n =2 [cos (—160°)4-i sin (— 160°)).
Toraa:

‘/? (cos 360° 4i sin 360°) = ﬁ_.

2

Bossuwmwenue B cTenenb. [lycTs TpeGyercs 4HCIO

m—
n

m=r (cos p+isin ¢)

BO3BECTH B KBajpaT. [IpHmenss BhiBeflennyio smiuue dopmyny (1) ans npomspege-
HHS, NOJAYYHM:

md = [r (cos p4i sin¢)J*,
HI
m? = r3(cos 24 4i sin 2¢).
TogHo Tak ke Gyaem HMeTb:
m® ={r (cos ¢4i sin ¢)}* == r? (cos 3p4-i sin 33).
BooGiie, ecnn HMeeM n1 COMHOXHTeJsel, paBHEX
m=r (cos ¢+ sin ¢),
10, nupumenas ¢opmyay (11), noayunm:
mh" == [r (cos ¢4-i sin ¢)}" = ra(cos n ¢+{ sin n ¢). (1V)
MoOyae crmenenu KOMNAEKCHOZO aUCAQ pAsen Mol Xe cmenenu MoQYAR OCHoO-

8aKUS, G APSYMEHM paseH GAP2YMEHMY OCHOBAHLA, YMHOMEHHOMY HQ NOKA3amens

cmenenu.
B uactHOM cryuae, ecou r= 1, 10 dopmyaa (IV) npumer mux:

(cosg+ ising)t = cosne4isinnq.

Orta dopMysa HOCHT Hassahie «opmyasl Myaspa» no HMeHH ¢$paHUy3CKOro
maTemMatika MyaBpa (1667—1754).

Npumep 7. Bossectu B KYO uncho
a = 2 (cos 20° 4 sin 20%).
ByxaeM HMeTb:
a® = 8 (cos 60° 47 sin60%) = 444 ' 3

1 v 3
Tak Kak cos 60° = —— sin 60° = ¥ 3)
2 2
flpumep 8 BossecTH B 20-10 cTenmedr 4HCIO

_ 1 V3
m——2—+_-2—— e
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[IpsacTaBuM CHavaina YHCJO /m B TPHroHOMeTpHueckoft copmyae. Hmeem:

=/ CTAGT =vims
ge=V 3 ¢=60°

(TaK K&K CHAYC M KOCHHYC HOJOXHTEJbHH, TO yroa GepéM B nmepsodl wersepTH)-
Takum ofpasom:

m =1 (cos 60°+i sin 60°).
Orcrona:
m30 == £30(cos 1200°4-{ sin 1200°) =
== cos (360°.34120°)-+i sin (360°.34-120°) ==

= cos 120°4i sin 120°=—%+ 1/2_3 i

Hasneuenne kopusa a) [lycte TpeGyerca H3Bieub KBaAPATHHEA Kopedb
A3 9ucaa

m=r (cos p-}-isin ).
O603nagHM Yepes x B ¥y MOAYNbL H apryMedT HckoMoro ropaa. Torpa:

¥ r(ces 9+ sin ¢) == x (cos y i sin y). 6)

Or1ciona NO NpaBuUNY BO3BEJSHHA B KBAIpaT MOJYUYHM;
r (cos ¢ 4 sin ¢) = x*(cos 2y +4-i sin 2y).
B TakoM cnydae MmO YCAOBNMIC pPaBeHCTBA HBYX KOMIUIEKCHBIX HHCEN JOJKHO GhlTh

x2=rp, OTRYRA X=7 .
2y = ¢+360°%, oTKyNa ¥ == _;_+180°k.

Urax, xopeHb KBajpaTHHIA H3 QRAaHHOTO 4HcNa paBer

n=y7 [cos (—32'4 + 180°k )+isin (—;— +180° & )]

IMocMoTpHM, CROMBKO PAIHAHBLIX 3HadeHHR KODAS Mul MOMYYHM, favaa Kk 3nauenms
0, 1, +2 1T X

Ipr k=0 Gyaem nMeTh:
n; = f?(cos_;; +isin _;_) .
Mpu &=1 noayumum:
na=vyr [cos (._;— + 180") +isin (_;—+ 180°>].
Ho
cos (_;_. +180°) = — cos %. u sin (_‘2';—{-180’) = —sin %,

H Mbl MOXKCM KOpeHb /1, 3amHCaTb B TaKOM BHAC!

na=—y 71 (cos .;..-i-i sin ; ).
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Ortciofa 3aKaI0UAEM, 9TO ng=a — M.
Ilpr k=2 mnonyuum:

na=V'r [cos _;— +360°) +isin <_;*+360°)] =
= T 2 4ysin ¥ =
v r(cos 5~ Hisin _2‘) ny-
Mpn k=3 nonyums:
na=yr [cos (—;—+540°)+isin (% +540°)] =

= f?[cos (%+180°)+i sin(—g—+ 180°)] =n,.

OueBusno, narass K 3Hauyesus 4, 5, 6, ..., Mn BCE BpeMa Gynem nonyyars sHATEHHS,
noouepéAHo pasHole ny H n,. To e OymeM uMeTb, nasas k OTPHIATENbHLIE

SRAueHHs.
Takum o6pa3oM, Xsa0pamuelli Xopenb U3 KOMMAGKCHOZO 4UCAQ uMeem daq

PA3IAUGHBX 3HAEHUA, KOMODWE N0 CMHoWeRuo Opye K Opyesy seamomcs npo-
MUBONOAOHHBIMU HUCAAMU.
Mpumep 9. Ilycts
m == 16 (cos 60°+; sin 60°).
Toraa:
v 1 = 4 [cos (30° -180°k) 4/ sin (30° 4 180°k)].
ITpu k = 0 pnonyuum:
1

V'm=n, = 4 (cos 30°+4i sin 30°) = 4 ( ‘[23 +i __2_) = 2V 3421

Mpu k=1 Gynem HMeTs:
V m=n,= 4(cos 210° 4/ sin 210°) = 4(— cos 30° — i sin 30°) == «w= 2}/ 3 — 24,
Mpumep 10. Hafitu ' 25.
CoraacHO pe3yibTaTy, MHoayueHEOMY B npumepe 4 § 140a, MoXeM HanuCcaTh:
25 = 25 (cos 360°k 4i sin 360°k).

Torpa:
¥725 = 5 (cos 180° i sin 180°k).
Ipn k=0:
25 =5 (cos 0°+i sin 0°) =5 (1 44-0) =5.
Mpu k=1:

v 25 = 5 (cos 180°+i sin 180°) = 5 (~— 1 +i+0) =< — 5.
6) IMycts TpeGyeTcs H3sNedb KYGHYHHA KOpeHb H3 YHCJA
m=r (cos ¢-isin ¢).

IMo npeAbAYLIEMY MOMHO HNHCaTb:

3|/ r (cos P4 sin @) == x(cos y+i sin y).

7 (cos P +i sin P) = x*(cos 3y -1 sin 3y).
1= _ . 155
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CnefoBaTesbHO, JOJMKHO ObITh:

x}=r; 3y = 94 360°%.
Orcrona:

x= i’/T. y= §_+120°k,
H Mbl [OTydaeM:

%/’r (cosP+isinP)=n=

= i"'/‘,'[cos(—‘g- + 120° )+isin ("(g— + 120°% )]
Tpu k=0 umeem:
3, — e .9
ny = y/rcos3-+4isin—5 |

INpu k= 1: .
n, = V?[cos(%+l20°)+isin (—g—+l20°)].
. Mpn k= 2:

ng = ]:S/r_[cos(-;g—+240°)+isin (%—+240°)].

Herpynso y6emurses, aro npH k=3, 4, 5, 6, ... 6ynem mnoayuaTh 713 = n;;
Rg==ng I T. &, T. €. HOBHIX 3HAYEHH} KOPHA MH yxke He noayunm. Te xe 3Ha-
YeHHA TIOAYYHM H OPH OTPHUATENbHBIX 3HaueHHAxX K.

Takum o6pa3soM, KyOU4HOIE KOpeH6 U3 KOMRAGKCHOZ0 HUCAG uMeem mpu
PA3AUHHDIX 3HA4EHUR.

Hpumep 11. Hafity xy6uunnilt Kopeub H3 eAHHHUH.

Hmveem:
1 =1 (cos 360°% -}/ sin 360°k).
Torpa:

3/ T=n=1(cos 120%+i sin 120°).
Mpr k=0, 1, 2 noayuysm COOTBETCTBEIHO:

ny= 1(cos0°+isin0%) =1,

1 3 oW
ny =1 (cos 120°+i sin 120°) = 1 (—T'H '/23 )= —1+y/3 f.

;
fiy = 1(cos 240°+i sin240°)=1<—_;- —i V? ): “1“2‘/3".

Bossefin noayueHHble uHCHa B Ky6, yOemHMcs, 49TO BCe OHH AAAYT B pe3yJibTare
eJHHULLY.

Tipumep 12. PemmnTb ypabsenHe x*4+8=0.
Hmeem:

B¥=—8 x= 5/—8.
Cornacno npuMepy 5 § 140a mMoxkeM HanmcaTb:

— 8 =8 [cos (180°4-360°k) 47 sin (180°+360°k)].
Orcioga:

3/ — 8= n=2[cos (60°-+120°)+i sin (60°+120°)].
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Ilpg k=0, 1, 2 6yneM HMeTb:

n, = 2(cos 60°+i sin 60°) = 2 (%-H ‘/;5 )= 1+4/73;

ny =2 (cos 180°+i sin 180%) == 2 (— 14-/-0) = — 2;

ny = 2 (cos 300°4i sin 300°) == 2 (—;—— i Q) =1—iy 3.

IlpoBepkof MoXHO yGendTbes, YTO Ky6 BCEX MONYUEHHBIX 4YHCen pabeH — 8.
B) [lepediném Temepn K ofmemy cayvalo. [lyctb TpeGyercs u3Biedb KopeHb
n-f crenesHd H3 4HCAA
m = r (cos P4 sin P).
Ofo3HauBB 4Yepea X H Y MOAYJb M apryMeHT KOpHsA, OyAeM HMEeTb:

f/r (cos @ +i sin ) = x (cos y4-i sin y).

Orciona:
r (cos P+ sin ) = x* (cos ny 4 sin ny).
CnenoBaTenbHO, JAOMKHO GOhiThb: '
xn=r, ny—=9 4360,
OTKYyja:

- ®  360%
x=l/"y=7+ n

H 3H3UHT:
360°% 360°k
V’ (cos® +isin ) = ]”/ r [cos(%+ n )+isln (%--}- P )}
2T0 PaBEHCTBO MOXHO 3aMHCaTh H B TaKOM BHJE:

VT 1C0s (9 + 360°K) 1 sin (P +300°K)] =
. 360°k 360°%
=1/r [cos(%+ n )+isin (—z—+ - )] W

CaenosaTenbHO, MB MOXKEM CKa3aTb:

Modyab KopHa n-ff cMmenesu U3 KOMNACKCHOZO WUCAQ pASEH KOpHio mod me
cmenenu U3 MOOYAT NOOKOPEHHOEO HUCAQ, @ APSYMERM pased GpzyMeHmy nod-
KODEHHO20 HUCAQ, OEAEHHOMY HA NnOKA3ameab KODHA.

CKOMbKO Pa3sNHYHEIX KopHefl Mbl 6yleM HMerb? HerpynHo yOGeauTscs, uTO
noka Mk Gyjies B ¢opmyay (V) noacTaBasTh ssauenns k=0, 1, 2, ..., (n—1).
BCe NOJIyuaeMble KOPHH OyIyT pasiuuHbhl (TaK Kak OyAYT pasjHuHbl apryMeHTsl).
TlpH Kk = n DonyunM:

H KopeHo OyjeTr paseH:

'V?[cos( -g— +360°)+isin (—:{:— +360°)] = "‘/T(cos%-i-isin -%-)

T. €. NOJYYHM TOT Xe Kopewb, uT0 H npA kK = 0. TouHo Tak xe npu k = n+1,
n42, ... 6yneM HonyuaTh Te XKe KODHH, GTo M mpH k=1, 2, ... .

Takum o6pasoM, 3aKiOuyaeM, YTO KOpPeHb #-8# CTeNneHH H3 KOMIVIEKCHOIC WHCJAa
HMEeT 1 pa3lHYHhX SHAUEHHH.
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Mpumep 13. Peumry ypasuende: x% — 243 =0.
Vineem:
x5 = 243, oTKyAa x = ;/’m
Ho
243 = 243 (cos 360°+i sin 360°k). o
CaefosaTennnos '

{/Wi: 3 (cos 72°k +7¢ sin72°k).
fpu k=0, 1, 2, 3, 4 noayuam:
n, =3(cos0°+isin0°)=3(1+;-0)=3,
g == 3 (cos 72° i sin 72°),
ng = 3 {cos 144° i sin 144°),
ng = 3 (cos 216° 4-i sin 216°),
ng = 3 (cos 288°+ i sin 288°).

Hafgn c¢upych H KOCHHYCHl NOJNYYeHHbIX apryMeHTOB, BLPEIHM BCe

ROPHH B
anreGpaudeckoft ¢op me.



OTHEJ HNECATHIA.

HEKOTOPBIE CBEJEHHSI Ob AJIFEBPAHYECKHX
YPABHEHHSAX.

I. Jdeaumocts MHoOrounesa.

141, leaHMMOCT> MHOrOY/eHa, UEJOro OTHOCHTeJbHO X!), Ha
pasHOCTh X —a.
Teopema be3y?). Muorounen, ueabii OTHOCHTEJbHO X:

M= Axm4-Bxm—14-Cxm 2 4., 4K,
npu JIEEHHH Ha Pa3HOCTh X —a (€ @ ecTb NPOU3BOJbLHOE HHCJO,
NOJOKHUTENbHOE HJH OTPHIATENbHOE) AAET OCTATOK

R =Aa™-Bam-14-Ca™2+...+K,
PaBHbIH TOMY 3HAYEHHIO AEJHMOro, KOTOpOe OHO MOJy4aeT upH X==a.
HokaszateabcTBO. 3 npoumecca peneHuss MHOrowiewa, pacnono-
MEHHOro MO yO6HBAOMMM CTeneHsM OyKB X, BUIHO, YTO Ae/NeHHe TAKOrQ
MHOFOWIEHA Ha X — @ MOXHO MPOAO/XATb A0 TeX Mop, MOKa BHCLIMH YneH
ocraTka R He 6yner comepxarhb B ce6e Oyksnl x. [TycTs npu 3TOM yacTHOE
GyueT HeKOTOPHH MHorouned . Toraa MM MOXeM HanHcaTb PaBeHCTBO:

M=(x —a)Q+R.
PaBeHCTBO 3TO €CTb TOXAECTBO, T. €. OHO BEDHO MPH BCEBO3MOMXHLIX
3HayeHHaX OYKBbl X, a NMOTOMY OHO JOMKHO ObLITb BEPHO M NMpH X==4.

Ho npu x=a ono jaér
M =(a—a)Q'+R,

ecn Gyxsamut M’ u Q' oBosnayum Te 3uaverna M u Q, xoTopwe 3TH
MHOIQY/CHb TIPHHHMAIOT MPH X=a (ocTaTok R, Kak He cogepmawwmft
BOBCE X, He M3MEHHTCA OT NOACTAHOBKH @ Ha MecTo X). Taxk kak
a —a=0, to u npoussesende (a — a)(’ pasuo 0; 3HAYHT, TOCACAHee
paseHcTRO faét M'=R, 1. e.
R=Aa™ 4 Bam—14-Cam—2 4. . . K,

yT0 M TPebOoBaAOCH JOKA3aTh.

Caedcmesue I-e. Tak xak x4a=x—(—a), T0, npuMeHas noKa-
3AHHYI0 TEODEMY K Cymme X-|-g, HaMaBM: MHOrOuJeH

Axm4-Bxm—1 4. Cxm24. . K

1) lleamwM OTHOCHTENbHO X HA3LIBAETCHA MHOIOUNEH, B KOTOpOM X He ABJACTCH
JenTeien.

1) besy — ¢panuysckuit marematk XVIII cronetns.
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npy JeJeHHH Ha CYMMYy xta HAaéT B OCTATKE YHCJO, paBHoe

A(—ay"+B (—a)m1+...+K,
T. €, YHCJO, paBHOE .TOMY 3HAUYEHHIO JACJIHMOro, KOTopoe OHO MOoJy-
yaeT NpH Xx=—a.
INMpumepsl.
1) Muorouned x°—3x?-4-5x—1 npu neneHuH Ha X—2 [akT ocTa-
TOK, paBHH

26-3.2%2.45.2—1=20,

2) Muorounen x5—3x?-}-5x—1 npm nmeaesun Ha  x-}-2  padr
OCTaTOK
(—2)b—3(—2)?+5(—2)—1=—55.

Caredcmene 2-e. Aas 10ro 41061 MHOro4JeH
Axm 4+ Bxm—14.Cxm—24-, . 4+ K

ReJMJACH HA PasHOCTb X—@, HeO6XOAMMO M JOCTATO4HO, 4ToGbi npH
X=:a OH o0pamancs B Hy.Jb.

81'0 HCOGXOII.HMO, TAK KaK eClnH yKaSﬂHHblﬂ MHOTOYJIEH JOeJHTCA Ha
X—@a, TO OCTATOK OT JeJeHHs AO/MKeH ObTh HyJb, 4 3TOT OCTATOK, NO
AO0KasaHHOMY BHIWIE, €CTbh TO S3Ha4Y€eHHEe HEJHMOro, KOTOpOe OHO TNpPHHH-
Maer mpH X=4da. DTO M JOCTATOYHO, TaK KAK €CJH MHOTOY/JeH o6pauniaercs
B Hleb TIDH x=a, TO 9TO 3HAYHT, YTO OCTATOK OT JE€JNE€HHA 3TOro MHO-
rousneHa Ha X—d PaBeH HyJIo.

Caredcmsane 3-e. Jdas 1toro urobpl MHOTOYJIEH

Axm-Bxm=14-Cxm=2+4. . .+ K

JeanJcAd Ha CyMMy x-}a, Hec6X0IHMMO H ACCTATOMHO, 4TOObl NpH
Xx=—a oH o6pamaJjcsd B HyJb, TAK Kak CyMMa X-}-@ eCTb pasHOCTb
x—(—a).

IIpamepnl.

1) MuorouneH x3—4x?49 genurca Ha xX—3, NOTOMY 9TO

3%—4.3%4-9=0.
2) Muorounen 2x%4-x— 45 pmenurca Ha X-}-5, Tak Kak
2(—5)*+4(—5)—45=0.

>’142. HdeanmocTh JAByuJeHAa x™1a™ Ha x+a. 1) PasHocts onu-
HaKOBBIX cTerneHedf ABYX UHCEJ JEJHTCS Ha PasHOCTh TeX K€ 4H-
CeJl, TaK Kax X®—a™ npu Je/leHHH Ha X—a Ha€T OCTaToK a™—a™, 1. e. 0.

2) Cymma 0aHHAKOBHIX CTeNeHell AByX 4HCeJ He AenuTcs Ha pas-
HOCTbL 3THX YHuCeJ, TaK Kak Xx™4-a™ npu [AejeHHH Ha X-—4 JaeT
OCTaTok am-f-a™=2a™, a ne 0.

3) PazHocTb OpMHAKOBBIX YETHHIX creneneli JAByX uuceJs geantcs,
a HEYETHHIX He JEeAHTCS HA CyMMY 3THX YHCEN, TiK KaK TIPH LesleHuH
pasHocTH X™— @ Ha X--a OCTATOK paBeH (— a)™—a™, 4TO UpH N
YETHOM PaBHO HyJII0, @ NPH M HEYETHOM COCTaBigeT —2a™,

4) CymMa opMHAKOBBIX HEYETHBIX cTemeHe#d ABYX YHCEa AeJMTCH,
a 4YBTHBIX HE JEJHTCA H2 CYMMY 3THX 4YHCeJ, TaX KAk NpU AeAEHHH
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cyMMut x™-.q® na xfa ocrarok paseH (—a)™-a™, yTO NPH M He-
u¢THOM paBHo O, a npu m 4&THOM cocraBaser 2a™.

Npumepnt.

1) x'+4-a* menurcs Ha X-}-a, HO He NeAHTCE HA X—d.
2) x*—a® genwtcs M Ha X—a, W Ha X-a.

3) x’+a® we memuTca HM Ha X¥—a, W4 Ha X-}a.

4) x3—q® nenuTcs Ha X—a, HO HE NEMHTCA HA X-Fa.
5) x3-4-a3 neaurca Ha X-}a@, HO He HeAUTCA HA X—d.

143. YacTtHpie, noayuyaembie NP JeJeHUH X"Fa™ Ha XTFa.
Ecnu npousBengm nenedue asydseHa X7—q@® Ha [IOByWIeH X—a&, TO B
YaCTHOM MOJYYMM MHOTOUJeH:

x4 gxm—1.q?xm—t -, Jgm1

{ocTaTkH nMpuM 3TOM AeJEHMH MAYT B TakoH mociemoBaTeabHOCTH: 1-# Oc-
taroxk ax™—1—am, 2-tt ocratok a’xm—%—am, 3-t ocratoxk adxm—3_._gm,
e+ ., M-# OCTATOK QTXP—M—qT=q"—q™=0),

OueBHAHO, YTO MHOTOYJIEH, NOJYYMBIIHKCH B WacCTHOM, COAEPXKHUT Mm
4JIEHOB; CyMMa NOKasaTejelt B KaKAOM 4ieHe MPH @ M X OfHA M Ta Xe,
HMEHHO: Mm—1; nokasaTeJH X HAyT, yMeHblnasace Ha 1, or m—1 pmo O,
foKasaTenH e @ HAYT, ysenuuuBasick Ha 1, or O mo m—1; koaddu-
UHEeHTH Yy BCEX 4/IeHOB pasBHbl 1; 3HaKH BCe --; YHC/AO 4YJAEHOB B 4acT-
HOM M.

3aMeTHs 3TO, MOXeM MNPAMO MNHCATh:

x3—a?=(x—a)(x*+ax-a%;
x4 —at=(x—a)(x3}-ax®-La*x +a’);
X5—ab=(x—a)(x*+ax®t+a*x*+a’x4-a®) u T. N

YroGe MOMYyYATh HACTHOE OT JAeNeHusT x™—a™ na x-}-a npH m q¥r-
HOM HJH NIDH NeJeHUH X" 4-a™ Ha X-4d NPH /M HEeY&THOM, JOCTaATOYHO
B MOJYYEeHHOM BbIlle YaCTHOM 3aMEeHHTh a Ha —a. TakuM 0o06pasom:

240 = (x4 a)(d—ax+-a”);
x4—gt = (x+a}(x*—ax®*+a’x—a®);
14at=(x+a)(x*—ax3ta’x*— a%x4-a%) n T. n.

Ynpaxcnenas.

250. HafiTn ocTaTKH oOT JlegeHRs MHorouneHa x4—3x3—5¢*4.20r—8 Ha
x—1; va x41; ua x —2; Ha x+2; va x—3; va x+43.

251. OnpeiesHTh GHCACHHYIO BEJIHYHHY @ B MHOrouaeme: x*--3x®-+4x?4-
+ax+11, 4robn OH geanaca Ge3 ocTaTka Ha x+ 1.

144, O6wHii BUR anareGpadyeckoro ypaBHEeHHA. Mu paHee Buue-
JIM, UTO YPaBHeHHe, COAepAMKalllee HEH3BECTHOE B 3HAMEHATENAX, MOXeT GhTh
npuBefeHo K ueaoMy Buay. Jlanee MW 3HaeM, YTO ypAaBHEHHE, COAep-
wailee HeH3BecTHOe Imnod 3HaKOM padHKala, MOXeT 6HTh MNPpUBEREHO
K panlioHaJlbHOMY BHAY. BCJlelICTBHe STOro MOXeM CKa3satrb, 4YTO BCAKOeE
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ypaBHeHHe, B KOTOPOM HEM3BECTHOE CBA3aHO C NaHHHMH RHCJaMH NOCpen-
CTBOM KOHEYHOrO 4YKC/A2 IUECTH anreGpandecKnx JAeHcTBHH (C/IOMEHHS,
BBIYHTAHMA, YMHOMEHHH, MNEJCHHd, BO3BHILEHHS B CTENEeHb H H3BJEYeHHs
KOpHst 1), MOXeT GBITh NpHBEAEHO K TAKOMY LEJIOMY M PALHOHA/ILHOMY BHIY:

Axm4 Bxm—11.Cxm—t4.. . . 4-Kx-4 L=0,

rae xoappuunentnt A, B, C, ..., K u I cyTh NOCTOAHHHE BelleCTBEHHLIE
WIH KOMIJIEKCHBIE YMC/a, & Ml €CTh NOKasaTe/b CTeneHd ypasHeHus. He-
KOTOpHEe KO3(PHUMEHTEH, KPOME IIePBOr0o, B YacCTHHIX CJIyd4asX MOTYT
pPaBHATHCH HYJIO.

YpasHeHue TaKOTO BHAA HasuBaercs areébpauveckum. Anre6panuye-
CKHe YDaBHEHHS CTENEHH BHILIe BTOPOR HA3LIBAIOTCA YPABHEHHAMH BHICIUHX
crerneHel.

145. Hexortopnie cBoiicTBA ajre6GpandecKoro ypaBHeHus. YpaB-
HeHHsl BHICIIMX CTeHeHeHd COCT&BNMIOT MpEaMeT BbICIIeR anrebpm. Oie-
MeHTapHad e DacCMaTPHBAeT TOJAbKO HEKOTODHE HYaCTHHE BHAB 3THX
ypaBHeHH#.

Beicitag anre6pa yCTaHABMHBAET CAEAYIOULYIO BAXKHYIO TeOpeMy:

Bcaxoe aareGpanyeckoe ypaBHeHHe HMEET BEIUCCTBEHHBIH HJH
KOMIJIEKCHBIH KopeHb (TeopeMa T'aycca?), 1799 r.).

JonycTHB 3Ty HCTHHY (HOKa3aTedbCTBO KOTOPDOH B 3jieMEHTapHOH
anre6pe Gul0 OH 3aTPYAHHTENBLHO), HETPYAHO MOKa3aTh, YTO:

AdareGpanyeckoe ypaBHeHHEe HMEET CTOJbKO KOpPHeH, BemecTBeH-
HbIX HJIH KOMMJEKCHBIX, CKOJIBKO €JlHHHL B TOKasaTelie €ro CTeNeHH.

Je#tcTBHTenbHO, cornacHo TeopeMe [Taycca, ypaBHeHHe

AxmJ-Bxm—14.Cxm—24 | JIx*+Kx-+L =0 1)

HMEeT BelleCTBeHHbIH WJIH KOMNJIEKCHH# KOpeHb; NMyCTb 3TOT KOpeHb 6y-
ner a. Torma mHorouses, cTofAlM#t B eBo# yacThn ypasHenus (1), XomkeH
nenntbes Ha x—a (§ 141). Ecan mpomusBecTd 3TO JeseHHe, TO B YaCT-
HOM TOJYYHM MHOT'OYJIEH CTermeHH /m—1, y KOTOpOro nepBHft kKo3hdu-
unedt 6yzer A. OGosHauWB ApyrHe ero KO3QQUIIMEHTH COOTBETCTBEHHC
Gyxksamn B,, C;, ..., K; W NpHHAB BO BAHMaHHe, UTO JEJHMOE DABHO je-
AUTEN0, YMHOMXKEHHOMY Ha 4aCTHOE, MOXEM NMpPeJCTaBHTE ypaBHenue (1) Tak:

(x—a)(Axm—1 LB xm—tLCixm—S 4 4T x4+ K;)=0. @

ITpupaBHAB HYNIO MHOTOUJEH, CTOSIIMA BO BTODHX CKOGKAX, MOJYYHM
HOBOE ypaBHEHHE, KOTOpOe MO TO! e TeopeMe JOJKHO HMeTh HEKOTOPHIA
Kopesb f; BC/IAEJCTBHE STOrO JIeBas ero YacTh MOXeT ObITb pPas/oMXeHa
Ha ABRa MHOXWTens: X—f © MHOrOwIeH cTeneHH M—2, y KOTOPOTO
nepBoiit k03 duitienT no-npexHemy Oyaer A. Ilostomy ypasuenue (1)
MOXHO TepenycaTh TaK:

(x—a)(x—P)(Axm—2 - Bexm—34. . . 41,)=0, 3)

1) B npeAnonoxeHHH, 4TO NPpH BO3BHIIEHHH B CTeNeHb H IIPH HIBJIECYEHHH KOPHH
HEH3BECTHOe He BXOAHT HH B MMOKA3aTeJE CTENeHH, HH B IIOKA3aTenb KODHs.
t) Kapn ®puapux I'aycc — u3secTHndl Hemeuxu#t maremaTnk (1777—1855).
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Ilpononman sTm paccyiaeHHs najiee, NOHLEM, HAKOHEL, IO TOTO, YTO
MHOTOUY/IEH, 3aK/IIOYEHHLIA B NOCIEIHHX CKOOKax, GyneT BTOPOR CTeneHw,
NpHY&M TepBHY ero koad¢uuueHT ocraHerca A. Pasnoxup ator Tpéxusen
Ha mHoxuTean (§ 45), npusengm ypasuenne (1) k Buay:

Ax—a)(x—B)(x—7). . .(x—2) =0, )

rae BCeX DasHOCTeR: x—a, x—f, ..., Oyzxer m. OueBHAHO, YTO YypaB-
HeHune (4) o6palliaeTcs B TOKLZECTBO NPH K2XKAOM U3 3HAYEHHH: X=a,
x=B, X=17,..., X=N M He YIOBJIETBOPAETCA HHUKAKHMH MHBIMH 3Ha-
yeduaMn x (ecan A+0); auauur, ypasuenue (1) umeer m KopHeit:
a, B, 7»..., A B YaCTHBIX ClyuasX HEKOTODHE KODHM MOTYT OKa3aTbCs
OIMHAKOBBIMH,

[Monesno 3aMeTHTL el C/eAyollHe HCTHHEl, AOKa3HBaeMHEe B BhiClIeH
axare6pe.

CyMMa KOpHeft BCAKOTO anreGpanmdecKOro ypasHeHHs

Axm4Bxm14. . 4Kx+L=0

pasna—%, a Npou3BeleHHe KOPHEH paBHO (—l)"'-%‘ (npumMepom Mo-

HET CAYXHTb KBaJpaTHOE yDaBHEHHe).

Ecan anreGpauueckoe ypaBHeHHe C BellleCTBEHHRIMH KO3 dUIHeHTAMH
HMEET KOMIUIEKCHMIE KOPDHHM, TO YHC/IO STHX KOpHeH — u8THOe (NMpHMEpOM
MOXET CJAYXHTb GHKBAAPATHOE ypaBHEHHE).

Ecnu anre6panueckoe ypaBHeHHe ¢ BellleCTBEHHBIMH KO3apdHuHeHTamu
HMeeT 71 KOpHe#t BHIa p--qgi, OHO HMeeT ellg 11 KOPHeH BHIA p — gi
(NpuMepOM MOXET CIYyXHTh OHKBANPATHOE ypaBHEeHHe, KOMIIEKCHBE KOPHH
KOTOPOrO BCErja COMPSKEHHHE), H TaK Kak

[x—(p+ gD}l [Xx —(p — ¢i)] = [(x—p)—qi] [(x—p) 4-gi] =
= (x—p)'— g%’ = (x— p)’+ ¢*=x*—2px+4-(p*4-¢),

TO JeBad 4YaCTb YPaBHEHHUA COMEDNKHUT B 9TOM CJyuYae 7l BEUECTBEHHHX
MHOXHTeJeR Buaa ax®-bx-tc.

AnrefpaHuyeckoe ypaBHeHHe HEUETHOH CTENMeHH C BelIeCTBEHHBIMH KO3gd-
buiMeHTaMH HMeeT, nO KpaftHe#t Mepe, OIMH BelleCTBEHHHI KODPEHb.

YpaBHeHHsi C NPOHBBOJIBLHBIMH OYKBEHHHMH KO3(GHIHEHTAMH CTEIeHH
He BHIe 4YeTBEPTOH paspeuleHH aszebpautecku, T. e, LN KOPHeRt 9THX
ypaBHeHH#! HaliieHH o6ummHe GOPMyJsl, COCTaB/AeHHHEe H3 KO3(dHLHEHTOB
ypaBHEHNA NOCPEACTBOM aAreGpanyecKMx HeHCTBHA.

B 3TOM cMEIC/IE YDaBHEHHS C NPOU3BOJLHEMH KO3(POhHUKEHTAMH CTENEHH
Bhille 4eTBEPTOH He MOryT OHiTb paspelleHH ajreOpaHd4ecKH (Teopema
AGenal); opHako, eciH KO3QQHUHEHTH ypaBHeHH KAKOH yromHO CTeneHH
BHIpa)KeHBl YHC/JIaMH, BCEIda €CTb BO3MOMHOCTb BBIYHCIHTbD C JKelaeMoH
CTerleHbI0 NPHMOAHIKEHHsT BCe €r0 KODHH KaK BelleCTBEHHBIE, TAK H MHH-
mule, Cnoco6H TaKOro BHIYHC/IEHHS H3/araloTcs B Boicuiel anreGpe.

1) Hopeexckull matemMatHk nauana XIX cronerus (1802-—1829).
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OTOEJN OONUHHALOUATHIL
HEONPEJEJEHHBIE YPABHEHHY.

146. Beoanble 3ameuanusi. [IpH H3yueHMH YDaBHeHHH nepBOH cTe-
MIEHW MBl YKe BHIE/H, YTO eC/IH YMC/IO YP2aBHEHHH MeHbIlie 4YMC/IA Heus-
BECTHHX, TO TaKas# CMCTeMa HMeeT GeCcuHCIeHHOE MHOXECTBO peHIeHHH,
Takue ypaBHEHHA HA3HIBAIOTCHA HEOMPEOCACHHOIMU.

Hau6onee yacto B mpakTHke BCTpeyaeTcs CAyyah OZHOrO ypaBHEHHN
¢ OByMA Hen3BeCTHHMH. OOWu#t BUL Takoro ypaBHeHus OyXxeT:

ax+by=c,
rae X W Y — HeM3BecTHHe, 4, b H ¢ — JaHHble KO3 HIHEHTH.

YacTo ycnoBusi 3anaud OBIBAIOT TAKOBH, YTO MPAaBHIbHHHE OTBET Ha
BONPOC, MOCTaBNeHHWH B 3ajaue, JAIOT TOJNbKO LEAble 3HAYEHHS, a4 HHOT/aA
TOJBKO LIeNIble M TPHTOM NOAOMUMEAbHbIE 3HAUEHHS.

3anaua 1. Pasnoxurs yncro 118 Ha Takue BAa YHMC/Ia, W3 KOTOPHIX
omHO penunock 6ul Ka 11, a mpyroe Ha 17.

OG6o3Hauas OXHO 4McJO yepes 11x, a apyroe uyepes 17y, Mu noxy-
YNM ypaBHEHHEZ . '

11x-}+17y=118.

Tak Kak B 3ajaue HMYEro He CKa3aHO O 3HAKe uyuCed, HA KOTODHe
HY®HO DPasiomHuTh uncao 118, TO B JaHHOM Cayvyae ME MOXKEM CYMTATDb
OTBETOM Ha 3afayy M OTDHLATEJbHble pEeIieHHs. TaK, YCJIOBHIO 3ajauH
yaosaeropsior uncaa 33 u 85 (mpu X=3 M Y=>5), HO TaKke yAOBJAe-
TBOpatoT M uncaa 220 u —102 (mpu x==20 n y=—6).

3anmavua 2, [lng ynakoBKH CaMOBapOB MMEIOTCA WLIMKH, H3 KOTODHIX
B ONHH ykaajmBaioTcs 4 camoBapa, B apyrde 7. CKOIBKO HYXHO B3fTh
TeX WIH APYTHX SINMKOB, yToOH ymnakosaTh 41 camoBap?

O603HAYKMB YHCAO MAABIX ALMKOB Y€pes X, a 4uca10 GONMbLIMX Hepes ¥,
OylaeM HMETb YypaBHEHHe:

4x+7y=41. .

Ouesuano, YTO 10 YCAOBHIO 33JauM 3HeCb NMPHIOLHBl TOMLKO HeENHe
M TIPHTOM MOJOXHTeNbHHe pewtenms. Takoe pelileHHe NaHHOe ypaBHeHHe
AONMYCKaeT JHIIb ONHO, HMEHHO: X=35, y=3.

TakuM 06pa3om, HeOOXOAHMO yMeTb pewlaTh HeONpPeNeACHHRlE ypaBHe-
HHA B HeJbIX 4YHCIaX, a TaKXe B UENHX H NOMNOKHTCABHBIX 4YHCAAX.

147. [llpu3Hak HEBO3MOXHOCTH PELICHHA YPAaBHCHHS B LeJbiX
yucnax. [lycte maHo ypasHeHue:

Lax+by=c.
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Ecan cpenu xoapdrumentos a, b u ¢ uMeoTCH APOGHLIE, TO Mbl MOXEM
NPHUBECTH BCe KO3(DDHUHEHTH K OQHOMY 3HAMEHATEJIO H 3aTeM ero oTOpO-
cute. Torna sce ko3hduuueHTH OYAYT LEAHIMH UYHCIAMH.

Hanee, eciu a, b n ¢ wveoT Kako#-AMGO OOGMMHA MHOMXHTedb, TO HA
HeT0 MOXHO COKPATHTh Ofe 4YacTH YypPaBHeHHS.

Hrak, me GyneM npenrnojaratbh, YTo KO3.JpdHuMeHTb @, b W ¢ —uucaa
Llefible, HE HMelouUHe OGHIEr0 MHOMHUTEA.

"TlpenmonoxuM Tenepsb, YTO & B b MMeroT OGLIHM MHOMXHTE/NEM HEKO-
TOpOe ueZioe 4HCnO, OTaHuHoe ot 1. Ilycrs, Haupmmep,

a=ma;; b=mb,.
YpaBHeHHe npuMeT BuHL:

mayx+mb,y=c.
Pazjenne BCe ero u/JeHH Ha M, NOAYYHM:

apx4by=—-.

[Ipn nensIx 3HAUEHUSX X M Y NeBas 4YacTh YPaBHEHHS NPEICTABASET
co0of Lenoe 4YHCAO, NpaBas e 4HacTh — Apo6b, TaK Kak ¢, No mnpen-
NOJOXEHHO, He NeNNTCA Ha m. Takoe paBeHCTBO HeBO3MOxHO. Caeno-
BaTeJILHO:

Ecan Kosh(HIHMEHTH NDR HEH3BECTHLIX HEONPENCIEHHOrO YDABHEHHS MMEIOT
oSmui MHOXMTENb, KOTOPOro He HMeeT CBOGOAMBIN 4ieH, TO YPaBHEHHE HE MOXeT
HMETh UeanXx pemeHan.

[losTOoMy BO BCex HanbHeHMIMX pacCyxIcHHAX MH OyaeM mnpeanona-
raTh -yucjia a4 U b B3aUMHO MPOCTHMH.

148. [Ilpn3Hak HEBO3MOKHOCTH peLleHHS YpaBHeHHS B M0JO-
KHTeJbHBIX uHcaax. Ilycte B ypamueunw ax--by=cC ko03POHIHEHTH
a ¥ b NoNOMHTENbHH, a CBOGOAHHM ujmeH ¢ — OTpHuaTenaed. Torna mnpw
BCSIKHX NOJIOXHUTEJbHBIX 3HAYEHHAX X U y JeBasd 4acCTh YPABHEHNR 6}’lleT
MOJIOXHTENLHOR, & MpaBas OCTAHETCA OTpHuatenbHo#t. Takoe paseHCTBO
HEBO3MOKHO.

Ecau xo3dduumentst @ 1 b OTpHNATENbHB!, a ¢ — NOJOXKHUTEALHO, TO,
YMHOXHB BCE Y/JeHH ypaBHeHHs Ha -——1, MH cBem¥M 3TOT Ciaydall K ripe-
AemyiteMy. Hrak:

Ecan xosthHUACHTH nNPR HEA3RECTHHIX HEOMPENEACHHOTO YPDABHEHHS HMEIOP
SHAKH, DPOTHBOMOJOXHWE 3HAKY csoGoxnoro waena, TO ypaBHCHHC He HEMECT NnoJao-
XRTEJILRbIX pemenui.

149. O6mas dopmyAa KopHell wHeolIpeleNEHHOrO0  ypaBHEHHA.
Tpennonoxum, 4ro KakuM-aub60 cnocob6oM (Hanpumep, NyTEM Heno-
CPeOCTBEHHHX npo6) MHB HAIJIK OJHO UENQYUCAEHHOE DpelIeHHe Heolpe-
NeJJEHHOrO YpaBHEHHs:
ax4-by=c.
[Tycts 5TO pelueHHe OyleT X=—a H y=8B. Tloxcrasnss 3HaueHHe
X K Y B8 OaHHOE ypaBHEHHE, NOAYYHM TOXAECTBO:

aa+bf=c.



BrunTaa novNIeHHO 3TO TOXKAECTBO H3 JMaHHOTO YPAaBHEHUS, TNOJYUYHM!:
a(x—a)+b(y—B) =0,

OTKyxa: '
ax=aa—b(y—f), nan x=a——£’-(3'alal .

Jns Toro 4TO6H X OhIZIO UENHIM UYKCAOM, HEOGXOAMMO H JOCTATOYHO,
b _—
yTOOH BBIpaXEHHE _(y_&__ﬁl GbiI0 LienbiM YHCAOM (TAK KaK & — YHCAO

uenoe). JIpyrumu cloBaMH, HEOGXOMHMO W JOCTAaTOYHO, YTOOH BhIPAMEHHE
b(y—p) Haneno meaunnocs Ha a. Ho, mo npeanonoxenuio, b — uncno
B3dMMHO NPOCTOE C @, CAELOBATEILHO, HEOGXOAMMO (M JOCTATOMHO), YTOOH!
pasHocTh Y—f3 Haueno meaunace Ha 4. OGO3HauHB HeMOe 4YaCTHOE OT
nenenns y—P Ha a uepes { (0HO MOXeT GHTHL M IOMOKHTENBHBIM H OT-
pHUATENbHLIM), TOJYYHM:

y—8
a

=1, otkyna y=_R }at.

IMoxcrasnas B dopMyny ansa x uucao ! BMecTo ApoOH 4 : B , TOAyuUM:

x=a—>bl.
Takum 06pa3oM, Mbl MME€eM IJIfi KOPHell HeOMpeNeNEHHOTO YPaBHEHHs
dopmynut:
X=—a — bt’ y=B+al.

Hapas B aTux ¢opmynax ! NpOU3BOJBHHIE LeMble 3HAYCHHA, MOJOKH-
TeJAhHRIE W OTPHIATeJbHKeE, MH HOJYy4YHM OGeCHHCIEHHOE MHOXECTBO LeJbIX
pelueHHd NAHHOTO HeOMNpele/E&HHOTO ypasHenus. B wactHoct, mpu (=0
NONYUHM pellleHde X=—=a; Y=, HallIeHHOe HAMH YyXe paHee,

IlpucmaTpusasich k¥ HaWpgeHHLIM GOPMYnaM, JerkO 3aMEeTHTb, YTO OHH
COCTaB/IEHH MO CAEeAYIOLIEMY NPaBHIIy:

1. TlepBoiM uneHOM ¢GOpPMY/BL SIBJASIETCA HalJeHHOE uaCTHOe 3HaueHHe
LaHHOIQ HEeW3BeCTHOrO,

2. BropeiM uneHOM GOpMya SBASETCA NPOHSBO/IbHOE KeJjoe YHCNo {,
YMHOXeHHOe Ha KO3(h®KIHEHT NaHHOTO YDABHEHHA, NDHuUéM B (QopMy.e
s x GepdTca ko3QGHUMEHT NMPH Y B NaHHOM ypaBHeHWH, 4 B dopmyne
nas y Oepércs Ko3dduiMeHT npH X.

3. OnuH u3 KO3DPHIUMEHTOB GepETCA C OOPATHHIM 3HAKOM.

HerpyaHo BuIeTh, YTO COBepUIeHHO 6€3Pa3/MUHO, KOTOPHH H3 KO3d-
$UINEHTOB MB GepéM C TeM ke 3HAKOM, ¢ KaKMM OH CTOHT B yDaBHEHHMH,
W KOTOpHili Gepém ¢ oOpaTHHM 3HaKkOM. B camom gpene, dopMynni:

x:a_b[’ y=ﬁ+at H x=a+bt: }’=p_al

6yayT O0aBaTh OfHM K Te XK€ PeELIeHHH; TOJbLKO Te pEUIeHHd, KOTOphHe
ogHH (POPMYJB HAIOT MPH MOJOXKHTEJNbHHIX 3HA4YeHHAX !, Apyrue O6yayr
HABaTh MPH DABHBIX T10 aGCOMIOTHON BeIMYHMHE OTPHLATENbHLIX 3HaqyeHusnx [,

Ipumep. Iano ypasueune: 3x--5y=26.
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Henocpencraenno#t noacranopkoft yGexaaeMcs, YTO YpaBHEHHE YHXO-
BIIETBOPAETCA BHauYeHuAMH X=2 yu y=4. Toraa Bce oCTaibHWe peule-
HHA Halayrcs w3 dopmyn:

x=2-+45f, y=4—31, unn x=2-5¢, y=4--3¢.
Hapas B 3THX Qopmynax ! NPOH3IBONBHLE Uenble 3HAYEHUH, GyxeM

NOJYYaTs pasTHYHLIE LeJOYHC/IEHHbIE pPelIeHHR AaHHOrQ ypasderus, Ha-
npumep, B3sB nepBoie GOPMyAH, 6yAeM HMeTh:

t 0 1 2 3 —1| —2]...
x 2 7 | 12 | 17 l 3| —8]...
y 4 1| —2 _5‘ 70 10 |...

Ecau 66 MB B3gTH BTOPHIE (OPMYJL, TO Te e PelleHUS NOJAYYHIH
Osi, nasas ! mocaeaoBaTenbHO 3HaveHus; 0; —1; —2; —8; 1; 2u 1. 1.

Takum o6pa3oM, 3amaya pellleHHs B LeJHX 4YHC/JIaAX HeOnpeaenEHHOro
YPaBHEHHR CBOAMTCA K HaXOXLCHHIO KAKOro-JAH60 OAHOTO PeELICHHA.

150. Crioco6 noactTaHOBKH. s HAaXOXAECHHR OMHOCO PEIUEHUA Hee-
ONPEAENSHHOr0 yPAaBHEH{S MOXHO MO/Mb30BAThCA CAEAYIOUMM CNOCOSOM,
ITyctes naHo ypaBHeHnHe:

ax{-by=c.

Onpenemm H3 Hero OZHO H3 HEH3BECTHHX B 3ZBHCHMOLTH OT 4Apyroro
(nyuile B3ATh TO, Y KOTOPOro Ko3¢d¢HuueHT meHbiue). ITycTs, Hanpumep,
a<bh. Torna:

c— by

X = .
a

ByneM nHaBaTh J NOCAenoBateabHO 3nauenus: 0; 1; 2; 3; ..., moKa
BRIpaXeHHe €—DbYy He passenuTca HALENO HA 4. JlonycTHM, YTO ApH Y =11
BhIPAXKEHHE C— b DeNHTCA Haileio Ha @ v naér B wactHoM m. Toraa:

! X=m ny=in
K R210T OQHO pEUIeHHe [OdaHHOrO ypasHenus. B camom gene, Mbl HmeeM:

— bn
¢ =m, nan c—bn=am, am+bn=c.

Mocaenunee PaBeHCTBO NOKa3bkiBaeT, MTO HUCJAA /M H N yAOBJIETBOPAIOT

JAHHOMY YPaBHEHHIO.
NMpumep, Hano ypasnenne: 7x—4y=2
Onpeuennm H3 ypaBHeHHR V.

ty=Tx—~2, y="72.
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Hasas x mochenopaTeabHo sHauenms: O; 1; 25 ..., yGempaemcd, urto
npH x=2 BuipaxeHHe 7X—2 nmeaurcs Ha 4 w Ha¥t B yactHom 3. Cae-
LOBATENLHO, MBI HMeEeM OJHO peUleHHe:

x=2; y=3.
Octanpuble pemeyns Ha#AyTca 00 oSuwed ¢dopmyne:
x=2-}-4t, v=347L, unn x=2—4(, y=3-—T1.

Hpuméuanue. B teopun uncen noKaspiBaeTcd, YTO eCld @ u b —
yKucaa B3aMMHO TpoCTuie, TO cpeawn umcen: 0; 1; 2; ...; (¢—1) sBcerna
HaHAETCA OHO YHCAO Y, MPH KOTOPOM BhIDaXeHue C—by nmenurca na-
ueno Ha a. [TosTomy, yTOo68! HaGexkaTb GONLUIOrQ UYHCAA HCNLITAHHH, H
pexoMmeHayercs O6paTh B KaueCTBe LeNHTeNd MeHbIMH M3 KO3(DGHLHEHTOB
awunb.

151. YacrtHblii BHA HeonpefgeatHHoro ypaBHeHMs. Heonpenenén-
HOe ypaBHEHHe JierKo pemaeTcs B oflleM BHIe, KOrZa OIHH H3 KO3ddH-
LIHEHTOB TIPHW HEN3BeCTHHX paBed exuuuue. [lyCTh, HanpHMep, PaBeH elu-
Haue koadduuuent npu X. Byaem umerTs:

x+by=c.
Onpenenum x:
=c—by.

QueBnano, 4T0 AIOGOMYy UeNOMy 8HAaueHHI0O Y GylaeT COOTBETCTROBATDH
nesioe e 3HAUEeHHe X.

lpumep. Nawo ypashenne: Sxty=18,
Haxoanm:

y=18—5x.

Japas x TPOU3BOJLHBIE LI€JIHIe 3HAYEHHS, 6y.ﬂeM COOTBETCTBEHHO ITO-
AYHaTh ledbie 3HaAYeHua AJaa ).

2 3 4 —1 -2

y |18 | 13 8 3| —2| 23 | 28 |...

152. O6Gwee pewenHe HEONPEReJEHHOrO ypaBHeHHMSl. [lokamem
Ha mpWMepe Ccnoco6 pellieHUs HeONpeNe/NEHHOr0 YpaBHeHus ¢ NOGHMU
kosddnunentamu. Tlycte naHo ypasHeHme:

23x-}-53y=109.

OnpenenaM u3 3TOr0 ypaBHEHHs TO HEH3BECTHOE, y KOTOPOIO KO-
(HUMEHT MeHbIlle, 8 IAHHOM CJayuae X:

_ 109 — 53y
F=Tar
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HAH, HCK/IOYMB LEJYIO 4acTh:
x=4— 2y+

Ina roro urobu x 6!>I.’IO Ue/BM [PH Y LEeJOM, Heo6XORHMO H AOCTa-

7—7y

—7
TOUYHO, 4TOOH BHIpaXkeHHe Y 6uao Kaxum- HUOYIb LeNILM YHCIIOM.

13
OGosHauns nocrennee 4epes f, GyfleM HMeTh:

_17__1},_=1, HJIIH 17—-7}’:23’: 23{+7y=17'

23
Ecau mp vattném ansa ¥ H [ Takve uennle 3HAYEHHS, KOTOpLIE YHOBJIE-
TBOPRIOT YPaBHEHHIO i?%ﬁ’_=1, WM, UTO TO e, YPABHEHHIO:
23+ 7y=17,

TO TeM CaMBM MH HafllEM COOTBETCTBYIOWIHE UEJINe BHAYEHHR IS X, H
Hama s8apmaya Oyner peweHa. Taxkum o6pasoM, pellleRHe NaHHOTO ypaBHe-
HHMA MBl CBEJH K pelleHHIo Apyroro, Goliee NPOCTOr0 ypaBHEHHS, Y KOTO-
poro Kosguguenmu Menbile, 4eM y HAHHOTO.
TTo orHOweHHIO K HOBOMY YDaBHEHHIO NMOCTYNAeM TAKHM Xe 06pasoM.
OnpenenseM H3 Hero y:
17 —23
- 7

Ans toro wro6H y OGHUIO HeJbiM, HEOOGXONHMO H HOCTATOYHO, YTOGH

3.; 2 Guino ueabiM unciaoM. O603nauns 3To YHCAO 4eped f), OyAeMm HMETb:
3 — 2t ty, win Tt 4-21=3

Ilph nenwx f ® {y, yLOBJAETBOPAIOUIHX TIOCAEAHEMY YPaBHEHHIO, MH
MONYyYUM COOTBETCTBEHHO lieJIhe BHAYEHHs A8 X H ), YIAOBJIETBOPSIOLIHe
AAHHOMY YPaBHEHMIO. CJ‘ICI{OBaTeJleO, Haua s8anxada CBeNach K peLUeHHIO
MOCAeHEr0 yDaBHEHUSA, Y KOTOPOro KoacdduiHeHTH e Medbwe, [locry-
T1aeM C HHM TaK Xe, KAK H npexne:

3—-7

2

IIpupaBHsiB BbIp2XEHHE 1;" neoMy 4HCAYy Iy, NOJY4YMM:
l—1
2
Mu nonyyunM ypaBHeHHe, B KOTOPOM KO3G@HUMEHT NpPH ONHOM W3
HeMSBECTHBIX paBeH €IHHHIE, a TAKHE YDaBHEHMA DellaTh MB yiKe yMeeM.
Pewmns ero, moaysuM:

let,, wmm 20,41 =

11=1 — 2’,-

JlaBas B 9TOM ypaBHeHWH TNPOH3BOJDbHLIE Ue/dble 3nadyeHun [, Oynem
fonyyath Leinle sHauewus nna f,. Iloncrasids HaflneHHHe lesibe 3Have-

12 Aarecpa, . 1I. 169



HH [; M Iy B BHIpaxeHHe mns I:

{t=

=1 3t1+’2'

NONIYYHM COOTBETCTBYIOLIHe HeJble 3HadeHuda nna f. [lomcrasass cooreer-
CrByIOlIMe napH 3HaYeHu# f U I, B BHIpaxmeHHe a1 Y:

y—2— 314222 93141,

TIONYYUM COOTBETCTBYIOLIME Liesbie 3HaueHHd aas y. Hakoneu, nenas noa-
CTAHOBKY HaHIeHHBIX 3HaueHHH 1as Yy ¥ { B BHPAWKeHHe WA X:

x=t— 24T 4 9yqy,

MOJYYHM COOTBETCTBYIOILHE Ilesibie 3HA4YeHHS IJIF X.
MoxHO, ONHAaKO, NMPSAMO BHPASHTE X H )Y B 3aBHCHMOCTH OT [3. Ilas
STOro NOACTABMM B BHIpakeHHe ANA [ BMeCTO I, €ro BnipaxieHHe yepes lq:

t=1— 3’1+fa=1 — 3(1 - 2’!) +1,

HITH
t=—2471,.
[MoncraBuM Temepr B BhIpaxkeHHe AJs Y Bmecto f w [} MX Bupape-
Huf vepes 4!
y=2— 3 J1,=2—3(— 24-Tt)4+-(1 — 2t,),

y=9 — 23¢,.

Haxouen, NOACTaBAAs HafleHHElE 3HAYEHUS Y U ! B BHPAWeHHe A X,
NOJTyUHM:

HAR

k=4 — 2p-pt=4 — 2 (9 — 236) 4-( — 2-+-713),
HIH
x= — 164 531,.
Taxkum 06pa3oM, MH DOJAYYHM A8 X H Yy dopMmyan:
x=— 164531, y=9 — 23¢,.

JlaBas B HHX MNPOU3BOJIbHBIE LeJHEe 3HAYECHHS I3 [;, KAK MOJOXKH-
TeNbHEE, TaK K OTpHUATENbHBE, OYIeM NOAY4YaTh GeCUUCAeHHOE MHOXKECTBO
peilennit NaHHOrQ ypaBHEeHHsI; HEKOTODHIE W3 HHX TOMELUEHb B CIEILYIO-
meRt Tabauue:

t | © 1 2 | —1 | —2

x —16 | 37 90 | —69 | —122

' y 9 —14 | =37 | 32 55
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PaccmarpuBsad onepanui, KOTOPHE NPOM3BOIMNNCH HAA KodddHnueH-
TaMu OAHHOFO H CJAEAYIOLIMX YypaBHEHHH, MOXHO 3aMETHThb TaKylo Mmociae-
HOBaTeJbHOCTh:

1. Boabumu# k03hGHUMEHT RAHHOTO YPABHEHHH D3 HeNUH Ha MEHBIGHMA
23; noayuuam yactHoe 2 M OCTATOK 7.

2. Menpuin#t k03¢dQuLUHEHT NaHHOTO ypaBHeHWs 23 aenHAHM Ha ocTa-
TOK 7; MOJYYHIM YaCTHOe 3 M BTOPOH OCTaTtoK 2.

3. TlepBuift ocraTox 7 mequnaH Ha BTOpOH OCTaTrox 2; MOJIYYHJIH 4acT-
Hoe 3 u Tpern#t ocratok 1.

IpyrumMi ci0BaMM, MH [OCTYNaJd TOYHO TAK, KAK €CAH GH HAXOIM/IH
o0mud HauGONLIIKA JenuTenb KOIPOHIMEHTIB AIHHOrO YPaBHEHHS,

Mpl 3HaeM, 4TO JIBA B3aHMHO MPOCTHX YHCI2 HMei0T OOILUM HanGOMb-
LIMM JEJHTENEM eIMHHIY. A Tak KaKk B HeONpeleNEHHOM YPaBHEHHH MEI
BCerjaa npennosaraeM K03@uineHTH NPH HEeH3BECTHHX B3aHWMHO MPOCTHMH,
TO, NMPOH3BOASA HajA YDaBHEHHEM YKAa3aHHBE BHILUE ONePallMH, MM BCeraa
NpUAEM K TAaKOMY YDAaBHEHHIO, ¥ KOMOPO20 KOoIPPayuenm npu 00HOM U3
Heu3secmubix pasen eduruye. Tem CaMbM MH HAXOIMM PEILEHHS H AaH-
Horo ypapHeuusi. OrcCioga cnemyer:

Ecar Ko9ddHuHEHTH NPA HER3BECTHHX HEOMPEACASHHOrO YPABHCHHA — MECAA
B3aHMHO DPOCTHIC, TO YPABHCHHE BCErja HMeC? qe.nle/pemellm

153. ¥YnpomeHnue penieHust ypaBHenHsi. HMHOTIAa npM pelieHHH He-
ONpefe/NEHHOTO YpPaBHEHHS MOMXHO BHECTH HEKOTOPHE YNPOUIEHHH, IIO3BO-
Agioue OpicTpee NPHATH K PeIleHHIO.

1. B cayuae, xorja OARH H3 koS{dHUHEHTOB NPH HEH3BECTHWX ® cBOGORMLIA
wien uMeloT o6t MHOXHTEAb, TO HA HEro MOXHO COKDATHTH 00e 9aCTH ypapHe-
HHA, €CJH HaAJNCKALIHM oﬁpasom BBeCTH HOBOE HEH3BECTHOE.

Mpumep 1. Hdano ypasuenue: 6x— S5y=21.

Koadduumenr 6 M cBOGOAHHR yneH HMEIOT OGUIMM MHOXHTexeM 3.
CnenoBaTe/lbHO, M 4YiaeH S5y AOMKeH LeJHThCA HA 3, a TaK KaK b He ge-
auTcs Ha 3, TO Yy NOMKeH OHTh KpaTHHM Tpem. Ilonaras y=3f, rae
t — uenoe uucno, GyneM HMeThb:

6x — 151=21,
WM, MO COKDAIUEHHH HA 3: '
2x — 5f=T7.
PemaeM nociegnee ypaBHeHHe:

o 7-;2-5t —34-214 1_;-_'=3+2t+t,:

_l_;.igll; 2’1—-’=1; t=—— 1+2’1-

[loncrasass HafigeHHOe B3HaueHHE B BLHIDAXEHHs, [OJMY4YeHHHe A X
H y, OyleM HMeTh:

x=34-2 (— 14-2t,) 4 £;=14-51,;
y=38(— 142t;)=— 3464,
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-y awvayqduM:
—ee § 2 TL=J0.
asuaarad B 3TOM YDaBHeHHH X =7/, u coxpamas o0G6e YacTH ypasHe-
HHA HAa 7, TIOMyYuM:

Pewaem nocnennee ypaBHeHne,

5—3t1 =2_ tl

t=2

1 _2 g — i +1s;

1—
.2

Bty 1 — £, =0 ty=1— 21,

I'Ipouaselm nocAe0BaATENbHEE NOACTAHOBKH, NOJAYYHM:

2. Ecan B NPHPABHHBARCMOM LEJIOMY MuCJY BHPAXKEHHH YACHH, HAXOASOIHECH

B MHCJHTENE, RMCIOT OOGIMHA MAOKMTEJb, TO peUICKHE YPABHEHHN MOXHO ynpo-
CTHTB.

Ipumep 3. lano ypasuenne: 12x417y=4]1.
Pemlaem ero OTHOCHTENBHO X

=17y 5—5y agl—y
== =3-v ————3—y+51—2

Hns toro 4roGu Bupameune 5 Y 6uno uenmm YHCAOM, HeOOXOMH-

MO H AOCTAaTOYHO, HTOOLI obUlO HeJIHM YHCIIOM.

I—
12
IlpnpaBHuBas 3TO BHPaXXeHHe LENOMY HHCAY f, MOAY4YHM:

1oy of 1—y=126; y=1— 121,

CooOTBeTCTBEHHO MOXy4yaeM 1A X:

3. Ecau npu BbiAGAEHHH UENOA HacTH OCTaToK Gyfger 6oJee NONOBRAHH JEAHTE-
3%, TO YAOGHO BBECTH OTPHLATEJNLHBIH OCTATOK.

INpumep 4. Hauo ypaeuenue: 11x — 20y=49,
Pewinm ero OTHOCHTENbHO X:

5—
X=—T7 =4+2}’+— =4-}2y4-¢;
—=1; 5—2y=11t; 11142y=5;

=0 5f41;

5—11¢
y=—73 =2—

—t
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[IpousBens MOACTaHOBKH, NOJYUUM:
y=2—=5(1 —=24)+t,= — 34114
x=44-2(— 341144 (1 — 21))= — 14-20¢,.

Ecan 6l pewann NaHHOE ypaBHeHHe OObIYHBIM CIIOCOOOM, TO NOJY-
uuan 6wl oA X

549
=4y+12,
H clepyiouice ypaBHense 6b110 OH:

3 —t; 11t — 9y=5.

D70 ypaBHeHHE CMOXHEE YDaBHEHHS, NOJYYEHHOrO HAMM IPH NOMOIM
BBeJICHHA OTDHUATENBHOrO OCTaTKa:

Npumep 5. JaHo ypaeHeHne: 15x--28y=59.
PemaeM ypaBHeHHe OTHOCHTEJbHO X, BBOAS OTPHUATEJNLHHE OCTATKH:

x=59—1528y _4_9 +:1_+2_Y'_4— 2y+t;
—-ll-;-2y =f; — 142y=15¢; 2y — 15¢=1;
y=11 2 e T gy

-12i=11; 1ff=21; t=— 14-21,.

Jlenas NMOACTAHOBKH, TONYUYHM:
y=T(—1421;) +1;= — 731543
x=4 — 2(—T+158)) +(— 14-21)) =17 — 281,.

ITonpoGoBaB pelnTh NPHBeAEHHLIE B IPKMEPaX HacTOsero naparpada
YpaBHEHHsI OOBIMHBIM NYyTEM, Jerko ybemumcs, uro Ge3 MpHMEHEHHs YKa-
33aHHBEIX YOPOILEHHWH Bce OHM mnoTpeGoBanu Ol AnA peineHuss Gobliero
4yHcna omnepauMi.

154. Tonoxkuteabuble peuieHus. Kak yxe rosopuioce paHee, YyacTo
M3 BCEX HaMIEHHHIX pellleHHH HeoNpefeJéHHOrO YpaBHEHHA HYXHO B3AThb
JHLWb Te, KOTOPHE HAIOT OJHOBDEMEHHO NOJOXHTeNbHbIE 3HAUEHH I
x M y. Hattna oGume OpMyJBl A8 X M ), MOXHO CDasy OIpPeNeTHTh,
NpH KAKHX 3HAaYEHHAX TIPOH3BOJILHOTO MHOXMUTeNR OyAyT NMOAY4YaThCcA Ue-
nble ¥ TOJOXKHTeNbHble 3HAYEHHA K H ).

B camom nene, BosbM&EM GOPMYyJBI:

x=0a-+bt; y=p — at.

IOns toro uro6sl x ¥ ¥ OLIIM NOJOMHTENbHLIMH, HeO0XOAWMO 6paTh
ana f TONBKO TaKHe 3HaYeHHd, NPH KOTOPHX:

at+bt>0; f—al> 0.



ByneM CYHTATHL @ YHUCIOM TONOXHTENbHEIM. (37O MM BCerIa HMeeM
NPaBO NPEANONOKHTL, TaK KAK B NPOTHRHOM Chyuae MW Morau Ou o6e
yacTH ypaBsHeHus yMHOxHTL Ha — 1) Torma MOryr BCTPeTHTRCH TDH
Pa3/IMYHHX Ccay4as.

1. O6a nepaserncmsa 00uHaK08020 cHANCAA. DTO CIYURTCH, KOTAA b —
YHCIO oTpullaTeabHoe. B caMoM Kene, NOAL3yfiCh CBOHCTBAMH HepaBeH-
CTBa, OyneM HMEThb:

bt>—a; af B;

r<—2; 1<t

\a

B 3TOM cayuae ypaBHeHHe AOMycCKaeT GECYHCACHHOE MHOXKECTBO LEeThX
TMOJOMHTE/IbHBIX pelueHnR.
B camom pese, mycTs MBI NOJYUYHIH, YTO

t<t: 1<—1

3
OueBHAHO, HTO BCAKOE YHCAO, MeHblee — I, yaoBnersopser 06o-

UM HepaBeHcTBaM. CrepoBaTenbHo, mas { MOXHO BBATb M1060e wLenOe
YNuCaO, MeHbiee —].
Bo3bméM apyroft cayuaft:

1>17—5; t>3—:13-.

OueBnpHo, uTo, B3sB M7 [ mo6oe ueaoe yuciao, 6oanuree 3%,Mu6yneu

NOJyyaTh LeJdBe M NOJOXKWTeNAbHHE 3HAYEHHS IJIs X W ).
Mpumep 1. 3x — 5y=11.

Pemnm 3TO ypaBHeHHe:

”+5”_4+2y—-‘—+—’i_4+2y—1 18y g 1y

y=—143t x=442(— 1430 — t=2+51.
HmeM nonoxurenbHble perueHus:

—14-3t>0; 245> 0

HIA
1 2

1
Baas nng I moGoe nenoe uHciIO, Gorbuwee -= (unm, uTO TO Xe, 6OJb-

mee Hyns), MW OyleM MOJy4aThb GeCUHCAEHHOE MHOXECTBO Nap MOMOMKH-
TeJbHBEIX 3HAYEHHHA X H Y, ynonnemopmou.mx IaHHOMY YDaBHEHHIO.
IMpumep 2, 8x — 3y =
Peuraem ypasHenue:
13+8x

—I—tf; 1— x=3t; x=1— 3t; y=7—8L.
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HieM nosomMHTeNALHEE pelleHHs:
1—3t>0;, 7—8t>0,

HIH
1 7
1<3; 1<g-
Jlio6oe 1enoe 3HaueHWe f, MeHblee % (r.e.0, — 1, —2, ..), nadr

[easie W IMOJOKHTEebHBE 3HAYEHHS A X M Y.

2. Hepagerncmsa npomusonoN0MCHOZ0 CHbCAQ, NPUYEM OHU npomi-
gopeyam 00Ho Opyzomy. [lycTb, Hampumep, MBl TNOJAY4YHMM CJeNyIOUIHe
HepaBeHCTBA!

t<4; 1> 15,

OueBKHIHO, UYTO He CYUIeCTBYeT TaKHX 3HaueHul# !, KOTOpHle OOHOBpe-
MEHHO yAOBJIETBOPAMH Ol O6OHM HepaBeHCTBaM. B 3TOM cayuae ypaswe-
Hue He MOXET HMeTh MOJAOXKWTEAbHBX peileHuH.

Mpumep 3. 4x+5y= —7.

Pemas 3T0 ypaBHEHHE, NOJYUHM:

Xu=— 34-5¢; y=1— 4.

Orcona:
—3451>0;1—-4{>0,

Him 3
1
>z 1<g.
HepaeencTBa npOTHBOpEYAT APYr IPYry; YPaBHeHHe He HMeeT NOJO-

JKUTENbHHX peleHutt.
3. Hepasercmsa npomugononomHO20 CHHCAQ, NPUEM OHU He npo-
musopewam Opyz Opyzy. Ilycrs, HanpuMep, MH NOMyuMAH HEPABEHCTBA:
1

. 3
1> 45 (<7

1 3
Bce nense 3HaueHu# f, 3aKMIOHAOUIMECT MEXAY 47 H 77 , T- e. B,

6 u 7, manyr Ans X H Y NOJOXHTeNbHHe pemenus. TaxuMm oGpasom,
B 3TOM CAyuae:

. YpaBHeHHE HMEET CTOJAbKO HEAHX MOJOKHTENbHLIX PpeIleHHH, CKOJbKO LeAnX
uHCEJ 3aKAIOYEHO MEXAY HafjeHHbIMMW npefeaamu pas i.

3aMeTHM, 4TO, B YaCTHOCTH, ypaBHeHHe M 3IeCb MOXET He HMeTh I10-
ROWMHTENbHHX peuteHuft. 310 6yleT TOrma, XOroa MeXAy HAWAeHHBIMH
npenenamMu Ijs ! He CONEPMTCA HH ONHOrO WeAOro uucina. Hampumep,
NyCTh MB TIOJYHUHM HepaBeHCTBA: :

1> 14 <1



. _4..1§ HE

e wamulU UENOTO YHCA2. YDaBHEHHE He HMEET UeLIX Noto-
HHUTe/NbHBIX pelleHHi.
Npumep 4. 3x4-7y=55.
PewaeM ypasHeHue:

56 —7 I —
x=2m 18— 2y+_3_”= 18 — 2p4-1;

y=1—3f; x=16471.
Orciona:
1—3t>0; 164710,

HIIR

1
<y t>—22.

OuesnnHo, Ins ! MOXHO B3aTh Juwb 3Havenns: 0; —1; —2. [ony-
yaeM TPH pelleHHs ypasHeHHs :

y 1 4 7

Npemep 6. Sx+44y=3.

Pewas ypassenue, noayunm:
. x= —144f; y=2— 5L
Orciopa:
t<<

oo

|-

>

5
HeAbIX YHCeJ. ypaBHeHHe HE HMEET WLECJIHX IOJOXHTENbHHX pElHBHHﬂ.

HepaBeHCTBA He NPOTHROPEYAT APYF APYTY; HO MeAy —i—u 2 der

Ynpawcnerusn:

PewTh B LeJbIX IONOKHTEAbHHX YHCAAX ypaBHeHHd. &

2562. 3x4-2y=10, Tx45y = 187; bx — 11y =17; 8x4-1ly=13.

253. 7x49y =35; 15x-4-28y = 185.

254. Paznoxutb yucsao 100 Ha TakHe JBA HONOMHKTENBHEIX YHCAA, 4TOOBI OJHO
H3 HHX Jenwyoch Ha 7, a ppyroe na ll.

255. Jlnq HacTHAKH nojia wipHHOR B 3 M HMEIOTCS ROCKH IHpHHOA B 11 cM
# 13 cx. CKoaBKO HYXHO B38Th JOCOK TOFO H ZPYroro pasmepap

256. Jlns CCHINKH DXH HMEIO'TCH MEIUKH JBYX DasMepoB:! MemIOK OIHOro pas-
Mepa BMemaer 60 ke, npyroro 80 xz. CKOJBKO HYXHO B3AThb TeX H JAPYIHX, UToOL!
ccunars 440 K2 pxu B uTO6H He GLUIO HENoANWX MEUKOB?

257. Hafita ofmuift BHR uHCeN, KOTOPHC npH AeeHHH Ra 7 RawT B OCTaTHe 3, .
a UpH JesieHHH Ha 11 faloT B ocTaTke 4.



OTHEJ IBEHA LA THL
COEJAMHEHHSI U BUHOM HbIOTOHA.

I. Coeannenus,

155. Onpepnenenne, PasauuHue rpynnsl, COCTABAGHHHE H8 KaKHX-THOO
NPeIMETOB H OTAHYAIOUHECH OAHA OT APYroR MK MOPAAKOM STHX Mpel-
MCTOB, WIM CAMHMH NDEIMETaMH, Ha3HBATCA soone COCOUHEHUAMU.

Ecnu, nanpumep, u3 10 pasamuumx mudp: 0, 1, 2, 3, ... , 9 Gyaem
COCTaBAATL TPYMMBl MO HECKONABKY LMD B KAKIAOR, HANDHMEDP TakHe:
123, 312, 8056, 5630,42 u 7. m., To GyneM NOAYYATH PABTHUHHE COCTMHE-
HHst M3 3THX undp. U3 HUX Hekoropwe, Hanpumep 123 n 312, pasauvaiorcs
TOJILKO NMOPAAKOM MpEAMETOB, APyrhe xe, nanpumep 8056 1 312, pasHaTcs
'BXOJALIMMH B HHX Tpe[MeTaMu (M Jae YHCIOM NPeAMETOB).

[peaMeT, M3 KOTODHX COCTaBASIOTCR COERUHEHHS, HASHIBAIOT.A I.1e-
Menmamu. InementH GyleM o6osHavath Gyksamu a, b, ¢, ... .

Coenunenns MOTYT OHTb TPEX DONOB: Da3MelIeHHsA, MEPECTAHOBKH H
covyerauus, PaccMOTPHM MX OTAENBHO,

156. Paamemennss. IlycTs uncio npeAmMeToB, ¥3 KOTODHX Mbl CO-
CT4B/SeM Da3/THUHBlE COEOMHEHHS, PABHO TPEM (Hampumep, 3 KapTH); 06o-
3HAYMM STH npeaMeTHl @, b ¥ ¢. M3 HUX MOXKHO COCTaBHTb COEHHHEHHs
N0 OLHOMY:

a, b, c.
no asa:
ab, ac, be, ba, ca, cb;
no Tpu:
abe, acb, bac, bea, cab, cba.

BoabMEM 43 STMX cOenuHeHuR coefuHenus no 2. OHM OT/IHUANTCH
OIHO OT apyroro anGo mpeaMeramu, Hanpumep ab ® ac, nM6o mopsAKoM
MpEAMEToB, HanpuMep ab M ba, HO YHCAO MPEAMETOB B HHX OIHO H TO
we. Taxue COeAMHEHHS Ra3LIBAIOTCH PAIMEUCHUAMU U3 MPEX SNeMEHMOB
no dsa.

Pasuewjenuamu u3 m 3/46MeHmMo8 no 1 HA3ul6aloMmMcs maxue coedu-
HeHUsA, U3 KOMOPHX KANCO0e cooepicum n IAeMeHmos, 83Amux u3 0ax-
HBLX ML IACMEHMO8, U KOMOPHEe OMAULAIMCR O0HO om 0pYz020 UAL IAe-
MEHMAKU, UAL NOPAOKOM 3AemeHmos (3HAYMT, TPEANOJaraercd, uTO
n<m). Tak, HancaHHble Bbilie COEHHEHHA MO 3 OyAyT pasmeleHns
M3 TPEX 3JIeMEHTOB N0 J (DPA3NHYaIOTCA TONLKO TMOPANKOM), COERHHEHHS
no 2 GyAyT pasMellleHHS M3 TPEX 3/IEMEHTOB NO 2 (Pa3NHMYATCA HIA
npeaMeTaMH, HAH TOPALKOM).
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Pasmenlenns M3 DaHHBIX /1 3J/IeMenao. .
M, HaKoOHeH, NO /1.

OnpeneanuM YHC/IO BCEBO3MOXKHEIX Pa3MellleHHt, KOTOPLIE MOXHO COCTa-
BHTb U3 /7l 371€MEHTOB IO 1, HE COCTABJAA CaMHX pasmemieHult. Yucmo sto
NPHHATO 0603HauaTh Tak: Am (34ech A ecTh HayanbHas GykBa GpaHIY3CKOro
cnosa ,arrangement®, 4To aHauuT ,pasmeuleBne”). YTo6n HAKTH 3TO YHCTIO,
PaccMOTpuUM NpHEM, MOCPENCTBOM KOTOPOFO MOXKHO COCTaB/ATh BCEBO3-
MO:KHBbIE Pa3MelleHus.

[ycTs HaM naHo m axeMeHToB: a, b, ¢, ..., k, . CHauana cocrasum
M3 HHX Bce pasmemenna no 1. Hx, oueBnano, Gynet m. 3HBHMT,A.,1,,=m.
Tenmeps cocTaBuM Bce pasMemenus no 2. JIas STOro K KawAOMy Ha paHee
COCTaBJICHHHX paaMenieHdnHi no 1 OpHUCTaBHM NOCeROBaTENLHO BCE OCTAB-
wuecs m — 1 3nementoB no 1. Tak, K 3/eMeHTY 4 NMPHCTaBMM NOCAeNO-
BATENbHO OCTaBlUMECH 3JeMeHTH: b, ¢, ..., K, I; K 3anemeHTy b npucTasum
NOC/IEN0BaTEbHO OCTaBUIHECH 3JIEMEHTH 4, C, ... ,k, | u 7. 4. Toraa noay-
YHM CAEZYIOLMe pasMelleHHs no 2:

« fab, ac, ad, ... , ak, al; (m — 1 paamewiennf)
g |ba, bc, bd, ..., bk, bl; (m — 1 pasMeiuenut)
Gica, cb, cd, ..., ck, cl; (m — 1 pasmemennh)
SUa, o, i, .0 ks T T (m—1 pasmewennn).

Tak kak BCeX 3/1eMEHTOB /M, TO U3 KaXIOr0 Pa3MELUEHHA MO OAHOMY
anementy Mbl noayuum m — | paamentenu#t no 2, a scero ux Oyner
(m — 1)m. OdeBuzHO, u4TO ApYrUX pasmeniennit 10 2 GbITh He MOMeET.
SHa4uT:

A= (m—1).

Y1o6u COCTaBUThL Tenepb pasMettiennss no 3, GepdM Kawpoe H3 CO-
CTABJEHHHX Cefuac pasMellenut no 2 w npucrasiaseM K HeMy NOC/AenoBa-
TEILHO NO OAHOMY BCe m— 2 OCTaBIUINXCA 3/eMeHTOB. TOrAA noAyurM
caeaylouue pasmeulenss o 3:

= abe, abd, ... , abk, a)vl; (m — 2 pasmewenutt)
| é ach, acd, ... , ack, acl; (m — 2 pasmeinennt)
€° Uka, kb, . . . . .. . (m —2 pasmemennn).

Tak Kak uHcaO BceX pasMelieHu# no 2 paBHo m(m — 1) u M3 Kax-
AOFO moAyuaeTcs (m — 2) pasmewenus no 3, TO BCEX TaKWX pasMeileHuHH
OKaMETCH :

(m—2)im(m—1))=m(m— 1) (m—2).

Takum o6pasom:
An=m(m — 1) (m— 2).
iloao6HO aroMy moayunm:
Ab=m (m—1)(m—2)(m—3);
An=m(m— 1) (m—2){m— 3) (m— 4),



UYHCNO BCEBO3MONHBIX o
BHIO 12 MOCACROBATEABHHX IEANX YHCER, H3 mu..,

Takum o6pasom:
A, =43=12, A} =4.3.2=24; A!=8.7.6.5=1680 x T. n.

157. 3apaun. 1) B knacce 10 yue6HHX npeameros # 5 pasuux
ypokoB B AeHb, CKOALKMMH CHOCOGaMH MOTYT GbiTh PacpPEAe/eHH YPOKH
B JICHLP

BcesoamOxHEIe pacripene/ienns YPOKOB B JeHb MPENCTABAAIOT COGOH,
OYEBHIHO, BCEBO3MONHLIE Pa3MELIEHHs M3 HECATH 3/1eMEeHTOB no 5; no-
3TOMy BCeX Crnoco00B pacnpeje/eHHs AOMKHO GHTh:

A}, =10.9.8.7.6=30240,

2) Ckoabko MOXHO 06pa3oBaTh UEIBIX UMCeN, H3 KOTODHIX Kaxjaoe
BHIPAXKAJOCH Obl TPEMA DRIAUYHLIMU 3HauALUMU undpamu?

HMckoMoe 4HCAO eCTh HMCAO paaMeulenn#t #3 9 3HavallHx uHdp no 3;
C/ea0BaTeqbHO, OHO pasHo 9-8-7=504.

3) Cxonbko MOXHO 00pa30BaTh LeEMLIX YHCed, U3 KOTOPHX Kaxaoe
H306pamanocs 6b TPEMA PA3AUYHbIMIL UAPPAMH?

W3 10 magpp: 0, 1,2, 3,..., 9 MOXKHO COCTABHTL DasMellleHHA TO TPH
10.9.-8=720; HO M3 3TOro 4HMC/Ia HalO0 MCKJIOYHTH YHCJAO TeX pas-
MeuleHut no 3, xoropsie HaunHaoTca ¢ uudpu 0. Takux pasmernesutt
GyneT CTObKO, CKO/bKO MOXHO COCTaBHTb pasMewlenuit no 2 u3 9 3ua-
yamux uadp, 1. e. 9.-8=72; cresosaTeAbHO, HMCKOMOe uucao 720 —
—72=648.

158. Ilepecranopkn. Ecan pasmewledus H3 /M 9/eMEHTOB B3ATH IO
m (T. €. Pa3qMUAIOTCA TO/ABKO MODPAAKOM 9/MEMEHTOB), TO TaKHe Da3Me-
LeHHs Ha3bIBAOTCA nepecmarnosxamu. Hanpumep, nepecTaHOBKH H3 ABYX
3/eMeHTOB @, b 6yayT pasmelienus W3 2 1o 2, T. e.ab u ba, nepecraHos-
KH W3 TPEX 2/1eMeHTOB 4, b, ¢ OyayT pasMeriedns u3 3 no 3, T. e. abe, ach,
bac, bea, cab, cba n 1. n.

YUCI0 BCEBO3MOKHHIX MEPECTAHOBOK M3 /M 3/1eMEHTOB 0003HAYaeTc!
P, (3necb P ecTb Havanbnan Oyksa dpauuyzsckoro cnosa ,permutation®
YTO 3HAYHT ,HEPECTaHOBKA).

Tak KaK NepecTaHOBKH M3 /11 3JEMEHTOB — 5TO Da3MEIMEHHs M3
no m, 10 GopMyJa YHCAZ NEPECTaHOBOK OyNeT Taxas:

Pm= A;:=m (m - 1)(m "—2)’. . .'3'2' 1=l'2'3' .o ..(m —— l)m.
Yucao BCEBOIMOXHBIX MEPECTAHOBOK K3 /1 9J4EMEHTOR DaBHO npom3Bejes
HaTypaJbHBIX YHcea ot 1 jo m.

159, 3apaud. 1) Cxonpko HEBATH3HAYHHX YHCEA MOMXHO HAMH(
IeBSTHI0 DasHHIMH BHAUYALMMH WLHDPaMH?



Hckomoe unucao ecto
Py=1-2.3.4.5.6.7.8.9 = 362880,

2) CxonpkuMu cnoco6amMu MOXHO paamecTHTh 12 aHm 3a cTOAOM, Ha
KOTOpPOM nocTapneHo 12 npuGopos?
Yucao cnoco6oOB paBHO:

1.2:3....- 12=479001600.

Bamewarnue. TIpoHsBeneHHe HATYPaNBHBLIX uKcea oT | 1o /m BKIIOUH-
TenbHO (0603HAYAETCA COKPAIMEHHO TaK: m!) pacTET upe3BbualHO GHICTPO
C BO3pacTaHWeM m; Tak, npn m=12 oxo naér 479001600, npu m=100
OHO BLIPAXAeTCHA YHC/IOM, TpeSyromnM 158 uudp ana ceoero n3o6pakenns.

160, CoveTtanwa. Ecam M3 BceX pasMelleHHH, KOTODHE MOXKHO CO-
CTABMTL W3 711 3/IEMEHTOB 0O 71, ME OTGepEM TO/MLKO Te, XOTODHE ORHO
OT IADYrOro PasHSTCA NO KpaftHeft Mepe OJHHM S/EMEHTOM, TO NOdy4YHM
COENMHEHHA, KOTODHIE HA3LIBAIOTCH COYEMAHURAMU™ ——

Hanpumep, u3 uernp¥Xx smementoB @, b, ¢ u d coueranusa no 3 Gyayr:

abe, abd, acd, bed.

Ecau B KaXIOM H3 3THX COUETAHMH CHe/laeM BCEBO3MOXHble nepecra-
HOBKH, TO NOJIyYUHM BCEBO3MOXKHbIE DA3MELleHHA H3 YETHIPEX 3/1IeMEHTOB O 3:

abe abd acd bed
ach adb adc bdce
bac bad cad cbd
bca bda cda cdb
cab dab dac dbec
cba dba dca dcb

Yicio TaKMX DAa3MELIEHHH paBHO, OYeBHAHO, 6-4=24.

Taxkum 06pa3oM, YHCAO BCEX pasMellleHnH M3 /11 3n€MEHTOB 1O N PaBHO
YUCAY BCeX coueraHu#t M3 /M 3JIEMEHTOR II0 n, YMHOXXEHHOMY Ha HHC/IO
BCeX MepeCTaHOBOK, KaKHE MOXHO CHEAaTb H8 ‘71 3/IEMEHTOB, T. e,

A =C"P,,
rre C O3HayaeT HMCNO BCeX COueTaHul 3 m mo n (C ecTb HavalbHan

GykBa (paHIy3cKOro caoBa ,combinaison®, uro sHauur ,coueraHne“).
Ortciona BHBOAUM caeayiomylo GopMyay 4HClIa COUYETaHHH:

AL, mm—1)(m—2...[m—(n—1)]

n —_— e —
Cm— Pn— 1-2.3.,..'n
Hanpumep:
2 4.3 3_4-3-2
C4=T-—-=6’ 04_12‘3 =4 u T. N
Mpumepsi.

1) U3 10 KaHaunaToB Ha ONHY M Ty e AOMKHOCTL NO/DKHB OHTH
Bubpann Tpoe. Ckonbko MOMeT ObiTh PasHHX CiyuaeB BHIGOPOB?
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Hckomoe umcno, oueBHAHO, COCTAB/AfAET HYHCIO BCEBO3MOMHBIX COYETa-
HHA ¥3 OeCHSTH 9/7eMEHTOR no 3, T. e.

10.9-8
< —_
C3y="Tpra=120.

2) CxonbkHMH cnocoGaMH MOXHO BHOGpaTh 13 KapT M3 Konomwm B
52 kapTH?
Hcxomoe 9HCa0 npeacrasiaser coGoft uucio coderannt w3 52 no 13, 1. e,

52.51.50-,...40
1.2...,-13

i61. Hdopyroit Bra dopmyabi 4HHcJA coueTaHH. PopMyny uHcaa
COUETAHH{ MOXHO NPHBECTH K ADPYroMy BHAY, €C/HH YMHOXHM UMC/IHTEb
M 3HaMeHaTesb eé Ha npousBefienue 1.2.3.. . .(#m ~ n); TOrna B wHcIHTESE
nonyunm npouseesenve mim—1)-....-Im—n—1)1.1.2-3... .. (. — n),
KOTOPO€, MEPECTABHB COMHOMHMTE/H, MOXHO HafNHCaTh:

1.2.3.....m—=n)lm —(n— D}....m.

Cli= =635013559600.

Cnenosare/bHO:

e 123 cm—Nm Py
m=T 230 028 R PaPm—n

162. CaoficTBo coueTann#., 3amenn B STOH Gopmyne n Ha m —n,
TOMYYHM:

Cm"—1 1.2.3.....m—Dm _ Py ]
m 1.2.3-...-(m—n)-1-2.3.....n = Pm—n~Pyq

CpasuuBad 3ty dopMyny ¢ npeawiaywel, HAXOIHM:
Cn =Cm—ﬂ

m m

K 3TOMy BHBOIY NpPHBOOUT H TaKOe NPOCTOE PacCyXNeHHe: eClH M3
m 371eMeHTOB OTOepéM Kakve-HHOYNb I1 371eMEHTOB, YTOOM COCTABHTL M8
HHX OZIHO COYETaHHE, TO COBOKYMHOCTb OCTABLUMXCS 3/]E€MEHTOB COCTABHT
OAHO COodeTaHHe U3 m -—n SJ/IeMeHTOB. Takum odpaaou, KaxXnomy coue-
T2HHIO H3 IT 51€MEHTOB COOTBETCTBYeT OZHO COYETaAHME H3 /M — N 9Jie-
MEHTOB, H HaoO60POT;, 3HAYHT:

Crl — Cm-—n-

3TO COOTHOUIEHHE [M03BONAET YNDPOCTHTh HAXO0XLEHHE UYHUCAZ cOyeTa-

1
HHH M3 /M 3/J1eMEHTOB NO 71, KOrja 7 NpeBOCXOAHT 5 m. Hanplmep:

100-.99.98
? (03 TV
C?oo-cmo—' 5.3 =161700.

Ynpasxcuenun.

258. 5 yueHHKOB JOJUKHH CIIieTh Ha OHOA ckamefike. CKONBEO MOXKET CHTbL
pasHYHLX pacnpefesieHnii HX Ha 9Toll cxamedke?

259. CKONbKO ueThPEX3HAUHHLIX YHCEN MOXKHO o6pazoBats ms umdp 0; 1; 2;3?

Vxasarnue. I3 uucaa BCEBO3MOXHBIX MEPeCTAHOBOK H3 4 nudp HAAO BHUeCTH
QHCI0 MepecTsHOBOK, HaumHalomuxcs uudpoi 0.
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260. TMonoXeHHe NMINOCKOCTH B NPOCTPaHCTBE ONpejesiseTc 3 TOuKamH, He Je-
JKaHMH Ha OAHOA npamoH. CKOJBKO pa3IHYHKX MJOCKOCTEA MOXHO TMpPOBECTH
uepes: 1) 4 Toukd; 2) 7 Touex; 3) 10 Touek; 4) n Touek, ecqH HHKaKMe 3 TOUKH
He JeXaT Ha OJHOR mnpsMof M HHKaKHe 4 TOUKH He JIeXKAaT Ha OJIHOA IJIOCKOCTH?

261. HekTo BnHiEMaeT HayAauy 4 KapTh H3 Koaoiwl B 32 Kapthl. CKOABKO
PasAHYHLIX CAYYaeB NPH 3TOM MOXeT OnTH?

262. CKONLKO MepecTaHOBOK MOXKHO caelaTh H3 uadp 1; 2; 3; 4; 5; 6, naunm-
HatomMxcs ¢ uHpph 4? ¢ undp 45? ¢ mudp 4567

263. B rpynme 32 yuennka; H3 HHX 6 UeJOBeK HajAO NOCaIHThL HA NMEPBVIO
ckamefiky. CKOJMBKO BCEX CJydaeB MOXeT OLTb, ecJH He oOpamaTh BHHMaHHS
Ha NOpAJCK, B KOTOPOM YWUeHHKH CHAAT HA CKamefike, a TONbKO Ha (QaMHIKH HX?

II. Busom HbioTOHA.

163. TMponseepen#e GHHOMOB, OTJHYAIONIMXCH TOJLKO BTODbIMH
yaeHaMy, OGHKHOBEHHBM YMHOMEHHEM HAXOIHM:

(x+a) (x+b)=x*+ax+-bx+ab=x*+(a-+b)x+ab;
(x+a) (x+b) (x+c) =[x*+{a-+b) x+abl (x+c)=
=x%4(a+4b) x**+abx+cx®+ (ac+bc)x+-abec=
=x3+(a4-b+c) x3+ (ab+ac+be) x-abe.

IMogoGHo sTOMy HaiaEM:

(x+8) (x4:-8) (x4-0) (x+-d) =g+ (a+bFc+d) -+
+(ab+4-ac+-ad+ be+bd+cd) x*+-(abet-abd+-acd+bed) x-+abed.

Paccmatpusas STH NPOU3BEHEHHS, 3aMeyaeM, YTO BCe OHHY COCTABJIEHH
7O ONHOMY H TOMY e 3aKOHY, 2 MMEHHO:

_[lpouaBenenHe COCTaBASET MHOTrOWIEH, PACINONOKEHHHI! N0 yGHBai0-
UMM cTeneHAM OYKBH X.

IlokasaTenb mepBoOro 4JeHa paBeH HHC/AY TNeDEMHOXAeMHX GHHOMOR;
MOKA34Te/M TIPH X B CAENYIOIIMNX YleHaX yOHBaioT Ha 1; nocaendu# uneH
He CONepHUT X (COHLEDKHT ero B HyJIeBOH CTeleHH).

Koad¢unuenrt nepsoro unena ects 1; kosdduumesr BTOPOro uneHa ects
CyMMa BCeX BTOPHIX YJICHOR MEePeMHOXKaeMblX GHHOMOB; KOShMHLUHEHT TPeTh-
€ro 4/JeHa ecTb CyMMa BCEX INpPOH3BeAeHHWH BTODHIX YJEHOB, B3ATHIX IO
aBa; Ko3hPpHUMEeHT 4YeTBEPTOrO YJeHa eCTh CYMMa BCeX IMIPOU3BEeAcHHN
BTOPDHIX Y/IEHOB, B3ATHIX NO TpH. [locnenHuft uies ectb Npou3BeneHHE
BCEX BTOPHIX U/EHOB.

JlokameM, YTO 3TOT 34KOH NPUMEHHM K NPOU3BEAEHHIO KAKOrO YrOMHO
uncna 6uHOMOB. Jlas 3TOrO UpeXBapHTesIbLHO YOEAWMCH, YTO eCJH OH BEpeH
A/ NPOH3BeNeHHs M OHHOMOB:

() (14 b) (+0). . (x-+k),

TO NPH 3TOM [PENONOXEHHH GyleT BEpeH M AMA NPOH3IBENCHHS (m+1)
GHHOMOB:

(*+a) (x-+0) (x+0) . . (x-+K) (x+1).
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Hrak, nonycrtum, 49r0 BEepHO ClELyIONIee PaBEHCTBO:

(x+a) (x+b) (x+¢) ... (¢ +K)=x"+5 X"+ 5 X" . L o Sy

rae Ajdas KpPaTKOCTH MBI INOJIOXHM!

S,=a+b+c+... +i+k;
S;=ab+4-ac+.. +ik
S,-abc-{-abd-{,

S —abc k.

YmHOXHM Ofe YacTH AONYINEHHOrO paBeHCTBa Ha GHHOM X--[:

(£+a) (F+b)- ... - (X+k) ()=

= (A" Sux T 1p Syt L S,,) (1) =
=x"H1LS x-S x4 S, x—f—lx”’-{—lSlx”""l-{- IS, =
= (S DX Sy + IS )L+ o+ (St 1Spes) X+ LS e

PaccmanuBaﬂ 3TO HOBOE MNpOH3BeHeHHe, yGexaaeMcd, YTO OHO MOJX-
YMHAETCA TAKOMY € 3aKOHY, KAKOH MEl NPEANOJOKHAH BEPHHIM IS M
6unomoB. JleficTBHTE/NbHO, BO-TIEPBHIX, 3TOMY 3aKOHY CJAeAYIOT NOKA3aTeJH
6YKBH X; BO-BTODHIX, eMY e ClledyloT H KO3((PHLHEHTH, TaK KakK Kosdg-
QHIMEHT BTOPOro ujeHa S-}/ ecTb CyMMa BCEX BTODHIX Y/EHOB NEPEMHO-
waeMuX OHHOMOB, BKJAWOHAA CoHd H [; KO3(QGPHUHEHT TpeThero uJieHa
Sg4-1S; ecTh CyMMa mapHHX NpOHsBeNeHHH BCeX BTOPHX UJEHOB, BKJIO-
yag cioga H I, ¥ T. I.; HaxkoHeu, [S, €CTb NPOH3BEILECHHE BCEX BTOPLIX
ynenos: abc. .. kl.

Mbt BHAECAH, 4YTO 3AKOH STOT BEPEH 14 NMPOH3BEeACHHUA ABYX, Tpéx
K UYETHIPEX GHHOMOB; CJEAOBATENbHO, MO JOKAa3aHHOMY TeNepb, OH HAOJ~
skeH ObTh BepeH W IJs npoussenenuss 4-4-1, T. e. AAA NPOH3BeneHMs
nATH GHHOMOB, €CJH e OH BepeH AAS TNPOH3BeAeHHA NMATH GHHOMOB, TO
OH BepeH H &a npomaBeleHns S5+-1, 7. €. AAA NpPOHSBENECHHA LIECTH
6HHOMOB, H T. X.

H3noxeHHOe PACCYIAEHUE MPEACTABAAET TAK HA3HBAEMOe ,0KASATENb-
cTBO OT m k m--1“. OHO HasBIBaeTCH TaKwe ,MATEMATHYECKOH HMHAYK-
nueH“ (uaM ,COBEDHIEHHOH HHAyKIMeH“). 3aMeTuM, YTO B MNPENBAYLIHX
rllaBaX 9TOM KHHUIM HEOJHOKDAaTHO NPENCTABJSICH CJAy4Yal DPUMEHUTH
[0KasaTeabCcTBO OT m K m-+1 (nanpumep, npu BriBoAe GopMynnl 206010
ynena nporpeccuu: § 750, 82 u Ap.). MHE 3TOro He KeAanH TONALKO DafH
NPOCTOTH HM3/I0XKEHUs.

164. Popmyaa GuHOMa HbIOTOHa. INpennonoxum, 4TO B JOKa3aH~
HOM HaMH DAaBEHCTBE :

(x4-a) (x+b)e ... (X+HK) =x" S x" 1 Syx™—T4 . 1S,

BCe BTOpHE UleHH OMHOMOB OJMHAKOBH, T. €. YTO d=b=Cm...=k.
Toraa /eBas yacth Oymer cTeneHb GuHoma (x-a)™. IMocmoTrpum, BO uyTO
o6paTarca KodddHUAEHTH Sy, S, ..., Sp.

Kosdpouurenr S;, paBubit atb4-c+-...4-k, obpatHrca B rma.
Kosdouunenr S,, pasuui#t ab--ac+ad--..., obparurca B uncao a?,
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MOBTOPSHHOE CTOJBKO DPas, CKOJbKO MOMXHO COCTABHTh COYETAHHM M3 M
m(m—1
s/IeMeHTOB NO 2, T. e. o6paTHTCca B -—(r—_z—za’. Koadduuuenr S,, pas-
ueift abc4-abd—. .., ob6parturca B uHcIO a3, NOBTOPEHHOE CTOJLKO Pas,
CKOJIBKO MOXHO COCTaBMTb COUYETAHHHA H3 /M SJEMeHTOB 1o 3, T. e,
m(m—1)(m—2) ,
1.2.3
o6parutct B a”. Takum 006pas3om, MH NOMYYHM:

, 1 T. 1. Hakonen, koa¢duuuenr S,, pasusiit abe...k,

m(m —1)(m — 2)

(x+a)m=xm+maxm_l+_m£1n%l)a2xm_2+ 123 @’x" =3
o prm e m = B Dlgngmn .

3T0 paBeHCTBO H3BeCTHO Kak popmyasa buroma Hoiomonal), npuadm
MHOTOUJNEH, CTOSNIKKA B NPAaBOH HacTH GOPMYAH, HA3LBACTCA PASBL0NCEHULM
6urnoma. PaccMoTpuM OCOGEHHOCTH STOrO MHOIOUY/IEHA.

165. CeofictBa dopmyan GnHoma HbloToHa. M3 sTHX cBOHCTE MH
ykaxed caepyiomue 10:

1) @Hoxasatean OyxkBH X yMEeHbAlOTCA Ha | OT mepsoro uaesa
K rnocaegHeMy, MPHuY8M B MEepPBOM Y/leHe NOKA38TeAb X DABEH M0KA3aTeNH0
creneHn OuHOMa, a B nocaeaHeM oH ectb 0; Hao60poT, nokasarenn
6YKBH g YBENHYMBAIOTCA HA | OT NepBOro wieHa K NOCJEAHEMY, NPHUEM
B NEPBOM ujeHe mOKasatedb Npu a ectb 0, a B nocAenHeM OH PaBeH MO-
Ka3ateno crereHd GuHoma. BcnencrBre satoro CymmMma noxasaresjei ApH x
H @ B KaXIOM u/JeHe OfHA M Ta XKe, a UMEHHO: OHA PABHA IOXa3aTento
creneHn OuHOMa.

2) Uncao BCeX uNeHOB DA3NOXKeHHMS eCTh Mm-}-1, Tak Kak pasroxe-
HHE COOoepPWHT BCEe CTENeHH 4 OT 0 B0 M BKAIOYHTEJIbHO.

3) KoadpHUHEHTH paBHb: ¥ NEPBOTO WIeHA — eAHHUIE, Y BTOPOro
YjieHa — NoKa3aTe/Jalo CTENCHH GHHOMa, Y TDEThEro YJA€Ha — 4YMCay Ccoue-
TaHWH H3 M 3JEMEHTOB MO 2, y YeTBEPTOrO 4JeHA — UHCAY COYETaHHM}
U3 m saemeHToB No 3; BooOWe ko3(dnuMeHT (n--1)-ro unema ecTsb
YMCJIO COYETaHHN H3 m 8/7eMeHTOB no n. Hakorel, k03¢ ¢uunenT nocaen-
HEro ujeHa PaBeH UMC/AY COYETAHWN M3 /M 9JeMEeHTOB No M, T. e. 1.

3ameTuM, YTO 9TH KO3(bGHUMEHTH HashBAKWTCA OUHOMUANBHOIMU.

v/ 4) OGosnauaa xaxauft unen pasnoxenns Oykeoft T ¢ mudpolt sHu3y,
yKasHBalollel HOMED MeCTa STOTO WIeHa B Pas3lOXEHHH, T. €. NepBHH
unen Ty, BrOpo#t unes Ty M T. 4., ME MOXeM HaNHCATb:

—D...m—(n—1
T,‘_i_l:c’:nanxm—n ~ )1.2!:.__(7,; i a"x"=",

) Mcaak HwboToH— 3uaMenuTHil aWTauiickni MateMatax (1642—]727),
dopMysa GHHOMA He TOABLKO AJA m 1LJOr0 NMONOKHTENBHOr0, HO H IAS m oTpu-
uaTenbHOTO M JApofHoro Gbula HM yKa3aHa okono 1665 r. Crpororo aokasatensn-
ctea €€ OH He pan. Jlam ueanlX MNOMOXHTENbHWX mokalateleld ¢opMysna 6mina
prepBue J0ka3ana SlkosOM Bepuyaau (1654—1705) ¢ noMometo Teopuu
coe HHEHHA.
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Ara dopmyna Bupawkaer oGuMit WIEH PAITOKEHHS, TAK KAK U3 Hed
MBH MOXEM MOJAYYKTb BCE UYAeHB (KPOME NEPBOro), NOACTABAAL Ha MECTO
n uncaa: 1, 2, 3,..., m.

5) Koadduiment neproro unena oT Hauana pasiaokKeHns paseH eAHHHLE,
KO3((HIMEHT NEPBOro WieHa OT KOHLA TOXe paBeH eaHHuite. Koshduuuenr
BTOPOrO 4Y/neHa OT Hayala ecTth m, T. €. C,'n; KO3 @HIHEHT BTOPOTO 4eHy

—1 —
or Konua ectb Cm ' HO Tak Kak Ch=Cm~ ' (§ 162), 10 3TH KO3 (DU~

IHenTH oannaxkoBu. Koadduuuenr Tpersero uneHa OT Hauyana ecThb C,2,.,a
TpEeTLero 4jeHa OT KOHHA ecTh C"2%; wo Cf,.=CZ.‘"2, n03TOMy H 3TH

KO3 (PHIHEHTH OAMHAKOBE M T. O. 3HAYHT:

KoadHuaeHTH WIEHOB, ORKHAKOBO YNAJEHHBIX OT KOHUOB pPasaoXeHus,
paBHb MeXay coboit.

6) PaccmarpvBas GHHOMHAaNbHble KO3(DDHULMEHTH:

1 mum—1) mm—ND(m—2) m{m—1)(m—2)(m—23)
» My — "~ 1.2.3 ’ 1.2-3-4 vecey

M 3aMeuaeM, YTO NIDH DepeXone OT OXHOTO KO3(huUMeHTa K caenyoueMy
YUCAWTENAM YMHOXKAIOTCA HA uHCAa, BCY MenbliMe ¥ MeHbmHe (Ha m — I,
Ha m—2, Ha m—3 K T. A.), a SHaMeHaTelX YMHOXAIOTCH Ha WHCaIa,
Bcé 6Oabiume u 66abinne (Ha 2, Ha 3, Ha 4 K T. 1.). Bcaeacreue sToro ko-
spuumeHTs CHadana BO3PACTAOT (MOKA MHOXHTEJNH B YHC/AWTENE OCTa-
10TCH GONBIIHMH COOTBETCTBEHHHX MHOXMHTE/CH B 3HAMEHaTe/e), a 3aTeM
yGusaior. Tax xax KO03(pPUNMEHTH UYJIEHOB, PABHO OTCTOALIMX OT XOHIOB
pa3oxeHysi, OMMHAKOBH, TO HauO6onbIIMH KO3DPHIHEHT N0JIKEH HAXOMHTLCH
nocepeanHe DPasaoxmenus. IIpH 5TOM, €Cin YMCNO BCEX Y/IEHOB PA3A0KEHUs
HedtTHOe (4TO OHLIBAET NMPH YETHOM NOKasaTele OHHOMA), TO MOCepeaune
OGyneT OOMH UNEH C HaHOOALIUNUM KO3(PODUUHEHTOM; eCaH Ke 4YUCAO BCeX
yreHoB uéTHOE (4TO ObIBaET NpH HewETHOM MOKa3daTeae GHHOMA), TO nOCepe-
AMHe LOMKHH OBTb ABA WieHA C ONAHHAKOBHMM HaHOOALIUHMH KO3(¢H-
nHeHTaMy. Hanpumep:
(x4 a)t=x*+4ax3+4 60%x* + 4a3x+-ab;
(x40)® = x*5axt 4 1 0a?x®-+ 1 0a®x2 4-5a*x 4-a.

7) W3 cpaBHeHus ABYX DAAOM CTOALLUMX 4JIEHOB:

T,.+1"‘m (’r—ll)zslm-—g,’z =] arxm",;

m(m—l)‘-'lm_(’l—‘)j(m—n) n —-l—
Th1a= 5.8 mmrn @ T

3aK/IO4AEM, UTO:

Oas noayueHHs Ko3duUUEHTA CHeAywLlero <AeHa AOCTATOMHO YMHOKHTH
KOS§IPHIHENT TPCAHAYIIEro tfeHa Ha MOKA3aTelb GYKBW X B 9TOM RICHE K Pasfcs
JHTb Ha YMCAO UYIEHOB, DPEIIUECTBYIOHIHX ONPCAENRECMOMY.

Ilonb3ysck 3THM CBOHCTBOM, MOXHO Cpa3y IMHCaTh, HanpuMep,

(x4-a)y =x"+Tax* +... .
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Teneps Gepém 7, ymHomaeMm ero Ha 6 u nenum Ha 2, moayuaem 21:
{(x4a)'=x"}+Tax*}-21a*x%+. .. .
Teneps Oepém 21, ymuoxaem Ha 5 u meaum Ha 3, noayuaem 35:
(x+a)’=x"4-Tax*+21a*x5+35a3%x* 4. .. .

Tenepb ye BHNHCaHBI 4Y/JeHH 00 CepPeAHHH pald, OCTAaJAbHLIC NOAYy-
94M, OCHOBHLIBAACb HAa CBOHMCTBE IIATOM:

(x+a)?=x7}+Tax%+21a?x% - 352344 - 35aix2 | 21abx? |-
+7atx+a’.

8) Cymma Bcex OHHOMHanbHHX KO3(pdHLMeHTOB paBHa 2™. JeHCTBH-
TeALHO, MOJOXHB B GopMyie OuHOMa Xx=a=1, noayuum:

_—1+m+’"("‘““+ mn— e 4. 1.

HanpuMep, cyuma KOs GHIMEHTOB B pasioxeHWn (x--a)’ pasHa
14+74214-354-354-214741=128=2".
9) 3amenuB 8 dopmyse OHHOMa G HA — G, MOJYYHM!:
(x — @t =" m (— @) 1 T ap ey ()
T, €. -
(x—a)"=x"— max”_'“+LT_'2_—l) a®x™t — | (— 1)"a™,

CAeNOBaTENbHO, 3HAKH - M ~~ UepeayloTca.
10) Ecin B mocieireM PpaBeHCTBe TMNOJNOXMHM X=a==1, TO HaHjsM:
1 g mm—1)  m(m—1)(m—2) _ym
0=1—m+ i 2.3 o (— D™

CymMa GHHOMHAJLHWIX K03(G(PHLHEHTOB, CTOSIIHX HAa HEYéTHHIX MeCTaX, DaBHa
cymMe GHHOMHAABHLIX KO9h(DHUUEHTOR, CTOSIMX HA YETHHIX MECTaXx.

166, MNpumenenwe d¢opmyant 6HHOMA X MHOrouaeny. dopmyna
6uHoMa HbloTOHa noO3BOAsET BO3BHINATL B CTEMEHb MHOrouMeH. Tak:

@+ b+ o)t =[(a4-b)-cl =(a+ b)*+-4c (a+b)3-+6c*(a + b)*+

+4c (a+b)4ch.

Pasnoxus (a-b)%, (a-}b)3, (a-4b)? OKOHUZTEIBHO MOMYYHM:
(a-b3-c)t =a 4a3b - 6a2b%-|-4abd -} bé +4a3c+ 12a%bc +
+12ab%c+4b%c+4-6a*c® -+ 12abc* -+ 6b*c* 4 4ac3+-4bc3 ¢,

VYnpaxcnrenusn.

Hafite no dopmyae 6uroMa HuloTona:

264. (14-x)%; (x-+3)%; (x—1)7.

266. (2 —a)%; (3x+4y)8; (1+x)™.
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1 \8
2686. (x-}-T) 3 (x2-4-2y%)4; (3a% — 25%)8.

267. HafiTu 6-i1 unen pasnoxexus (5x¥ — 6a?)lo,
268. Hafith 8-8 uaed pasnoxenua (3a— 2)8,
Buuncaurs:

269. 2,1° =(2+—:3)°=. ..
270. 1,03 =1 + 155) = - - -
211. 0,970 (1 ) =

272. 205=(30 — 1)5==. ..
273. 99% = (100 — 1)*=. ..

274. (4+V—3")° s (6—.51/‘_2“ )5.

275. (V@ +v 8 ); (Vo — vE )

276. (1+V“3—)'-. 2f7+VT)‘

277. B pa3noxkeHHH (x’——:-,;)“ BbIYMCJHTH QJieH, He COHmepkKauluil x.

a \10
278. To xe B Pa3NOKEHHH (2x"— 51—3) .
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JAOMNOJHEHHUA.

. HenpepbiBubie ApoOH.

167. Onpenexenne RenpepbiBHOH ApoGu. [lenpepestod, wnnr yen-
Ko, npo0bl0 HaswBaeTcs APOGL BHMAA:

Ile 1enoe YHUCNO 4 CKAANBBAETCA € Apobblo, Y KOTOPOR uHCAMTEND
ectb 1, a 3sHaMeHaTelb LENOE YHCIAO @y, CAOXEHHOe C PoGbio, Yy KOTO-
po#t umcauTeap ectp 1, a 3HAMEHaTeNb LEAOE MYHCAO d,, CJOKEHHOE
¢ Opo6blo,..., W T. H. (BCe ILeABle YHCAA TNPEANOAAraloTCH IOIOKH-

TeNbHBIMH).
a

Hpobu 5, 7 7= 7~ W T. I HASWBAKTCHA COCMABAOUUMY dpo-

1 2 3

6AMIL WK 36CHBAMU.

Hanncanryio BHllle HeNpepHBHYI0 Rpo6h COKPAUEHHO H300paxalor
TaK:

11 1

(a, a1, Gy 4,..., Q).
Hanprumep, npobn:
1 1

3y 1

1 1
24—
147 1+

coxpatuguso Hsobpaxaiores: (3, 2, 1, 3) u (0, 2, 1, 17).

168, OOpamenue HempepbiBHOH JapobH B  O6bLIKHOBEHHYIO.
Beakyio HenpeprBHylo APO6h MOXHO OGPaTHTb B OGBIKHOBEHHYIO; AJA
STOF0 AOCTAaTOMHO MPOK3BECTH NO NPABHIAM APHDMETHKH BCe NeHCTBHS,
YKasaHHble B H306DayeHHH HEMDEPHBHOH NPOGH.

[lyctb, HampuMep, MH HMeeM TaKylo ApOOb:

1
(2) 3 1, 4)=2+_T'
3+'—1"
I+7
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IMpoussoaum yKaaunnmu RO

1 5 .5 4 19 {8 43
H‘T:T’l : +5 L F 19’ 2+19 19

310 u ecTh oGuKHOBeHHaﬂ apoOGb, npencmsnmouxaﬂ TOYHOE 3HaueHue
OaHHOH HenpepLIBHOM.

169., O6pamenne oGbIKHOBeHHO# apobu B  HempepbiBHylo. Bes-
KYI0 OGBIKHOBEHHYIO IPOOb MOXKHO OGpaTHTb B HenpepuiBHyio. Ilycts,

A
Hanpumep, AaHa ApoOb-z-. MCK/IOUMB M3 HEE UEJO€ 4HCI0, MOJYyUHM:

A r
=t

rle @ eCTh 1Llele 4YacTHOe, a F,— OCTaToK OT penenns A Ha B (ecme
ApoGs -g; npasuabHan, 10 a=0 H r=A4),

r
Pasnenus o0a unexHa mpo6u —5 Ha r, moxyuusm:

£

a4+

7
rae @; eCTb Iesioe 4acTHOe, a 7y — OCTaTOK OT fAejenua B Ha r,

r
Pasgeaus o6a yaena ApoGu 71 HA 7y, TIOAy4YHMM:
ry, 11

= 7

Qut2

2t

T r:n
Ife @, ecThb lieJoe 9aCTHOe, a 7, — OCTAaTOK OT feieHus r Ha ry. IIpo-
AOMXKaA STOT nNpHEM nanee, GyAeM IOCIELOBATENbHO NOJAYHaTb:

H T. O.

Tak kKax B> r>r>r,> rgy..sy TO, TNPOAOMKHB STOT NpHEM,

no#usM npo ocratka, pasdoro 0. Ilycts r,=0, T. e. ;"—“—-;—-
n—sg n

Toraa myTéM MOACTAHOBKH MNOJYYHMM:

A r_ 1 1 _ 1
Bt E e +r1—a+a L1 = 1 :
thr 1 1 e —-
%+u T

3ameuanue. W3 paccMOTpeHHst STOro HpuéMa creayer, uTo 4, 4,
dyy..., G, — LeJble 4aCTHbE, [0JyYaeMble NpK TNOC/IELOBATE/NLHOM Je-
neHns A va B, noTtom B Ha nepBeIft OCTaTOK, NEPBOFO OCTAaTKA Ha BTOPOH
W T. 1., MHaye rOBOps, 3TO — Lle/ibie YACTHHE, NOJIyYadeMble NMPH HaXOx-
AeHKK ob6uiero HauGoabUIero aenvrens mexay A u B cnoco6Gamu nocie-
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LIOBaTeAbHOro Jenchua. Bceanencreue 3toro uucaa a, a;, 8., G,
HA3LIBAIOTCA YACTHHMH HenpepriBHOH NPOGH.

Ipumepni,
1) O6patuTe B HempephiBHYIO APOGH UHCIO %g
Tak Kax
40117 .o 40 1
176 3 10 et
675 2 2+—7
0 5
2) O6paTuts B HenpepHBHYI0 APOGHL UYHCIO I%ﬁ'
Tak kak
AIRE N S
120 |7 0O’ 120‘“17 T
71T 17 +7

0 7
170. Hoaxonamue apo6u. Ecan B HenpepuBHO# HPoGH BO3bMEM
HECKOAbKO 3BE€HbeB C Hauyaja, oT6POCHB BCe OCTajbHHE, H COCTAB/JACHHYIO
UMK HelnpepuiBHYI0 ApoSh 06paTHM B OOGHKHOBEHHYIO, TO MOJYUHM TaK
HASHBAaeMyl0 NOAXO0aAALWY 0 ApoGb. IlepBas nomxoasmas apo6b noay-
YUTCHA, KOrI3 BO3bMEM OJIHO TIEPBOE 3BEHO; BTOPAasA — KOraa BO3bMEM JABa
NePBHX 3BeHa, B T. A. TakuM 06pasoM, AJA HENPEPLIBHOR APOGH:

1

3+—
T
1+T'
3 -
neppas noAXomALan APobL ecTh 1 »
1 _ 7
BTOpasd » » o Btg=g
3 1 10
TPETbH » » » -+ =3
24+

Yerpépras MOAXOAANIAA APOOL NPEACTABUT B 3TOM NPHMEPe TOYHYIO

7
BeJIMUMHY HenpepueHo#t npobu —28—-

Korama B HenpepnBHO#t ApoOu HeT LEJOro 4HCJAa, TO NEpBasd NOAXO-
IAuas a1pods ectb 0.

171. 3akoH cocTamJieHHst RNOAXOAABIHX ApoGed. CocTasum ans
HenpepuiBHO® apobu (a, a;, 4,,..., Q,) NepBuE TPH NOAXOAALIME APOOU:

D2 a+ —g2atl,

a,
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3) a+ ! i =a+ L =a+___a,_______aala,+a+a.=

a,a,+1 aa,-+17 aa.+1
ax‘*"a'; la, 102 193
) — (amy+1)a,+a
aas+1 :

CpaBHHBa® TPETbIO MOAXOIALLYI0 APOOL € NBYMS NEPBLIMH, 3aMETHM,
YTO YHCANTENb TpeTbelt noaxomanie#t ApoOGH NMOAYYHTCH, €CAM YHCAHTEND
BTOpDOA moaxousule OPOGH YMHOXHM HAa COOTBETCTBYIOLIEE UYaCTHOE
(T. e. Ha Q,) M K RNOJYYEHHOMY INPOHU3BENEHHIO MPHGABUM YHC/AMTE L NEp-
BOM moaxoxsmed npolu; aHameHnaTeab TpeTheH nmoaxomswel apobu moay-
YHTCA TIOAOOHHM e O0pa3oM M3 3HaMeHaTenel NpeAbIyWMX ABYX HOL-
xOoAfAHX npobeft.

JloKaxeM, UTO STOT 3aKOH MPHMEHHM KO BCAKON moaxoasimel apobu,
cleaymolleit 3a Tperbefl, T. €. Mbl JAOKaXeM, 4TO BOOOIlUEe YHC/JIHTEIb
(n+1)-# noaxogamei# aApoGH NOJAYYHTCH, €CAH YHCANTE)b 1-B MOAXOAA-
ulet APOGH YMHOXHM Ha COOTBETCTBYIOLIEE 4acTHOe (T. €. HA @,) H NMpPO-
H3BeJleHHe CHIOXHM C uucaureneM (n— 1)-# nomxomsme# apo6u, u uTO
3HaMeHaTeab (n-+1)-# noaxomsweR apoG¥ NOXOGHHM e CIOCOGOM 10-
NAyunTcs M3 3HaMeHarteneft n-f u (n — 1)-ft noaxopsumx apoGe#t. Ynorpe-
6HM OOKa3aTeJLCTBO OT MK (n4-1), T. e, AOKaMeM, YTO €C/H 3TOT 3aKOH
NPHMEHHM K r1-ft NOAXOJAuWER ADOGH, TO OH NpHMeHUM H K (n-1)-#t
noaxoxasaulet apobu.

OGosnaunm nepsyo, BTOPYIO, TPeThIO H T. A. NOAXOAfALLKE APOGH
Mociel0BaTeIbHO Yepes

Py By By Prm1 Pn Prty
QA & Q&7 Qn— Q Qn+y
H 33aMETHM, UTO COOTBETCTBYIOIlHE MM 4YacTHHe OymyT:
a, 4, Ay oy Guegy Ay, Q.
~ JlonycTdM, 4YTO BepHH DPaBEHCTBA:

Pn=Pn—‘1au—1 +Pn—2; Qn=Qn—lan—l+Qn—il (1)

° H, CAeA0BATE/]bHO:

Prn__ Pnan—s3+Ppeyg |
Qn Qu—18n—110n—s (2)

Tpe6yercs NOKa3dTh, 4YTO B TaKOM Ciayuae H

Pn+1= Pnan+Pn—1_ (3)
Qn+1  Qnant+Qn—y -

Vs cpaBHeHus IABYX MOAXOAALIHX APOGeH:

&‘=a+————l u P"+‘=a+ !
Qn _1 1 Qn+, at 1 1
S et — T —
n—a u"_"*'&;
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ycmarpuBaeM, uto (n-41)-1 nomxonsimas ApPo6bL MOMYYHTCH H3 N-#, ecan
1
B nocnenHeft 3aMeHHM UMCIO @, ; HA CyMMy a,,_1+7—-
n
[loatoMy pasencrBo (2) ma&r:

1
Pyyy _ Pn—x(a"~l+5;)+})n—:

Qn+1 B

Qn—1 (an—1+al_”)+Qn—a

PackpuiB cKOOKH H YMHOXKHB 00a uJeHa ApPOGH Ha @,, NOJYYHM:

Pata__ Pn—xan—lan+Pn—1+Pn—nan____ (Pp—1@n—2+Pn—y) @n+Pp—y
Qa+1  Qn—19n1—19:+Qu—1+UQn—18n  (Qn—19n—1+Qn—13) 3s+Qp—y
INpuuas BO BHKHMaHMe paBeHCTBO (1), MOXEM OKOHYAaTeAbHO HANMHCATH:

Prta__ PnntPa—y |
Qn+:  Qnn+Qn—

310 U ecTh pamencrso (3), KOTOpOe TPeGOBANOCH NOKA3ATh.

Takum 0GpasoM, eciH [HOKa3blBaeMbifl 3aKOH BepeH AJA 1-# NMoAXOons-
me# apo6u, To oH Gyner BepeH H aaa (n+41)-B noaxonsuiei npoGu.
Ho MH HenocpencTBeHHO BHAENH, YTO OH BepeH OJAA TpeTheR MOAXOAsN-
et ApoGH; ClefOBaTeNbHO, MO AOKA3aHHOMY, OH NPHMEHHM ANS YETBEp-
TOH moaxonfuled Apo6GH; a ecau A8 YeTBEPTOH, TO M OJ1s NATOH H T. A.

IToab3ysick 9THM 3aKOHOM, COCTaBHM BCe MNOAXOAAwME APOGH mAas
CAEeNYIOLIETO NMpHMepa:

1

X=2-} 1 =(2, 1, 3, 2, 3, 1, 5.
14+ i
3+ 1
24 1
3+——T
I+ &
BHqHCﬂeHﬂﬂ BCero ynoGHee PaACIIONOXKHKTEL TaK:

3 2 3 1 5
2 3 11 25 86 111 641
1 1 4 9 31 40 231

[lepsue ABe noaxonaumye APOOH HAWAEM HENOCPENCTBEHHO, 3TO OYAyT
—?— u—::—. OcranbHbie noaxolsiive npo6y MOMyYHM, OCHOBhHIBAsCh Ha JOKa-
3aHHOM 3aKOHe. [lns maMaTH pasMellaeM B BepxHeR CTPOKe ueable 4acT-

HHe C TpeTLero Ao noc/iaAgaHEIO.
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172. Teopema 1. Tounoe 3HayeHHe HeupepLIBHON JApOGH 3aKJO-
4YaeTcsl MEXAY ABYMS NOCJEN0BATENHHBIMH NOXXOASIIUMH ApoGsaMH,
npHY€M OHO OaMike K mocJejyiollieii, YeM K npeabiaymied.

HokasareabctBO. [lycTh uMeeM HeNnpepHBHYIO EPOGH:
(a' a,, a‘ll eoey an—l’ an, an+1v sery as)»

TOYHYIO BRJHUHHY KOTODOH 0603Hauum uepes A. BosbMéM kakue-uHHGyNbL
TPH MOC/eROBaTe]bHHE NOAXOAAUNE APOGH:

Pp—y }_’5 Prta
Qn—l’ Q' Qn+1'
[lo noxasanHoMy B npennayiueM naparpade, HmeeM:
Ppyy _ Ppapn+Pp—y
Cn+y Qns+Qn—1
Ecnn B mpaBylo uacTb 3TOr0 paBeHCTBA MH BMECTO @, TMOICTABHM
y=(a@,, Q,+1, -.., Q), TO B JIeBOH YaCTH MOJYYHM TOUHYI) BeJHuuHY A
HenpepwBHOH ApOGH, 3HAUMT:
A= Pn}"*‘Pn—x'
Qny+ Qp—a

OTKYyla:
AQny+AQn—1=Pny+Pn—1- HIIH AQny— Pnyzpn—l — AQp—1»
H SH34YHUT:

¥Qu (A — g) =Qus (5222 — 4).

W3 nocneaser0 paBeHCTBa MOXEM BHBECTH ABA CJAELYIOIUHX 3aKJIO-
YeHHA: .

1) Tak kaxk uncaa ¥, Q, u Q,—, MONOKHNTENbHEE, TO DA3HOCTH, CTOA-
HiHe BHYTPH CK050K, JOJKHEL OHITH OJHOBDEMEHHO IOJIOXKHUTENbHbB HAH
OIHOBPEMEHHO OTPHLATENbHH, 3HAYHT:

ecsu —g!'> 0, ecnu A—fl’<0,
P " HJIH P n
TO H 22— A> 0, TO B =222 — A <0,
n-—1i Qn—x
ecin A> Pa, ecmn A< P,
T. €. P " UK p Qn
TO H Q"—">A, TO H Q":‘<A,
n—1 n—1

CiaenoBaTe bHO, A 33aKAIOYEHO MEXAY BCIKHMH IBYMS MOC/AEI0BATENb-
HEIMH TIOOXOIAILUMMH JpOGAMH.

2) Tak kak y> 1 v Q,> Q,—;, npuuém uncna Q, H Q,; nONOKH-
Teﬂbele, TO U3 TOrO XK€ PpaBeHCTBa BHBOIHUM: a6c0mo'maa BEJAHYHHA

(A — Ii’-‘) MeHbie a6COIOTHOH BENHYHHH (P"—“‘ _ A)-
Qn Qn—s
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P
OTciona ciaenyer, 4TO 5” Grmke Kk A, ueM Q" 4To M Tpe6oBanoch
n Il—l

AOKAa3aThb.

3ameyanue. Taxk xax, odeBHaHo, A > a, T. e. A/Q’, TO
1

p P,
A<Q—";; A>(Z; A<—g—: H T. A

Touxoe 3HaueHwe HenpepbiBHoft ApoGu Goaee BesKON moaxomsuled APOGH HeweT-
HOrO NOpAAKA W MeHee BCAKOH NOAXoxsuied apo6n 4érHoro mopanka.

173. Teopema 2. PasHoCTb MeKAY ABYMS PAAOM CTOAIMHMM TNOJ-
XOASIUMH IpoGaMu paBHa -+ 1, Nnen€HHOH Ha NpPOH3Be[eHHe 3HaMe-
HaTeseil STHX MOAXOASUMIHX JpoGeii.

JdokasaTeabcTBO., TaK Kak

Pn+l Pn Pu41Qn— PnQn+1
Qn+1 Qn QnQn+a

TO OYEBMAHO, HTO 3HAMeHaTeNb STOM PA3HOCTH YAOBIEeTBOpAeT Tpe6oBa-
Huo TeopeMbl. OcTadTcs HOKa3aTh, YTO HHCAMTENb PaBeH £ 1.
Tak kak

Pn+1=Pnan+Pn—1 u Qn+1=Qnan+Qn—lv

TO

Pn+1Qn'— PnQn+1=(Pnan+pn-'1) Qn— Pn (Qnan+Qn~l)=
=PnQnan+Pn—lQn “—PnQnan _PnQn—1=_ (PnQn—l - pn—IQn)~

BoipaxeHHKe, CTOsllee B CKOGKAX, TNPEACTABAAET COGOH YHCAMTENb

Pn Pﬂ-"l
apo6H, KOTOpAaA MOAYUYMTCH OT BHIYHTAHHA H3 o apo6u ro
n n—1i

CnenopaTelbHO, MH JIOK4a3aad, 4TO aGCOMIOTHAs BE/MUYHHA YHMCAHTENs

Ppta
Qn+

P,
YUC/AHTENA HPO6H, NosyyaeMoft OT BRIUHTAHUA ~— Q "36 ; IPYTHMH CTOBaMH,
n—1
a6CoONOTHAA BeJHYHHA YHCAUTEAA APOOH, NMOAY4YaeMOH OT BHYHTAaHHA OOHOH
u3 Apyroft ABYX PANOM CTOfIIHX NOAXOASIUMX APOGeH, eCcTh BeIHUHHA
NOCTOSHHAA AJA BCeX MOLXOAALIMX aApoGefi. Ho pasHOCTb MLy BTODOH
H TNepBOH NOAXOAALUMMH IPOOAMH €CThb:

P,
np06H nojay4aeMoft OT BEIUHTAHHSA = H3 . pasHa aOCOJIOTHON BeMHUHHE

(a +El;) — a=al: .

CnenonatentbHO, YHCAHTENb PA3HOCTH MEXNY BCAKUMR asyMs paaom
CTOALUMMH MOAXOAALMMH IpobaMin no abCco/IOTHOH Cp0eR BeaHuYHHe
pasex 1.
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Tax, ecan B3nTe npumep, npusentuuumtt B § 171, To Hanzdm:

3 2 1 113 192 1 1

T T 14 777479 71736
86 25 1
ﬁ—§~=——27—9 H T. T

Caedcmeus: 1. Beakas noxxonsuas apoGek ecTb APOGh HEeCOKPATH-
P
Mad, MOTOMY 4TO, €CAH GBl =" MO0 GHTb COKpPAUIEHO Ha HEKOTOpHI#

n
meautenr m>1, o P,Q, ., — P,_,Q, neannoc» 6u Ha m, 4TO HEBO3-
MOXHO, TaK KAaK 3Td Pa3HOCTh paBHa -+ 1.

2. Ecau nuecro TOYHOH BeJWYHHHBI HelpepbiBHOU APOGH BO3LMEM NOX-
XoAA1y0 APOGH Q", TO CHeNaeM OWIMOKY, MEHBIIYID KaXKAOrO H3 TPEX
CAeNYIOMMX UHCer:

1 1 Lt
Qln+1” Qn(Qu+Qp—i) ’ Q?

n

Jleﬂcrsmem»uo ecnn A eCTh TOYHOE 3HaueHHe HeNpepHBHOR NpoGH,

P P
10 A — F7 uncnenso MeHbLIE PasHOCTH AT "7 aGcomorHans Bean-

Qn Q+1 Qn’
YHHa KOTOpPOH, MO INOKA3aHHOMY, paBHa Gi0ots C opyroff CTOPOHH, TaK
nxnTi
kax Qn+1—‘Qnan+Qn—1- rae an>l TO Qn+ngn+Qn—l H, Caeno-
BaTe/bHO:

1
Q,,Qn+1 g Qn (Qn+Qn—l) H QnQn+1 = Qn(Qn+Qn—x)

P,
Y IOTOMY a6COJIOTHAA BeIMYMHA Pa3HOCTH A— = MeHbIHe

m
Hakosneu, Tak xak Q,., > Q,, T0 Q,,.,.,Q,,> Q2 u notomy

1 1

@nln+1 < Q2

n

P
Caenorarenbio, a6CONIOTHaA BeJHYWHA pasHocTH A — "<6_.
n
W3 TpEx yKasaHHHX Npele/iOB MOTPEHIHOCTH CaMbIl MEHbLIUHH ecTh
oo HO €ro BHIYKCJEHHE MNpeANnoJaraer M3BECTHBIM 3HaMEHaTelb HOI-
nNn+1
XOs1ied xpodH, cieldyiolle#t sa TOH, KOTODYIO MW NPHHANH 32 NpHGIH-
wenHe, BruKcleHHe npeaena——— —~—— MOXeT OHTh BHIIOJHEHO TONLKO
eH P g Qn+ Qay)
TOraa, KOrJa M3BecTeH 3HAMEHATe b MpenulecTeyowel noaxonsiuet aposu.

P
Korna e #3BecTHa OOHA NOAXOMAINAf npOGb Q-—:, RO3MOXXHO TO/MLKO

1
yKasaHHe npenesa rnorpelHoOCTH af
n
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Hanpumep, ecin Mp 3HaeM, 4TO HeKOTOpas nomaxopawmas apolp naH-

45 4
HOft HenpephHBHO# IPOOH €CTh 7, TO MOXHO CKa3aTh, 4TO 7
1

EC.’]H KpoMe TOro, 3HaeM, 4TO 3HAMeHaTeab npeiuecCTBYIO~

TOYHO 10

7
415
ek nonxonnmeﬂ apo6u ecth, Hanpumep, 8, TO MOMKeM CKa3aTh, uTo 17
1 1
TOYHO 10 Hakonen, woraa 3HaeM, 4YTO 3HaMeHaTeNdb

17(17+8) 425

cnenyouledt noaxoasiie apo6u ects, Hanpumep, 37, TO MOXeM pyuaThCes,

qro‘-i—‘; PasHUTCA OT TOYHOTO 3HAYEHMS HENpepHBHOH [APOGH MeHee ueM
1 _ 1.

17-37 629

174. Teopema 3. Mopxoasman ApoGr GJHiKe K TOYHOMY 3Haue-

HHIO HelpepbirHOH ApoOGHM, yeM BcAKasi Apyras ApPoOb C MEHbIIHM 3Ha-
MeHaTeJeM,

Ha

JdokasarteabcTBO. Jlonycrhm, YTO CYWIECTByeT APOCH MeHee

a
7;3
OTJHYAIOUIAACS OT TOUHOrO 3HAYEHHS HeNnpepHBHOH 11p06H A, yeM nona- -

P
xomamas apobs =, u nycte b < Q,. ﬂOKa)KeM, 4YTO 3TO NPEaNnOaoNkKe-

Qs
a
HHe BendT K npoTHBOpeuno., Tak kak ~Q— Gnuxe k A, ueMm Q" I owm 5
n ﬂ_!

Pn P
Ganxe K A,4yem =%, TO H NMOAABHO —-6mmce x A, ueM 271 Ttak Kak,

Qll Qn-—x
KpoMe TOro, A 3aKAI04YaeTcs Mexay Q”“ H ! Q , TO a6CO/I0THas BelH-

n—1

p P,
YHHA DAa3HOCTH #— 01
QI! Qﬂ—l

; 8HauHT, o6panias BHHMaHHe TOJILKO HA a0CoNOTHLIE BE€/IMYHHH,

Gonbuie aGCOMOTHOM BeNMUMHBI  Pa3HOCTH

a P,,._ 1,

BT Qp—y
MOYKHO Hanucath:

aQu—1 — bPpy—y | .
QHQIJ—l : an—‘l = ! QnQn—1> an_l'
HCPEMHO)KHB [NOY/JieHHO 3TH HEPABEHCTBA, NOJYUYHM!

1> IaQn-—l_an—l | .

Tak Kak aQ,—y ¥ bP,_; — uMcaa uenble, TO 3TO HEPABEHCTBO BO3-
MOXHO TONBKO IPH YCJOBHH:

aQ,——bP,_,=0; orkyna LI ol
b Qn—

Ho s3To0 PaBeHCTBO HEBOBMO)KHO, T3dK KakK, OO MNpeano/oxeHHio,
n—1

p
—-" TOTJAAa Kak , TO JOKa3aHHOMY,
Qn’ Qn—1
n

[Moayuennoe NpOTHBOpPEYHE [NOKaBLIBAET

a
——dnmke NoAXOAMT K A, ueM
P
Gosbine pasHuTca oT A, uem o
n
CrpaBRedJ¥BOCTD TEOPEMH 3.
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175. TIlpuGamménnble  3HaYeHHN AaHHOM  apudMeTHUECKOMH
apo6u. Korna uucaurens W 3HameHaTeNb LAaHHOA HecOKpaTHMOl apud-
MeTHYECKOH ApOoOH BHpameHH OGOJbLUIMMH YHC/A2MH, 43CTO HABJASETCHS NO-
TpeGHOCTh TONYYHTh NPHOIAMKEHHOE 3HAYeHHe 3TOH APOGH B BO3MOKHO
Oonee mpocToM Buae. A 3TOr0 OOCTATOYHO OOGPATHTH HAHHYI IPOGhH
B HEeNPepHBHYIO MW HalTH Ty MM NPYryio noaxoasityr npobb, CMOTpA
o XejqaeMCH CTeneHH NpUHOAUIKEHHS.

Mpumep.

3Hag, 4YTO WHCJO %, NPEACTaB/AIOlLIEe OTHOIIEHHE OKDYXHOCTH K e&
ZInaMeTpy, 3aK/I09eHO Mex Ly AByMs apobamu: 3, 141592653 n 3,141502654,
HalTH_mpocTedmee NPHGAMKEHHE =.

O6parne o6e KpoOH B HEMpPEPHBHbIE H B3fiB TOJABKO OOGWIHE HEMO/HHE

yacTHboie, HaHném:
x=(3, 7, 15, 1, ..).

[Moaxonsimue npobu Gyayr:

15 1

3 22 333 ] 355

1 7 106 113

Hpubnuxenne 22 6uito Hatneo ApXHMeNOM; OHO BepHO 10 T:Uéz

7

1 1 355
=755 SHAUMT, H NOJABHO BEPHO 10 a5 Yucno i3 OblI0 YKa3aHO
Anppranom MenmeM; B3sB 3TO 4YHC/IO BMECTO =, ClesaeM GLIMGKY,

1

MEHBWYIO 113733102 3740526 °
munanonaot, [Mpubanmxenns ApxuMena #H Meuus, Kak noaxomsitde apoGu
48THOTO mopsanka, 6ojee =,

176. HsBreuenne xBaapaTHoro kopns. Ilycre TpeGyerca Halrtn
V41 npu momouw HenpepHBHHX HpoGe#t. PaccywxmaeM Tak: HanGonbuiee

wesoe uncio, 3akmouaiouieecs B ) 41, ecTh 6; mosTomy MoXeMm mono-

T. €. BO BCAKOM C/yuae MEHbLIYIO ORHOH

XKHUTh]
Val=6+-1,
OTKyna:
1 /a7 6 v 1 _ V4i+6
=V —6; x e 5 )

Tak kak }/ 4146 paeusercs 12 ¢ npo6bio, TO HauGoJbILEE YHC/O,

4146
3amoualpouieecs B is—_*'—, eCTh 2; nO3TOMYy MOMXEM IOJOXHTD:

_YA46 5,
W———5——2+;—-
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OTKyna:

1 4146 Y4 —4

y=""5 —2="—g5 (2)
y——2  _5(/4144) _Vil+4

Y4l —4 25 5

Tax kak /4144 pasusiercs 10 ¢ npo6eio, T0 ¥ HanGosblree nesoe

Y 4144
YHC/0, 3aK/awuatolieecs B 5+ , €CTb 2; MO3TOMY MOXEM IIOJIOXHTL:

y=V7‘Z+4=2+L, | 3)

F4
OTKyHa:

1 a4 —6 5 8 (y 41 +6) —
7‘£5—' 2=y —6 =——5—“=V‘“+5-

HauGonbisee uenoe umcno, saxamuawueeca 8 ) 4146, ecrs 12;
NOSTOMY MOXeM MOJNOXHTD:

2=V 11 4-6= 12+-:-. (4)

OTKyZHa:
1 -_— 1
-=} 4l —6; v=—no—— -
v 14 Y4 —6
Cpasunsast dopmyny ans v ¢ popmyaolt m1s X, HaXOLHUM, YTO U =X.
IMoassysce pasencrsamu (1), (2), (3) u (4), nonyumm:

1
124 12-{-—1—l
24—
24 Tox T

Takuw o06pazoM, V4] BupasuACH TEPHOAMYECKOR HeEnNpepHBHOM
npo6sio. Halnm nonxomsauye ApOGH, MOAy4YHM TNPHOAWMEHHBIE 3HAUe-

uus ) 41

6 13 32 397 | 826 | 2049

1 2 5 62 129 | 320
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IMono6Huim e o6pasoM HaRzéM:
VI3=@; 1; 1: 15 1;6; 1515 ..); V29=(5; 2: 1; 1; 2; 10; ).

177. HaxoxjeHnWe  pewleHH  HEONpeAeJEHHOr0  ypaBHEHHS.
Henpeprisusie Apo6H HalOT CPeACTBO HARTH OJHO pellieHHe HeonpexenéH-
HOro ypasHeHWa ax-}-by=:c. [lokaxkem 5To Ha npumepax. [lycThb uMeem
ypaBHeHue:

43x 4 15y=8.
43
Bo3bmem npo(il:l—5 U O0paTHM e B HeNpepHIBHYIO:
43 1
=2
i+ 1
b+—2"

Hafingm Ttemepr npeanocnenuior noaxoaauyio apo6b; 3TO 6yner279-
Tak xak nocnenHAs NMOAXOUALIAR le06b €CTh TOUHOe 3HauYeHHe HelpepniB-
HOM npobu, T. €. %, a 279 ecTh MOAXOAAlan ApO6Gb HEY8THOro NOpRAKa,
TO HA OCHOBAHWH TeopeMn § 172 (saMeuaHne) MOXeM HAMHCATH:

43 20
15 7

1
15.7°
OTKy.a:

43.7—15.20=1.

Uro6u ynomoGMTh NOC/AEe[HEE TOXKIECTBO [AHHOMY YDAaBHEHHIO, YMHO-
MM BCE €ro uYiIeHn Ha 8 M NpeacTaBMM ero Tak:

43.564-15(— 160)=8.

CpaBHME Temeps 9TO TOKIECTBO ¢ HAIUHM YPABHEHMEM, HAXOIHM, YTO
B MOCAEAHEM 3a X MOXHO NPUHATH 4Hcao 56, a 3a y uucao — 160. Toraa
BCEBO3MOXHHIE DellleHHa Buipasarcs dopmynamu (§ 149):

x=56 — 15{; y=— 16041-431.

Srtu GOPMyNB MONKHO yNpoCTuTh, samenus ! Ha /43 (uro MoxHO
cHeNaTh BCJEICTBHE NPOM3BOJLHOCTH duC/aa I):

x=56 — 15 ({43)=11 — 15¢; y=—160443 (r4-3)=— 31 }43¢.
BoanmiM emd npumep: 7x — 19y=>5,
OG6paTtuB APOOHL 1—2 B HeMpepHBHYylo, Hatnsm:

7 1
T§=0+2+ I
|
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3
TNpeanocaeanss nonxonswas npoGb OyneT . Tak xak oHa u&THOro
NopsaaKa, TO

3 —1
8~ 19.8’

3l

OTKYyXa:
7.-8—19.3=—1,
YMHOXHB BCe uJeHH 3TOr0 PABEHCTBA Ha 5, NOJYYMMS
740 —19.15=— 105, wan 7-(— 40)—19-(—15)=5.

CpaBHnBag nocjefHee TOXKAeCTBO C JAHHLIM YDAaBHEeHHeM, HAXOAHM, UTO
R NOCAELHEM 33 X MOXHO NpHHATb uHci0—40, a 3a y uwncaio —15.
Toraa:

' x=—404-19¢; y=—154-T7t.
9T PopMyNH MOMKHO YNPOCTHTH, samenms  Ha {42
=—40419 (1 4+2)=—24-19¢;
=— 1547 (14+2)=—1471.

178. Buiuncienne Jorapudma. Ilycte TpebGyerca Buuucaute lg 2
no ocHosaunio 10; ApyruMu caosamu, TpeGyeTcd PpEILHTL VpaBHEHHe
10*=2. CHauana HaxomuM naa x OankaHwee nenoe uncao. Tak kKax
10°=1, a 10*'=10, 10 x saxmouaercd Mexny O u l; cnesosarenshno,

1
MOKHO TOJIOXHTb, YTO x=zl; Toraa 10° =2, uan 10=92%. Herpya-
HO BHAETb, UTO 2 3aKNIOUAETCH Mexay 3 H 4; CNeNORaTeNbHO, MOMXHO
NO0MOXKHTh Z2=3- ;— . Toraa:
1

OTKyna:

HcnuitandeM HaXONWM, YTO 2; 3aK/iouaeTcs Mexay 3 u 4, nostomy
MOXKHO NOJNOMKHTD!

n=dak2=(3) "=(3VE)

OTKyla:

(%)

CHoBa HCNETaHHeM HaXOIHM, 4TO Z, 8akJjiodaerca Mexny 9 u 10. dror

N

w2 (8 1 (-3
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NPHEM MOKHO NPOROMKATL natee. JOBOALCTBYACH NPUOAMNKEHHON BEAUUH-
HOA Z,, MOXEM NOJNOXHTb Z,=9; C/AeI0BATENLHO:

' 1 1 1
zl=3+§;z=3+ - B x=

3+§ 3+

.

i

L
3+g-

OG6paTiB STy HenpepuBHY APOGL B OGLIKHOBEHHYIO, MOIYYHM:

28 )
x=§3=0,30107,

STOT pe3yJbTAT BEpPeH A0 YETBEPTOTrO HECATHYHOrO 3HaKa;, Gonee TOUHHE
usbickanus paot: x=10,3010300.

Il. O npepenax.

179. Onpepenennst. BosabMEM CyMMy MepBHIX 1 4/IEHOB TAKOA GecKo-
HeuHo yOniBaiouleft reoMeTpHueCKOH MNPOrpecCHH:

1+ -; +%-{_%-},... (3Hameuarenb —;)‘

CymMa ST2 IPH HEOIDAaHHYEHHOM YBEJHYEHHH 4YHCAA YICHOB YBEJH-
uuBaercd, npubauxaicek (§ 86) x nmocrosuHOMY uMcay 2 Tak, YTG Pa3HOCTH

1 1 1 1
2— (1 +g+gtgt- -t
fIPH OOCTAaTOUHOM yaemiqemm YHUCJA3 CaraeMHX AeJaeTCa MeEHblle aweboro
JAaHHOTO MNOJOXKATEAbHOro uucna (uanpumep, MeHbite 0,000001) » mpu
HanpHeHieM yBeJHYEHHM WYHMC/AA CJaraeMbX OCTadTcs BCersa MeHblie
3TOTO YHCaa.

Ilpp 5STHX yCNOBHSX MH TOBODHM, UYTO CyMMa l-{:——l2-+—;—+—:‘—+

1 .
+...+—2,,—_—l, €CJH YHC/IO CcJaraeMHXx B Hell yBeJAHUHBaeTCa HeOrpaHH-

ueHHO, uMMeeT mpexen 2, .

B sTOM npuMepe nepeMeHHas BeJUdYHHa (CyMMa 4Y1eHOB MPOTpeccHH),
npubaMmKanch K CBOEMY Mpeleiy, ocragrcs MeHsme ero. Ho moryr GHTh
Clyyad, KOria MmepeMeHHas BeAuudtia, NPHGIHXKaACh K CBOEMy npenenay,

ocraérca Goawlue ero. Hanpumep, eciin NpennosnoxuM, 4To B CyMMe ]+-—;

3HaUYEHHE X TOJOXNHTEJbHO H HEOIPAHHYEHHO YBEJHUMBAETCH, TO CyMMa
aTa Gyner npubamxarbcs K mpeaeny |, ocrapasce Bcerga Gonaeme 1.

MoxeT Tak)e CAYYHTLCA, HTO MEPeMeHHash Be/NHYKHHA TaK H3MEeHASTCH,
4TO OHa nejnaeTcs To GOJAble, TO MeHblle CBOero npejaena. Taxo#t cay-
uall Mbl yKe BRIENH, KOTAa FOBODHJIH O Npeneje CyMMH 7 uneHoB Gec-
KOHEe4YHO yOniBaimoitelt reoMerpuueckoft mporpeccHu (§ 87):

1 1, 1, 1
2, —1; +-2—, — +—8—, (3HaMeHarenb—§)-

14 AnreSpa, s. II. 201



Tlpenen s10T pascn 1 , H CyMMBl HABYX, TPEX, 4eTHIpEX ¥ T. A. 4yiAe-

HOB NPOTPeCcCHH npnnnmaloT 8HAYEHHA, KOTOpHE noMepeMenHo 1o 6oalie,
TO MEHblle CBOEro mnpeaena:

1
2 —1=1<lg; 2—l4ap=10> 11,

2 ljp—p=la 11

TMocne 3THX OpHMEPOB OyAeT [OHATHO ClAeAylolllee OlNpefeeHHe
npejgena:

EcaH nepeMeHHAR BEAMYMHA X NPU CBOEM H3MEHEHHH DNPHGAMKAEGTCR K NOCTO-
SIHHOIL BeauWuHHe @ TaK, YTO a6COMIOTHAST BEAMUHHA Pa3HOCTH 4 — X (HAH X — @)
MoxeT OhiTh ChenaHa M B JAajbHciueM ocraércs MeHbwe Joboro noN0XHTEIBLHOro
YHCJA, TO 873 NOCTOSIHHAA BEAHYMHA @ HA3LIBACTCH NPEAENOM UEPEMEHHOH X.

Bmecto TOro uroOHl TOBODHTBL: ,BEJHYMHA X MMeeT mpepesa g*, 4acyo
TOBOPAT KODPOUE: ,X CTPEMHUTCA K a“ M NMHChbMEHHO BHPAaXaT 3TO TaK:
X~ aq (MId npenen X paBeH a).

Ecan nepemenHas BeJMuyHa YBeJMHUHBAETCR HEOTPDAHHYEHHO, TO YCJAOBHO
TOBOPHAT, YTQ OH3 CTPEMHTCS K - o0} eCay e nepeMeHHas BeaHUMHA
9CTaETC OTPHUATERLHOH, HO e& abCOJMIOTHAA BeJHYUHA YBEAHMUKMBAETCH He-
OTrP4AHHYEHHO, TO TOBOPAT, YTO OHA CTPEMHTCE K —Co.

Ilepemennas BennunHa, CTPEMILUANCH K 0O, HACTO HasbiBaeTcs Gecko-
HeyHO OOJbIWIOR, a NepeMeHHas BeJHYMHA, CTPEMAUIAACE K HY/MO, Ha3b-
Baerca Geckoneuno manoff. Caenyer, 0AHAaKO, NOMHHTE, 4TO STH HA3BAHUA
He O3HaYaloT OyYeHb GOJILLIOM BEJTHUMHBI WJIH OYeHb MANOH BEeNHYHHBI, OHH
XapaKTePHU3YIOT TMPOLECC H3MEHCHHS BeJMYMHBI: BeAWUMHA, HA3bIBAeMad
»0ECKOHEUHO GOJBLION”, HaMeHdAercd TakK, 4TO OHA JelaeTCd M OCTAETCA
(no aGCcoaOTHON BesuunHe) 6oablue MO0Oro JAHHOrO YHCNAE, & BEJAHUHHA,
HasHBaeMas ,0eCKOHEYHO MaJOHY, H3MeHdeTCd TaK, 4TO OHa Jenaercss H
ocTaérca (Nno' aGcomoTHOM BeauuuHe) Medbule A0GCOr0 AAHHOTO MOJMOMKH-
TeJbHOIO0 YHC/IA.

Ecau BOCMonb30BaThCH B 3TOM CMBIC/IE Ha3BaHUEM ,6eCKOHEYHO Maaas
BeAMunHa“, TO orpejesieHie NpeNesa MOKHO BHCKA3aThb KOpOue TaK!:

MNocronnuas BeanunHa g Ha3nBaeTcd NpelesOM MepeMeHHOH X, eCchan
Pa3HoCTh X — @ ecThb OGeCKOHEYHO MaJlas BeJHYHHA.

180. Hexotopbie cBoiicTBa (ecKOHeYHO MaJibiX BEJIHYHH.

1) Aare6panveckas cymma OGeCKOHeYHO MafablX Bedqudn Gecko-
HeyHO MaJga (eC/M YMC/I0 CJAaraeMElX He YBe/JHYHBaeTcs OCCMpeNle/bHO).

Boanm&Mm, HanpuMep, TpH GecKOHeuno Manbix o, § n Y (oMM MOryT
OWTh NOJONITENLHBIE H OTPHUATeNbHHE). YTOOH NMOK23aTh, YTO CYMMA HX
a 4B+ v GeckoHeuno MaJsa, Hamo yGelHTbCs, YTO abCOMIOTHAA BeIHYHHA
3T0H CyMMBI fenaeTcs H OCTAéTCsi MeHbllle BCAKOrO JaHHOTO NOJOKHTEeN b
HOrO 4HMCNa, HanmpuMep Medbllle ONHOH MHAAHOHHOH. [le#CTBHTENbHO, TAK
Kax BeJMuUHHH «, W Y OecKOHeukO Manbl, TO NPH CBOEM HM3MEHEHHH
aGCoAIOTHAS BEJIHYMHA KaXOZOIO M3 HUX JeNaeTc! M OCTaéTCR MeHblle
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1
a:060r0 ZaHHOTO 4licAa, B TOM YHC/IEe H MeHblue 7 MHJTHOHHOH ; 3HAYHT,

TOraa alco/IOTHAs BeJHYHHA CYMMBI a—f—ﬁ—i—-r JedaeTca H OCraérca
1 1 1
MeHblue ('3"*‘3‘*‘3) MUAMHOHHOH, T. €. MeHblle OINHOM MHIRMOHHON.

3aMeTHM, YTO eC/IM OJHOBPEMEHHO C yMeHbllieHneM aGCOIOTHON BeaH-
YMHBl CIATAEMEIX YHCIO MX OYyAeT HEOTPAHHUEHHO RO3PACTaTh, TO CyMMa
MX MOKET OKa3aTbCd H He OeCKOHe4YHO MaJo#. BoseMéM, HanpHMep, Takyio
cymMmy:

1 1 1 1
—_ — —
7 Tttt (n craraemuix)

H OPEANONOKUM, SYTO YHCAO M HEOTPAHMYEHHO BRO3PACTAET; TOrI2, HECMOTPA
HA TO, YTO C YBeJMYEHWEM 3HaMeHaTe/d J1 ClaraeMble YMeHLIJAIOTCH He-
OrpaHHYeHHO, CyMMa HX OCTaEéTcst HenaMeHHO# (ona pasHa 1).

2) Mpoussepenue OeCkOHEYHO MOl BEJHYHHLI HAa [OCTOSHHOE
yHcao GeckoHeyHOo M™ano.

Hanpumep, npouseenenie 100 a, B KOTOpOM & — Kakas-HUGYIn GeCKO-
HEYHO MaJNas BeJHUMHA, HejaeTcs M OcTaéTrcs (no abCOMIOTHOH BeJMUHHE)
MeHbIIHM JI060r0 HAHHOTO NOJOXHTENLHOIO 4UCA2, HANPHMED MEHBIUHM
oaHON MHANHOHHOA, TaK KAK @ OefaeTCss H OCTAETCA MEHLIUHM BCAKOro
JAHHOIO MOJIOMHTENbHOrO YHMC/Ia, B TOM YHCAE MEHBUIMM W oauolt CTo-
MHATHOHHOR,

3) IlpouspenetnHe GeCKOHEUHO Mafoil BeJu4MHW HA Apycyw Oec-
KOHEHYHO MAJAYI0 BEJUYHHY OECKOHEYHO MaJo.

Ecan npousseneHue 6eCKOHeUHO Ma/10#t BeIMUKHBI HA MOCTOSHHOE YHCIO
JleaeTcsi M OCTA®TCA KaK YFOAHO MasibiM, TO Npou3BeleHHe OeCKOHEYHO
MaOH BeMYMHHEL HAa JPYryr OGeCKOHEYHO Malyl0 BeJAHUNHY K TIOILABHO
of/nanaer STHM CBOHCTBOM.

4) YactHoe OT neseHns GecKOHEYHO MaJjo# BENMYHHBI HA M0CTO-

AHHOE YUCJO0 OECKOHEYHO MaJo.
1

Hanpumep, 4acThoe @ :{5 GECKOHEYHO Ma/O, TaK KaK OHO PABHO MPO-
nssenennio @- 10, T. e. mpousBeneHuio GeCKOHEUHO MANOH BeaMyMHH HA
NOCTOAHHOE YHCAO.

3ameuarnue. HactHoe OT penieHHs GeCKOHEYHO Ma/oH BEJHYHHBL HA ADY-
ryio GeCKOHEYHO Maayio BCAHYNHY MOKET MHOTAA PaBHATLCH NOCTOSHHOMY
Yucay, HHOTAa GecKOHEYHO MaaoH u uHOoraa GeckoHeuHO SOMbLWOR Beju-
yyHe; BCE 33BHCHT OT TOrO, MO KaKOMY 33KOHY YMEHbLUAeTCR nenuMoe
M U0 KaKOMY 3aKOHY YMEHbIUAeTCs AeAnTelb. Bosbm&M, HanpuMep, Takux
TPH 4aCTHBIX!

2a
T=2 T=9

R

___l
T a

fla

[TonoxuM, 4T0 a ecTb OeckOHeuHO Manas BennwuuHa. Tornma nepsoe
yacTHOe, BCerna pasHoe 2, eCTb WHC/IO NOCTONHHOE; BTOPOE YacCTHOE,
paBHOe @, €CTb BeaHuuHa GeCKOHe4HO Majad U TpPeTbe YaCTHOe, paRHOe
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1
Apolu —» €CTb BelHuMHA GeckOHeuHO Goabllas, TaK KakK Apolb, ¥ KO-

TOPO# YHCAKTENL — MOCTOAHHOE YHCA0, a 3HaMeHaTe/lb HEOTPaAaHUYEHHO
YMEHBIIAETCA, YBEIHUYHBAECTCA 6ecnpe11em>H0.

181. Cmoiictea npegenon. 1) FlepemeHHas BeAuuWHA He MOXeT
HmeTh OoJiee OXHOro mnpeneJa. .

IpeanonoxuM NPOTHBHOE, 2 HMEHHO, YTO IlePeMeHHas BENUuMHA X
CTPEMHTCH K [ABYM pasiuuHbiM npenenam, Hanpumep k 5 u 5,1. Toraa
COMJIaCHO ONpeleNeHuio mnpenena pPasHOCTH X—5 # X—D5,1 nomKHb
6L1Th GeCKOHEUHO MaJble BeNWYHHEI (TI0JIOXKHTe/bHble H OTDHUATeJbHBIE).
IMycts x—5=a u x—5,1=P; Torza:

Xx=5-}a u x=5,1-}p

H, CJen0BaTeNbHO,

54a=>5,14+PB, orkyma a—P=0,1.

Ho 3T0 paBeHCTBO HEBO3MOXHO, TaK KaK pa3HOCTs a—f, npeacras-
asgoman  co6oH  anreGpanueckyo CcyMMy OECKOHEUHO MaJIHX BeJM4YHH,
GECKOHEYHO Maja H, CIeZOBATeJbHO, OHAa HE MOXET DPABHATHCH MOCTOHH-
HOMY UHCAY, OTAHYHOMY OT HyJs. 3HAUHT, HeJb3A AONYCTHTh, YTOGE YHCJIO
X WMeN0 IBA DPA3JMHYHBIX Tpeaena.

2) EcaM pasHocTh ABYX NepeMeHHHIX BeJHYHH (X H y) Gecko-
HeYyHO MaJja (MAH pPaBHa HYJI0O) U OFHA H3 HUX HMeeT Mpefes, To
H JApyrasi HMeeT TOT e fpeje.

JlonycTHM, HanpuMep, 4YTO BejH4YnHAa X uMeer npedea 2. Toraa moxuo
NPUMHATE, 4TO0 X=2-¢a, rie a — 0eCKOHEYHO Majian BesqHunHa. JlonycTum,
KpOMe TOrO, 4TO PAa3HOCTE X — ) PaBHA GeCKOHEeYHO Majo# BesHuHHe
(nan Hymo).

Torpa:

(2+a)— y=P, orkym 2—y=Fp—a,

Tak Kax pa3HOCTh f—a eCTb BenUYMHa OeCKOHEYHO Majnad, TO M3
MOCJIeAHEr0 PABEHCTBA BMAHO, 4TO 2 eCTh mpelel 4ucaa y.

3) O6pamnas meopema. Ecau nse nepeMeHHbie BENMUHHBI (X H §)
UMEeT OGIHH npefed, To HX Pa3sHOCTh GeckoHeuno maJa (HaH paBua 0).
[TonoxuM, HanmpuMep, 4YTO BEAHYMHH X H Y MMeT OAMH npexen 10,

Torna x=10+a u y=104p, rae a u f — Geckoxeudo Manbie BeaHuH-
uol. CaepoBaTtennHo:

x—y=(104-0)—(104B)=a—p.

Tak kdK pasHocTh @ — () GeckoHeuHO Maja MaM pasHa O, To u nepas
4acTh PaBEHCTBA, T. €. PA3HOCTb X¥—YP, GECKOHEUHO Mazna Hau paBHa Q.
4) Ilpenen aare6panueckoli CymMMbl nepeMeHHBIX BEJUYHH paBel

anreGpaHyecKol cymMMe mpefedoB 3THX BeJNYHH (€C/IM 4HCIO caarae-
MBEIX He OBCKOHEYHO BEJHKO).
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TlonoXUM, MH HMeeM CyMMy TDP&X IepeMeHHbX BeauunH X-4-y4-z,
B nycth X—3, y—>2 H z——05. Toraa MOXHO HAarmHUCaTb DABEHCTBA:

x=3+0a; y=2+4-B; z2=—5+17,

rae o, P W y— 6ECKOHEYHO MaNble BEAHUHUHHL.
" Cnenosarte/ibHO:

x4y +2=@+ @)+ 2+B) +(— 5+ 1) = 3+2—5) +(a+B+ ),
OTKyla:
(*+¥+2)—@+2—5)=a+B+1.

TlpaBas uyacThb 3TOrO0 PABEHCTBA €CTb CyMMa KOHEYHOro uucia 6ecko-
HEUuHO MajibX CJaraeMHX, a NOTOMYy OHAa caMa OeCKOHEYHO MaJa; 3 M3
3TOro CAelyeT, YTO MepeMeHHad cywMa X-+y-L-2 CTpeMHTCA K npegeny
3-+4+2—5, T. e. k anre6panyecKoll CyMMe MNpenesoB.

3To paccyXieHHe MOXHO NOBTODHTb O YeTHPEX, MmaTH # OGojee caa-
raeMBiX, Jnib GBl YUCNO WX He BO3PacTano GecrnpeienbHO (B MPOTHRHOM
cayuae cymma a--B4-v4... Morma O6m OKa3zaTbcad M He GeCKOHEYHO
Manol BeAuyuHoft). )

5) MNpenea npoMsBeJCHHA MEPEMEHHBIX BEJHYHH paseH NpoH3Beje-
HHIO NPEAeNoB 3THX BEJHYBH. '

HYCTb HMeeM NPOH3BeAeHHE XY IBYX nepeMeHHbIX BEAWUYHH, H3 KOTO-
PHX TepBas CTPEMHTCS, HalPUMep, K Npeledy 2, a BTOPas — K npegeay 3.
Torna:

x=24a u y=3+p.
CnenoBaTeNbHO:

xy=(2+a) (3+B)=2-34-3a+2p +ab,
OTKyZa:
xy—2.3=3a--284af.

TMpoussenerns 3a, 2B n aff — GeckoHedHO Manbe BEAHUYUHBI, NOSTOMY
M CymMMa MX OECKOHEYHO Mada, a 3TO O3Hadaer, uto Xy—2-3, T. e,
npen. xy=(upea. X)-(upen. ).

3TOT BHIBOL MOXKHO GOOGLUMTH Ha NPOM3BEAE€HHte TPEX, UETHIPEX H GO-
nee comuoxutenaelt. Tak, paccMaTpHBas NPOH3BeHEHHEe XY KaK NpoH3se-
fieHHe TOALKO HBYX COMHOXHTeNeR Xy M 2, MBI MOXEM HAalHCATh:

npen. (xyz)=(npex. xy)-(npea. z)=(npen. x)-(npen. y)-(mpexn. 2).

6) pegea HacTHOTrO OT JACJCHHS MEPEMCHHbLIX BEJHYMH PABEH YacT-
HOMY OT JiCJICHHS Mpefiesa AEIHMOro Ha mpeje] NeJHTels, eCJH [pe-
Neq AeAMTeNifl He paBeH HyJo.

Mycts x =2, y—3; Toraa x=2+4a n y=3+8, rae a u f — Gec-
KOHEYHO Manble BelnuuHbl. CneaoBaTenbHO:

x__ 2 _24a 2 _(2+0)3—(34B)2_ 3a—23
y & =

—38r3T 3 @G+H3  Crp3
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B apo6u, crosweft B npapofi 4acTH 3STOr0 PaBeHCTRA, UUCAHTENb—
GeCKOHEYHO MAafxas BeJHYHHA, TAK KaK OH €CTb a/iareOpdHdYecKas CymMMa
ABYX GeCKOHEeYHO ManbX BeJMUYHH; 3HAMEHATeNb XKe, HMes TpeeIoM
uncao 3%, He paBHOe HYJZIIO, HE MOMET CTPEMHTbCH K Hynaw. Ecau e
YHC/AUTeNb OPOOH OeCKOHEeUHO MaJ, a 3HaMeHaTelb He OeCKOHEHHO MaJ,
70 Takas Apobb GeCKOHeYyHO Mana.

3HauuT, H3 HAMHMCAHHOIO BEILIE PABEHCTBA MM JOKHBl 3AK/IOYHTL, UTO

npexn _x__g__npen.x
PeA 5 =3 T hpen. v -

7) Npegmen <Tenend, y XOTOpOH OCHOBaHHE ecTb mNepeMeHHas Be-
JHYHHA, A& MOKa3aTeb -—NOCTOAHHOE YKCJO, PAaBEH TOH e CTeneHH
npeaesa GCHOBaHMA.

OrpannuuMca caydaeM, KOTIa NOKasaTeNb CTENEHH eCTb YHCJIO llenoe,
nosoxurenbHoe. B 9ToM cayyae TteopeMa npelcTaBiaseT COOOR npocToe
CMeACTBHE TeOpeMbl O Npefese NpPoM3BeReHHs, Tak:
npea. (x%)=npen. (xxx)=(npea. x) (npen. x) (npex. x)=(npea. x)>.

Jdo6aBuM em® Oe3d nOKas3aTeNbCTBa CAEOYIOLMe JBAa MNOJOXEHHS O
npelaenax.

8) Ecau nepeMeHHass BeJHYHHA BO3pacTaeT, OCTABasiCh, OAHAKO,
MeHblIe KaKOPO-HPlﬁyIlb NOCTOSAHHOIO 4YHCJA, TO OHA HMEET IMpejned.

BosbMmém, Hanpumep, NpHOAHKEHHble 3HadYeHHA |}/ 2, B3ATHE C Heno-

1

1—0, 34~
1

TeM A0 z=- W T. A. MK noayunm Torga GeCKOHeuHHIH psn unces:

100
1; 1,4; 1,41; 1,414; 1,4142; 1,41421 u 1. &

CTATKOM H BBIYHCIEHHBIE ¢ TOYHOCTbIO CHa4alra 1o 1, noToM 1o

Yucaa 3TH NO MePe yHajeHMs OT Hauala Psla YBENIHYHBAIOTCH, HO
OCTAIOTCS BCErlld MeHblle HEKOTOPOro NOCTOSHHOYO WYHC/IA, HANpHMep
meHbwe 1,D; NpH 3THX YCAOBMAX MEL IOMKHH JONYCTHTH, YTO YUCHA B3si-
TOrO HAMH DPAJZAa TIO Mepe ero MNpOAC/MMEHHA CTPEMATCH K KaKOMy-TO

onpefeadHHOMy npefeny (STOT Mpeiea eCTh UPPALHMOHANbHOe Yucno V' 2).

9) EcJannepeMeHHast Beauynna yObiBaeT, OCTaBasicb, ORHAKO, G0Jb-
e KaKOI‘O-HHGy).lb NOCTOSHHOrO YHCJa, TO OHA HMeEeT npeaeJd.

BoabMEM Aas npHMepa psa npuOAHKEHHBX 3HAYEHUR Vf, B3ITHX C

1 1
HM30BITKOM, C TOYHOCTBIO IO 1, B0 15, A0 15y ¥ T. L%

2; 1,5; 1.42; 1,415; 1,4143; 1,41422 u 1. o

[To mepe ymaZeHHss OT Hauaja pPSA3d YHCAAQ 3TH  yYMEHLIUANOTCA, HO
OCTAI0TCs NOCTOAHHO OGonabiie 1,4; npH 3THUX YCJAOBHAX Mbl LOMKHH JA0-
NyCTATb, YTO 4YMCAA AAHHOI'O DALA CTPEMATCA K Mpeaeay (OH paBed Wppa-

uuoHanbHOMY umcay ) 2).
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Ynpaonenusn.

Oxt — v — 1
279. Haiitn npenea. k koTopoMy cTpeMHTCA Apobb BxT — Bag o eCAH X 1.

Pewenue. Ecan x—1, To YucAHTeAb M SHAMEHATEAb JAAHHOH JPOGH CTPEMATCA
0

K 0. Ho Tak Kak T €cTh EeonpefleiéHHOE BLIPAXKEHHE, TO MB OCTa&éMCHl B HEH3-

BECTHOCTH, K KaKOMy mpejely CTPeMHTCS JaHHas NpoGb (B Jake CTPCMHTCR JIH
OHA4 K KakoMmy O TO HH Obuwio npejeny), ecan x—1l.

[TocTynmHM Tak: mpefNOJAGKHM, UTO X pagen He 1, a KakoH#-HHOYIb nepeMeH-
HOR Benuyuue, npubamxawuieiics K 1. Hanpumep, nycrs x= 144, raeh — Kaxas-
U6y b MONOKHTENbHAs BENHYHHA, CTpeMAulasca K Hymo. -Torja BelH4YHHA JaHHOR
ApoGu Gygaer:

214-hp — (M —1 244+ —1—h—1 43h M43
30 +AF —B4M 12 — B+6htsh:—Bb—5u+2 — Bheth kil

(cokpatutb Apo6b HA A MBI HMeeM MpPABO, TaK Kak h # 0).
Ipeanonoxum Tenepb, uTo h =0 H, caejoBaTenbHo, X - 1:

2h4-3 ___hpen. (2h4-3)n +0
Dpex. (3h+1 he0  TpeA. (3A+1)a=0

Tor e camul npepen Mul Hafii€M, €CIH JONYCTHM, 4TO X==1—}, rne h —
Kakas-HHGyAb TIONOMKHTEJbHAA BeJHYHMHA, CTpeMsamasics K Hymo. Takum opasoM,
OyleT NM X NPHONMXATHCA K €[HHHLE, OCTaBasuch Goabme | MM oCTapasch MeHb-
we 1, npefen AamHOH apoGH 6yJeT ONMH M TOT XKe, HMeHHO 3. 5

x3 — 4x4
280. Hailitu npepen, X KOTOpOMY CTpeMmHTCa Apolb E7xi—8 ¢ ecnn x—1.

281. To xe, ecan x — Q.

- 2% — 5x? — 4x+12
282, Haiitu npeaea ( »® —12x3-16 )r-’2 *

(o2t
283. Hafitn npener \ﬁ’—Sx———Z)x-'z

3
=—l_=3.

n

284. Haltu npenen (’T_-'*'l)n-»co.

Peuwenue. Tak kak

n 1
- ety ]
v ntl

14+

3

TO

( n ) 1 1 1 1
npexn. = npel. —i = > 1 o '1- =l.
n+l jnec . 1t Cu TR (lf;‘)

n Hne*o

n(n+1
285. Hafith npepnen [‘Lﬁ‘l]n, o

286. Haft ( 2x+3 )
) ailTH npenen 5x+;/_x_*Tl x>0

287, Hafitn npejen, & KOTOPOMY CTpPEMHTCS apobb, eCM K GHCAHTENIO H 3Ha-
Menateaio eé OyneM npHGapanTh OMY H Ty XKe BeIHUHHY, HEOTPAHHYEHHO BO3pas
a+-m

CTalomyio, ADYrHMH CjoBaMH, HaiiTH upeaea ——b-;-m)m,x.'
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Pewenue.

a+t-m
npea. (m)ﬁ-’n:npeﬂ‘

':i-H npex. (%+l)m‘”
k—
7

z'H npex. (%-{-l)m_’»

me» o

npex. (\-a,;) +1

m-»

- .
npen. (}%)m_’m+l 0+l

: a
Taknum ofpasoM, Oyaer Jau npoGs-—b- npaeunbras (@<b) HWAH HenpaRuJbHAS

(a>b)., npepen apo6H, KOrja M ~»co, OKA3wBaeTcs ORHH H TOT e, HMmenHo |.
Ortcrona caepyer, uTo npaBHibnas Apobp, npubmixkasck K 1, yeeaduyHBaercd, a
HCIIpABLJibHag yMCHBIIAETCA.

111. HccnenoBaHHe KBaapaTHOro TPExuJieHa.
HepasescTBa BTOpOIl CTeneHH.

182. 3amaua. C aspocrata, Haxonsuerocs Ha spicore 1000 M, c6po-
CHJIH TDY3 €O cKOpocTbio 20 M B cexynay. Ha KakoMm pacCrosiiMi ot 3eMay
3TOT rpys Gyaer uepe3d 15 cex.? (CompoTuBieHHe BO3LYyXa B pacudT He
TIPUHIIMAETCA.)

IlyTh, NPOXOAMMHMH NAN4IOMUM TENOM, BEIUMCANETCH MO GopMyae:

2
s=v,t+£-, - o))

Tfle U, — HauaibHas CKopocTth, a g=9,8 m/cex? — ycxopenue cuant 13-
wectd. B nmanHom cayuae v,=20 m/cex, u dopMyna npumeT BHI

§=20¢--4,9.2. (2)

Taxkoft nyTes npoiaér napaiowuit rpy3 3a ! cekyHi. 3HauuT, yepes [ ce-
KYHA OH OyAeT HaXOOHThCA Ha BHICOTE

x=1000 — 20t — 4,922 3)

METPOB OT 3eMNH. UTOOH onpenenanTs X — BBHICOTY Ipy3a Hal 3eMaéh ye- |
pes 15 cex., oueBnmno, nocrarouHo 8 (3) noacrasurs =15 u npons-
BECTH BHUYKCAeHUA. Tloayuum:

x==1000—20-15—4,9.15%°= —402,5.

OrpuuaTenbHoe 3HaYeHHe X 3feCh He MMeeT CMHCAA, ¥, CeN0BaTeNbHO,
Halna 3ajada He umeer peuweHda. Ilovyemy Tak noayunaocs? YroGm orse-
THTb Ha STOT BOIPOC, ONPEAE/IMM CHayana, 4Yepe3 CKOJBKO CekyHx c6po-
WEHHHA rpys ynaméT Ha 3emaro? OueBHOHO, 3TO NPOH3OHAET B TOT
MOMEHT, KOrna rpy3 npohadét nyTh, paBHHHU BBEICOTe, C KOTODPO# OH Obin
c6pouten, T. e, 1000 4. 3HauuT, MB ZOMKHBH HMETb:

2074-4,912=1000,
HITH

4,912 4 201—1000=0, @)
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Pewnp aTo ypaBHeHHe, Hahném (=124 cek. [C TOYHOCTBW IO Tl(—)) be-

PéM TOJBKO TOJOXHTeNbHBIN KOpeHb. 3uauut, uepes 12,4 cek. rpys ywme
ynan Ha 3eMJI0, 2 NOTOMY BONDOC 3a1a4M He HMeeT CMEICIa,

MNpu kakux Ke 3HaueHusx { 3aJaya AONVCKaeT BNOJHE ONpenentHuHoe
pewenne? QOueBHAHO, TOABKO A/ TeX 3HaueHMH, MPH KOTODHIX NyTh,
npofinensbt rpysom, Menbine 1000 m, T. e. npu ycaoBuu, uro

4,912 20f < 1000,
UM, YTO TO Xe,
4,924 20f — 1000 < 0. (5)

3HauWT, 33343 HMMeeT pelieHHe TONBKO NPH TAKHX (MONOMHTENLHHX)
3HA4eHHAX ¢, TNpH KoTopeiXx Tpéxuaew 4,9/24-20f — 1000 ssaserca
OTPUHATENBHBHIM YUCAOM. 310 Oyner npu f < 12,4,

Bo MHOTHX 3ajauax, Kak ¥ B NPHBEAEHHOH BHe, TpeGyeTcn onpene-
JWTb 0451 [JAHHOrO TPEXYJleHa, NPH KAKHX 3HAYEHHAX RXOJsLlel R Hero
6yKBbl OH fIBASETCA NONCXKHTEGARHLIM H TPH KAKHX OTPHUATeNBHEIM,
B 3TOM M 3aKJI0Y3ETCA HCCIeNOBAHHE KBANPATHOrO TPEXY/IeHA, KOTOpOe
M3naraeTcs B ClAeAylOUMxX naparpadax.

183. KsadpaTHpii TpExuieH, MMeOllMii NEeACTBHTEAbHBE pa3IH4-
Hbic KOpHH.
Opumep 1. Ilyctb naH TpéExuneH:

y=2x2 — 7x-4-3. . (§))

TpeGyercs OnpenesnTh, MPH KAKUX 3HAUEHHSX X STOT Tp&XuneH Gyaer
HMETHL II0JIOWKHTEAbHBE H NPH KaKMX OTDUUATE/bHBE 3HAYEHMUS.

Mu 3naem (§ 44, 45), uTO BCAKMH KBanAPATHBIN TPEXUJIEH MOXKHO
NpencTaBHTb B BHAe mNpou3BeleHus Koadduumenta npw x* u paswocreht
MEeXIy mepeMeHHBIM H KODHAMH TpEXuJeHa.

Hattném KOpHH panHOro TpéxwiaeHa, g 4Yero peuinM YypaBHeHHe

2x? — 7x-+3=0. ©

1
MoanyunM: x;=—-; x,=3 (Yepe3 x, OymeM B manbHeHiieM 0GO3HAYATH

MeHbLIIHH H3 aeHcTBHTEabHWX KOpHel), Toraa nanHpI TPEXUYeH MOXHO
NpeacTaBHTh B TaKOM BHIe:

y'=2(x— —;—) (x ==3). ®)

N

HccnenyeM Temepb, NMPH KAKHX SHAUEHUHX X 3TO MPOM3BeAcHHe Oyner
YMCAOM NOJOXKHMTENBHEM H TNPH KAaKHX OTpHuaTenbHbiM. PaaGepém Tpu
Cayuas.

1
1. Hycrs x < -5, TOTIa U MOAABHO x < 3. Orciona, mepedecs Bce
YleHH B JIEBYIO 4acTb, MOJYYHM:

1
x— o <0nx—3L0
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! 1
Crnenosarenbto, npoussefenne | X — —> (x — 3), Kak npomusseneHne ABYX
\ 2

OTPDHUATEJBHBIX UYHCeJl, ABIACTCH YHCAOM IOTOXKHTEABHEM. ITo YMHOXEHHN
ero Ha MNOJIOXHTEe/IbHOE UHCIO 2 MONYy4HM ONATH MOJIOKUTENBHOE YHCNO,

.|
Orciona caenyer, 4To npu X <5~ BHpaReHHe (3), a 3HauMT M NaHHBIA

TPEXUJIEH ABASETCA TOMOKHTEALHEIM YUCIIOM,
2. Mycrs

x> —.:—, ho x 3,

T. €. 3HAYEHHS X 3AKMIOUCHH MeXAy KODHSIMH HaHHOTO TpEXHYJIeHa. Uz
STHX HEPABEHCTB, MOCAE MEPEHOCA Y/IEHOB B JIEBYIO YaCTh, NOJAYYHM:

1
x'—T>O " x-—3<0.
1
Crano 6niTh, B TNPOM3BENCHUU (x —_ 7) (x — 3) onun cOMHOXHUTEL TIO-

JOXHUTENeH, APYro# OTpHiarteneH. 3HAUHT, MPOH3BeleHMe OyneT OTpH-
LATENbHO, M MO YMHOXEHHH er0 Ha MOJNOXHTEIbHOe YHCAO 2 MOJTyYHM
oTpruaresbHoe 4pcno. Mrax, npu

1
7 <*<3
BulpameHne (3), a CeNOBATENbHO, H OAHHHWIR TPEXYMEH, ABASETCH OTPH-
LHATENLHHM 4YHUC/IOM,
1
3. Myets x> 3, Torma u HOJIHBHO'JC>—2—. Orcrona monyuaem:
~

x—3>0m~n x—-;—>0.

1
[Tponssenenue (x—3)(x——§-), a C/eI0BaTe/IbHO, H NPOU3BEJICHHE

2(x—3) (x - —;—) OyLyT NOMOXHTEALHEIMH YHC/AAaMA, 3HAUMT, pH X > 3

AAHHBIA TPEXY/TEH — YHCHO NOJOKHMTenbHOe, HTaK, MH NPHLUUIH K Che-
LywlweMy BHBOLY. Tpéxumen 2x% — 7x-+-3 HMeeT nONOKHTeNbHWE 3Ha-

1
YeHMS NPH BCEX BHAYEHUAX X, MEHLIUMX —~, H TIPH BCEX 3HAYEHHAX X,
66npmmnx 3. TpExuneH wWMeeT OTPHUATENbHbE 3HAYEHMS NDH BCEX 3HA-
. 1.
YCHHAX X, BAK/MIOUEHHBIX MEXIY —— H 3.

IIpoBepKa CHSMAHHHIX BHIBOLOB HA HEKOTOPHIX YHCOBHX 3HAWEHHMAXR X
AaHa B chenyiomieft Tabnuue, rie B BepXHefl CTpOKe IaHH 3HAYEHHd X,
a B HikHelt — COOTBETCTBYIOIHE 3HAYEHHR TPEXUIEHA:

-—5‘—3 —ll 0' 1

|

42 l‘2l3|—2‘—3l7

24 —Tx+43 ‘ 88




K Tem e pesynwTataM Mbl NpHUOSM, eCTH PacCMOTPHM rpadux TpEx-
wieHa 2x* — 7x+4-3. Mbl 3Haem (cm. § 50), uto 3TUM rpacduxom seasercs
napabona, nepecexapuas OCb X-0B B TOYKAaX, aGCHMCCH KOTOPHIX paB-

Hbl —5~ M 3. U3 paccmoTpenus rpaduka (dept. 36) HenocpencTBeHHO BHIHO,

1
4TO TOUKH napaboab, abCUHCCH KOTOPHX MeHblle —5~ min Goapmwe 3,

pacnonoxeHsl BHIIE OCH X-OB, M, 3HAYHT, WX
OpIMHaTH, T. e. 3Hauenns Y==2x% — 7x-}3,
GYAYT MNOJOKHTEJbHBL,

Toukn e mnapabossl, a6CUMCCH KOTOPHIX

1
3AK/IIOUYCHBI MeXny 5 H 3, HaXomsaTCa HHXeE OCH

X-OB, H, 3HAYHT, HX OPJAUHATH OTPHIIATEJbHHI.
INpumep 2. HlccaenyeM TakuM e CnOcoGoM
TPEXUMEH:

y=3x*—x— 10. \

Pemup kpagpaTHoe ypasHene 3x2— x —10=0, Y \/
Hali&M KOpHH JaHHOro Tpéxuiaena. OHW OydyT - Ny

5
PaBHbl: X;=— —5~ 1 ¥;=2. Torma TpExuies » Yepr. 36.
MOXHO MNpPEACTABATH B TAKOM BHIE:

y=sfe=(= e
HIIA

/

/ | y=3 (; +%) (x — 2).

:Paccjm(naﬁ TaK e, KaKk W B MEePBOM npumepe, Halasm:
1) Ipn x<——53’— 6yner Takxe n x< 2, Orciopa:

5 .
x—f-—-—s— < Oux—2 <0.
C.nenosa"reubﬂo, MPH STHX 3HAYECHHAX X NpOH3BEeHEHHE
B
3(x+5) (x—2>0,

T. €. O4HHBIN TpéX‘UIEH HMECT NOJOXHTE/IbHbIC 3HAUEHHA.
5
2) llpn x> — - x <2 6yneM HMeThb:

x+—:53—>0 B x—2<0,
CrenopaTensHo,
3(x+%) (xr—2) <O,
T. €. TPEXWIEH HMeeT OTPHLATENbHbIE 3SHAYEHHH.
211



3,

. Torma OyaeM HuMETb:

5

3) MNpu x> 2 Oyner rtakwe ¥ x>—-—3~
+—3—-/\0 H x-—2>0.

Y X
Orciona:
5
3(xt+)x—2>0.
(0] H TpéX'-IJICH HMCET IMNOJOXHTEAbBHBIC 3HAUECHUA,
O6uuft BRIBOA GyHeT TakOit XKe, KAK 4 B nep-

BOM MNpHUMepe: TPEXUNEH HMeEeT TOJONKUTE/IbLHbBIE
3HAYEHHA TNpPH BCeX 3HAYEHHAX X, MeHEIIMX

5 .
— -3~ ¥ NDH BCeX 3HaueHmsx X, GOAbWHX 2.
OH uMeeT oOTpHLATelbHLE B3HAYEHH| AAS BCEX

. . 5
3HaueHKH X, 3AKTIOUEHHHX MEXKAY — —— 2. DTOT
Uepr. 37. 3
REHIBOJL MOATBep>kAaeTcd Tabauue#l, a Takxke

rpaduxom TpExunena 3x* — x — 10 (uepr. 37).

BEEERDRDE

, Ixt—x— 10 —6 —10‘ —8\ 0 l 14 60

Mpumep 3. PaccMoTpum Tenephb Takofl TPEXUNEH, Y KOTOPOro mepBhIi
kosgduuuent (r. e. xoadduuneHt npH x%) ABAAETCA OTPHLATENALHBIM
gyucnoM. Ilycrh, HampuMep, JaH TPEXWIeH:

y=— 2x%44x+16.

Ha#tas kopuu 3TOro TpéxwieHa: X;=-—2 n X,=4, MH MOXeM ero
nepenucaTh TaK:

y=—2(x+2) (x —4).

Hccnesys 3naK 3TOrO0 NPOW3BEIACHHS B TOM e TOpAINKe, KAK K B mpe-
ABIAYUIMX MpuMepax, MH HaHaEM:
1. Mpu x << — 2 6yner Takxe H xe«Z 4. Orcrona:

x4+2<70n x —4<0.

TIpousBeJeHHe 3THX MHOXHTedeh (X-+2) (x — 4) nmomoxwuTtensHo. Ho
Lp¥d YMUOMEHHY 3TOTO IOJIOKUTENBHOIO YHCAa Ha — 2 TWOJAYUYHM, ove-
BMAHO, OTpHuATesbHOe uutio, M, 3HAUMT, NaHHBIA TPEXYNEH MpH X < — 2
HMEET OTDHLIATE/IbHblE 3HAYEHHSa

2. Ilpn x> — 2 n x<C4 nmeem:

x4+2>0u x—4<L0.
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Hpoussenenne (x-42)(x — 4) — uncao OTpPHUATENBHOE, &, 3HAYHT, IO
YMHOXEHHH ero Ha OTPHLATENbHOE YHCJIO0 — 2 NOAYYMTCA MOJONKHTEILHOE
YHCTO.
CnenoraTenbHO, NPH 3HAUEHMAX X, BAKJIOUEHHHIX MeXIAY KODHAMM
Tpéxunesa — 2 W 4, gaHHHP TpEXu/ieH MMeeT TMOJOMKHTENbLHbIE 3HAUCHMA.
3. Hakoneu, npn x> 4 noayuum:

x+2>0n x—4>0.

Tiponseenenue (x-+2) (x — 4) — uncmo noamkutenpHoe. I10 yMHOXEHHH
ero Ha — 2 MO/y4YyuM OTDHHATENBHOE YHCIO, H, 3HAYMT, TPEXY/IAeH NpH
x> 4 uMeeT orTpHLATENbHBIE 3HAYEHHUA,

Mp! BHIOHM, UTO B 3TOM CAy4Yde MH HMeeM MOJOXeHHe, 0OpaTHOe
TOMY, KOTOpOe HaGJiodanH B TIEPBEIX ABYX MpHMepax: NpH 3HAYEHHSX X,
MEHbUIMX — 2, ¥ 1Ipu 3HaueHusX, GOJALUWIMX 4, OH HUMeeT OTPHUATeJbHbE
SHaYEHHA; NPH 3HAUEHHAX X, 3aK/MIOUEHHHX MeXIy KODHAMHM TDE&Xu/eHa,
OH HMeeT NOJOKHTENbHbIE 3HAYEHHH. DTOT BHLIBOA NOATBEPKAAeT M Talb-
AMia Q8 OTAeJbHHX WYHCJAOBEIX 3HAYEHHH X,

T T

18\10' 0’——14'—80

x ]_s]_a |

,—2.x°+4x+16| —54 | —14 ' 0 10 l 16

K toMy e BHBOARY MH NpHIEM, €CAH PAacCMOTPHM rpadux TpéxuneHa
— 2x°-4x-4-16. Mut yxe 3naem (§ 47, 49), uro npu a <0 rpadux
Tpéxunena ax*--bx+c¢ Oynmer obpaugn
BEPIIMHOR BBepX M mNepecedéT OCb X-OB B
TOYKaX, a6CUMCCH KOTODHX PAaBHH KODHAM
TpéxuneHa. B nanHoM cayuae rpadux umeer
tako# Bua (4epr. 38). Mu BumuM, uTo npu
x<C— 2 u npu x> 4 OpAMHATHI TOYEK KPH-
BO#t, T. e. anauenns y=— 2x°4-4x4-16,
oTpunaTensHsl, a npu — 2 < x <4 noao-
JKNTENbHBI.

Conocrtasass TpeTu#i OpHMeD C IEepPBHM
W cO BTODHIM, MBl 3aMeydeM, YTO BO BCex
TPEX C/AyYanX TIPH SHAUEHUSAX X, MEHbIIHX
MeHbUIErO0 KODHH, 3 TaKxe 6615 1ME BOMb-
IeT0 KODHA, TpEXUIeH HMEeT TOT Xe 3HaK,
qmluzleur npu .__TpH _3Haue-
HHAX X, 3aK/NIOYEHHBIX MEXAY KOPHAMH, TPEX-
yjeH HMeeT 3HAK, NPOTHBOMOJIOKHBIH BHAKY
kosdduimenta npn X%

YBenumca B TOM, uTO TAaKOH BEIBOA BepeH AAd mMOObBIX 3Havenluft
Ko3thdunnenTos a, b u ¢ B cayyae OeHCTBHTEJIbHBIX M Da3JHYHBIX KOp-
nett, Jas 3TOoro uccaefayeM KBafpaTHHl TPEXuieH B obuiemM BHAE.

B T vpupi. S

T T LT

‘X

Uepr. 38.
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O6muit cayvaii. Ilycte nan Tpéxunes:
. )
y=ax*-+bx+c, '
rne a, b u ¢ — mobsle NeHCTBUTENbHBIE YHCA3, YNOBJAETBOPAIOUIME MHIIbL

TOMY YCJOBHIO, UTO TPEXUJIEH HMeeT AeHCTBHTE/NbHbie W Pa3JHuYHbIe KOPHH
(4, xoneuno, a+0). OGoaHayum 3TH KOPHH Hepes

% H Xy (X < x4).
Torna Tpexunes MomeT OniTb NPENCTAB/AEH 8 TAKOM BHAE:

y=aix — x,) (x — x,).

Hccnenyem, kakue 3HAYCHUS] HMEET 3STOT TpEX4/eH NPH Pas/IHYHEIX 3HA-
YeHHsIX X.

1. MNycrs x < x;, a 3HauaT, X < X (Tak Kaxk X; < Xy).

Orciona nMeeM:

x—x<<0n x—x,<<0

CnemoparenbHO, MPOH3BeNleHHe (X — X3} (X — X,) GyaeT 4UCAOM no-
NOKHTENbHBIM, OTCIOJA CIEAYET, YTO @ (X — X;) (X — X,) NONOXHTENbHO,
€C/H A MOJOXHUTEAbHO, H OTPHHATENBHO, €C/M a OTpHUATeabHO. Jlpyruamu
coBRaMM, NpH x < X; 3HAueHHe TpéxuieHa ax’4 bx4-c uMeer TOT e
3HAK, 4TO H KO3(HUMEHT a.

2. Myers x> % u x < X5,

Torna:

¥x—x>0n x—x, <0.

IMponssenenne (x — x;) (X — ®,), KAK NPOM3BENEHHE UYNCEN C DA3HBIMH
3HakamH, Oyner uucnoMm otpuuarenbHeM. OTciona cnenyer, YTO APOU3Be-
neHue a(x — x;) (x — X;) OTPHLATENLHO NMPH NONOXKHTENBHOM G M MOJO-
KHUTEJbHO TPpH OTpHUATE/BbHOM 4g.

3H3‘1HT, B 3TOM CJay4Yae 3HayeHHd rpéaneﬂa HMEIOT 3HAK, MPOTHUBO-
NOJOXHBA 3HAKY KO3bODHINEHTA Q.

I% IMycte x> X5, a 3HAuUMT, H X > %; (TAK KaK X; > X;).

oraa:

x—x>0nx—x>0.

Mpouseenenne (x — %) (¥ — x,) GydeT NONOKHTENbHHM, a CJel0Ba-
TENbHO, NpOM3BefeHHe a (X — X;) (X —*Xy) NMOJOXHMTEAbHO NPH @ NOJO-
KHTEJBHOM ¥ OTPHMLATENRHO MNPU G OTPHUATENbHOM. 3HAYHT, B STOM
clydae 4MC/I0BOe 3HaudeHHe TPEXYJieHa HMeeT TOT ke 3HaK, HTO H KOsd-
¢pHUMEHT a.

OGrenuuss Bce TPU CAyyas, Mbl MOXEM Tenepb CAeNaTh Tako# OGUIMA
BHIBOL: :

Ecan weanparanti tpéxusen ax®4-bx{C mmeeT NeACTBATSALHBE pasuunbie
KOPHH, TO NPK 3HAYCHHAX X, MEHbLUWHX MCHbLIIErQ H3 KOPHEH, H 0OPpH 3HAUCHHAX X,
Goanwux Goubllero H3 KOpPHEH, OH HMeeT TOT Xe 3HaK, 4YTo # KoshdHuHeHF

apu x*. [lpu suavenusx X, 3axMOUEHHBIX MEKAY KODHSMH TpPEXWneHa, OH umeer

3HaK, GPOYMBODONOKuMI 3HaKy Kosdpsuuenwia nps x3.
Jol S
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IIpumedanue. Ecnm yclOBHTBCS HA3HLIBATL SHAUCHHA X < X; H X > Xp
3HAYEHHSIMH X BHE NPOMEXYTKA MEXAY KODHAMH, a4 3HAYSHHS X; < X < X,
3HAYEHHAMH X BHYTPH TIpOMEXYTKA MEXAYy KOPHAMH, TO 3TOT BLIBOA
MOKHO el cPOpMYyAHPOBaTh TaK:

Ecau Tpéxunen gx?4-bx-J-c umeeT NeHCTRUTEABHBE PA3HYHBIE KODHH X, M X,
To fipu 3HAYEHHAX X BHE NPOMEXYTKA MEXAY KOPHSAMH TPEXHJAEH HMeeT TOY xe
SHaK, 4T0 u Ko9(ppHUMEHT npH X°; NPH 3HAYECHHNX X BHYTPH NPOMEKYTKA MEKIY
KOPHAMHM TPEXY/AeH uWMEeT 3HaK, NPOTHBODOJMOMHHIN 3HAKy Ko3(puuuwenta npu x2.

Ynpaxcrernuasn.

Uccnenopaty TpéxuneHm:
288. y = x® — 8x+412.
289. y=x*— 2x— 15,
290. y = — 3x24-8x 4+ 3.
201, y==— x249x — 14.
292, y=6x% — x— 12,

184. KsappaThbi TPEXYJEH, HMEICIMIT DaBHbIE KOPHH.
IMpumep 1. ITycTte Tpe6Gyercs uccnenoBaTh TPEXUAEH:
y=2x% — 8x-8.

Haftiném xopHu sToro TpExusieHa, LJs 4Yero NPHPABHAEM €ro HYJIO W pe-
UMM ypaBHeHHe:

2x* — 8x-4-8=0.

Hoayuum Xy =X, =2. 3HauuT, NaHHHIH TPEXUNeH MOXHO NPENCTABHTL
B TakoM BHae (§ 4D):

y=2(x—2)(x—2)’
I

y=2(x—2"

OueBMIHO, uYTO MpPH AOGLIX AEHCTBHTENLHBLIX 3HadeHnsx 1) X, KpoMe X =2,
BripaxeHue (X — 2)? — YHCJIO TOJOCXKHTENbHOE. A 3HAUMT, H MO YMHO-
MEHUH €ro Ha TOJNOXHTE/AbHOE 4YHCAO 2 OyneM HMeTb NOMOKHTEAbHOE
ypcao. ChemoBaTenbHo, Tpéxuned 2x? — 8x-f-8 umeer MONOMKHUTEMbHEIE
3HAYeHHs NIPH BceX 3HAYEHHAX X, KDOMe 3HAueHUd, PABHOTO KOPHIO
TpéxuseHa, T. €. nmpH x=2. .

(Tlpn x=2 TpEXuNeH paBeH HyJIO.) .

Iocrpous rpaduk Tpéxunena 2x? — 8x-+8, Mer 3ameuaem (uept. 39),
YTO NPH BCEX 3HAUEHHS X X TOUKH KPHBOH DaCNOJIOKeHH BhILIe OCH X-OB,

1) Yrobul He NenaTh KAKABR a3 OrOBOPKH. YCJOBHMCSH, YTO B NanbHeltmem
Besfe, Tle TOROPHTCA O UHCJOBBIX 3HaYeHHSX OYKB, LOJPa3YMeSOTCA TOJIBLKO
ReficTBHTeNAbHBlE 3HaucHN sy

.
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T. e. >0, n Tonbko npn x=2 6yser y=0. B sTo#t Touke KpHBas
KacaeTcs OCH aGClHCC.
Ipumep 2. Hccnepyem Tpéxunen:

i 1 -2 1
y——'—-Tk +3x—47.
Hafiagm xopum atoro Tp¥xuneHa, AJA Yero peiHM ypaBHeHHe:
| Y I
— g X +3x— 4‘—2—-—0-
Y! Y

Yepr. 39. : Yepr. 40.

IMonayuum: x;=x,=3. CreloBaTeNbHO, KAHHHA TPEXWIEH MOXeM mpen-
CTaBHThL B TAKOM BHIE:
1
y=——g(x—3) (x—3),
HIIH
1

y=— 35 (x—23)>~
Kak ¥ B npepBOylieM NpHMepe, 3aK/aiO4aeM, 4YTO BHpaxeHHe (¥ — 3)2
NpH BCEX 3HAUEHHAX X, KPOMe x=23, AIBMAETCS UHCJOM TIOJOXHUTENbHEIM.

1
ITo yMHOXEHHH €ro Ha — —5- IOJYYHM OTDHUATE/NBHOE YHCJO.

Takum o6pa3oM, B 9TOM CJayyae NPH BCeX 3HAYEHHAX X, KpoMe x=3,
TpéX‘UIeH HMeeT OTpHUAaTeJbHBIe 3HAYUEHHH.

1 : 1
Iloctpoue rpadux TpéxuneHa — 7x’+3x——4—2—, MBI BHIHM
(uept. 40), uto BCe ToukM mapabonnl, kpome Toukn (3; 0), maxonsarca
HHXE OCH X-0B. SHaqm ODAMHATH BCEX STHX TOUEK, T. €. 3HaueHHd
1
y=——5 x*4+3x — 4—-, 6y11yr OTPHUATEbHEL.

Comnocrasnass of6a NpHMepa, Mbl 3aMedaeM, 4TO B OOOHX Cayuasx
3HAK YHMCJIEHHON BeJHUMHH TDEXu/leHa COBMAnaeT CO 3HAKOM Kko3dduulieHTa
npu x2. YroOu yOemuThCs, 4TO 3TO HMeeT MECTO NPR MOOGKX Ko3(hHUHeH-
Tax (B Cloyuae pDaBHBIX KOpHel), PacCMOTpuM TpEXuleH B oOuleM Buie.
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O6muii cayyai. ITycte naH TpExunen:

y=ax*+}-bx+4c,
NPHYEM M3BECTHO, YTO OH MMeeT paBHble Kopuu O603HaYMB KODeHb uepes
X1y NpeaACcTaBHM Tpéx‘l.ﬂeﬂ B TakKOM BHIe:

y=als—x) (x— x),
HIH
y=a(x— x>

Orciona 3akfdiouaeM: KakoBa Obl HUM Obl/Ia PasHOCTb X — X;, €C/H
TOJbKO OHA He paBHA HYJIO, KBaApaT 3TOft PA3HOCTH SBJAETCH UYHCIAOM
NOM0XUTENbHbIM, SHAUHUT, NPH MMOJ0KHTEILHOM Q IPOU3BeeHHe a (X — X, )°,
a C/leA0BaTeNbHO, H Y OYAYT HHUCAAMH [OJOXHTE/NLHBIMH, @ NPH OTPUHA-
TEeJLHOM @ — OTPHIATeNbHBIMU, Takum 06pa3oM, MBI MOXKEM CIeJaTh BHIBOA:

Ecan TpEx4aeH HMEET paBHble KOPHH, TO NPH BCEX 3HAYEHHAX X,
KpoMe 3HaueHUsl, PABHOTO KOPHIO TpPEXuAEHa, 3HA4YEHHA TPEXUJECHA
HMEIOT TOT Xe 3HaK, 4To u KoathduuueHr npu x2,

Ynpaocnenas.

HcenenoBaTh TPEXUJIEHH:

293, y = x* — 2x+1.
294, y = 16x* — 8x+1.

1
295. y =—-3" x24-2x — 3.
296. y = (2x — 3)* — 3x2-4x-}-7.
185. KeagpaTHwii TpéxujeH, HMeIOWIHil MHUMBE KODHH.

Mpumep 1. Hccrenyem rtp€xuneu:
y=2x% — 3xL3.
Peuasn ypassenne 2x? — 3x+4-3=0, mbl noayuum:

3+V —15

X== .
4

Kopuu TpéxujeHa OKa3anucCh MHMMHMH. B 3TOoM ciyuae DasHOCTH X — X
U X — Xy OyAyT MHHMEIMH uYHcAaMH. Tax KaKk BONPOC O 3HAKE MHHMHRX
yHcesJ He HMMeeT CMbICA3, TO MB MPOBEHEM HCCAeJOBaHHME NAHHOTO Ciayuvas
ApyraM cnoco6oM. Buinecem cnauana 3a CkOOKM mepBHft ko3dguuueHT,
NOJAyunM:

y=2 (xz — —g—x—{———g—).

3
PaccMaTpyRas Tenepb BTOPDOH WieH ——~ X, DaBHbIA 2-T-x, KaK yIBO€H-

2
3
HOC npousseneﬂue X H T, AONOJMAHHUM BEIPpAaXEHHe
3 3
2 —— p——a 2 ——— € —
X 5 X=X 2 ratiA

3\2
0 TOMHOro KBaapaTa, NpHOaBHB, a 3aT€M BHYTH (—4—) .
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Bynem umeTs:

3 32 3 32 3\2 3 9
O A s e S

Hccaenyem Temepb noayueHHoe Bbipamenne. QOueBHAHO, YTO MpH
3\2
M06KX 3HAaYeHHAX X BEIPAXKEeHHe (x— T) — YHCJIO MO/IOXKHUTENbHOE H

TOABKO MPH X=-—— PaBHO HYJIO. Bropoe cnaraemoe B npaMHX cko6Kax

15
16
Kax nojoxurensda. OT yMHOXeHHs e& Ha MOJOKHTENbHOE YUCIO 2 nosy-
UMM OMNATL TNOJOXHTeNAbHOe uucao. Mrak, B AaHHOM Cciyuae TpéxuseH
HMEET MNOJOXHTE/IbHBIC 3HAYCHHA NPH BCeX 3HAYCHHAX X.

lpadux Tpéxumena y=2x*— 3x+3 (uepr. 4l) noxasmBaer, uTO
IeHCTBHTENMLHO BCe TOYKHM MAapaGoJinl PACHO/NOMEHBl BHIUE OCH X-0B, T. €.
WX OPAMHATH TOJOXHTEAbHBI.

Npumep 2. Mccaenyem rpsxunen:

y=—3x"2x — 1.

— TOXe MO/IOXHUTENbHOE YHCIO. 3HAUYHT, U BCR CYMMa B NPAMBIX CKOG-

Pemns ypaBHeHne — 3x%--2x — 1=0, HaWiéM €ro KOpHH.

Hmeem:
1+y —2
K= .____3___

KopHH TpEXuleH2a OKAa3adHUCh MHMMBIMH. [IpHMEHHM TIO3TOMY TOT e CrO-
co6 HCCTenoBaHMS, UTO M B mnpumepe l. BeiHeceM 3a CKOOKH mepBhli
KO3(HuLHEHT B B CKOOKAaX BHIIEJMM KBaJpaT HOBYY/IeHa:

3
=_3(x’—2--;—x+—%§ +—|3—-—-—31—,>=— 3[(x— —;-)2—{——3—].

Yp=—3x*+2x — | =— S(xz——g—x-}-—;— =

1\2 1
Bripaxenue (x——s—) D4aBHO HYJIO DPH X=-3- W NOJOXHTENbHO MNPH

1\2 2
BCEX JAPYIHMX 3HAaueHHAX X. 3HAUHT, CyMMa (x _T) -+~ Bceraa nono-

AKHTeJbHA.
. [To ymMHOMeHMH ed Ha — 3 noayuyuMm otrpuuaTtenbsoe uucno. OTciona
zendeM BHIBOA, uTO TpéxuieH — 3x2-4-2x— 1 wumeer OTpHUaTenbHBIE
3HAYEHMs] NIDH BCeX 3HaueHRAX X. I'paduk Tpéxumena (vepr. 42) nokasel-
BaeT, YTO BCE TOYKH MapaGOJH DaCnoOJIOWKEeHH HHXE OCH X-OB, T. €. HX
OpPAMHATH OTPHIATESbHEL.
Conocrapaas nmpuMepnl 1 u 2, 3ameuaeM, yTo B OGOMX CAY4asX 3HAK
4YHCJAEHHOH BETHUMHE! TPEXU/IEHA COBNAAAJN CO 3HAKOM KO3 pHuMeHTa npu X2
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npu Bcex ez HCKAIOUEHH 3HAYEHHAX MepeMeHHoro x. [Tokawem, yro
370 OyneT HMMEThb MeCTO i BCHKOTO TPEXUJEH3, HMEIOWEro MHHUMbie
KOpHH,

O0muii cayuaii. Mycte nam Tpéxuncs:

y=ax*+bxtc,
Y y
o] X
. X /
o
Yept. 41. Yepr. 42.

MpHYEM MSBECTHO, HTO OH MMEeT MHHMHe KOpHH. Mu 3unaem (§ 42 n 13D),
YTo B 9TOM CJyuyae HOOJKHO OHTh

b? — dac < 0.
TIpeo6pasyeM TPEXUMEH TaK Ke, KAK Mbl 3TO NeAanu B npumepax 1w 2:

/

; b (4
}’=a(xl+7x+—a—),
HIH
b ¢
y=a (xz+2. 2a Xt )

TlpuGaBum ¥ BHUTEM [0 o—,

NOJYyUHM:
b b c b
— 2 ——— . - —— e 2 e
W""a(x +2 2a x+4ag+ a 40’)’
b \2 4ac — b?
y:a[(x +§g> +—z;,7—"]-
b \2
[pu BCEX 3HAYEHHUNX X BhlpaXkeHue (x +§5—) NOJMOXHUTENbHO WJAH

paBHO HymIO [0pH x=———b-). [MocMOTpHM, KaKOH SHaK HMeeT BTOpOe

2a
4ac — b*
charaemoe -——-4—&;——. Mbl ywe 3HaeM, 4YTO B CJy4Yae MHUMEIX KOpHeﬂ

suipaxenue b — 4ac oTpUUATENRHO. ITO 3HAUUT, UTO NMPOTHROMOAGKHGE
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eMmy uncao — (b —4ac), 1. e. 4ac — b?, 6yNeT HHCIOM WOJOMHTENMb-
HHIM. 3HaMeHaTeab 4a% — Toxe 4YHCIO nosioxuTenbHoe. ClenoBaresbHO,
4ac — b?

4q*
CyMMa, 3aKJIOUéHHAs B MPAMblE CKOOKH, ABASETCH NOJOXKHTENLHEIM UHCIOM
NpH BCeX (HeHCTBHTEJbHBIX) 3HAYEHHAX X.

Orcioaa ciaenyeT, YTO 3HAK YUCASHHOM BEeNHYHHB TPEXU/NEHA 3aBHCHT
TOJALKO OT 3HZKa @; NPH 4 IMOJOXKHTENbHOM M TPEXY/IEH HMeeT NOJAOKH-
TeJIbHble 3HAYEeHHs, HPH OTPHLATE]bHOM — OTDHLATEbHbIE.

BCE BHpaxeHue ABJIAETCH MOJOKHTENBHBIM uMcaoM. Urtak, Bca

HT1ak, Ml MOXeM cHeaTb BHIBOL:

Ecau TpéXuJieH WMEET MHHUMBIE KOPHH, TO MNpPH BCEX 3HAYCHHAX X
€r0 4YHCJeHHas BeJHYHHA HMMEET TOT K€ 3HAK, YTO H KOo3Q(HLHEHT
npH x2

Ynpaxcuenusn.

Hccnenosats TpéxuseHs:
297. y = x*—b5x+48.
298. y=3x34-2x41.
299. y=—2x2+4x—T.

186. OGiuii BLIBOA. MK MOweM Teneph nomBecTH obumm# uTOr NMPo-
BeJEHHOrO HMCCAeAOBaHMA KBaapaTHOTO TPEéxuneHa. Ho mnpexne cmenaem
CIeAyIOIHe 3aMeuaHud.

1. Mut pasGuaH HCC/H¢NOBaHME TPEXUYJAEHA HA TPH Caydas B 3aBHCH-
MOCTH OT TOTrO, KaKMe KODHH HMeer TpéxuieH. Ho Mb 3Haem (§ 42), uto
KOPHH KBaJAPaTHOIO ypaBHEHHN CBA3aHL C ero AHCKPHMHHaHTOM H? — 4ac
cienyoued 3aBHCHMOCTBIO:

1) Ecan b2 — 4ac > 0, T0 KOpHH AeHCTBHTENbHE M PasJHYHLL

2) Ecau b® —4ac=0, TO KOPHH OEHCTBATENBHB M DABHHL.

3) Ecan b —4ac <0, TO KOpHM MHAMHEL,

CrnepoBaTentHo, BMECTO TOFO 4YTOOB! TOBODHTh, HAaNpHMeEp: ,eChH
KODHH TPEXWJIeHa JeHCTBHUTENBHE H DasjiMyHH®, MB MOXeM CKa3aTh
KOpoYe: ,eCnH OHCKPHMHHAHT 6OAblie HYAS“; aHAJOTHYHO H3MeHsieM (op-
MYJHPOBKY M B OCTaJbLHBIX ABYX CAydYasx.

2. Mu HccnenoBanM, KAaKOH 3HAK HMeeT YHC/AEHHAs BeAHYHHA TPEX-
ujleHa NPH PasIHUHBIX YHCJEHHHX 3HAYEHUAX MepeMeHHOro. B nannueiinem
I8 KPAaTKOCTH BMECTO ,3HAK YHCASHHOH Be/IHYHHH TPEXUNIEHA“ yCIOBHMCH
IFOBODHMTb KOpOYe: ,3HAK TPEXUJeHa“, NOMHs, uYTO peub KIET O 3HAKe
4HCHd, KOTOPOE HOJYYHTCS, €CIH BMECTO NEPEMEHHOrO NOACTABHThL €ro
uyucneHHO@ 3Hauenue. TOYHO TaK ke BMECTO CJIOB ,TPEXUNEH MMEET NOJO-
JHTeJbHHe (OTpHLATEeNbHEIE) 3HAueHHA“ GyldeM rOBOPHTb KOpOue: ,TpEX-
ujieH monoxwHrened (oTpuuatenen)“. Temeps MH MOxeM CHOPMYIHDOBaThH
o6ui# BHIBOA Tak:

1) Ecan nmuckpumusant TpéxuneHa ax’*--bx-4-c¢ nonoxureneH, To
NpH BCEX 3HaueHuaX X, 3aKMIOUEHHBIX BHYTDH IMPOMEXYTKa MEXLy Kop-
HAMH, OH HMEeT ZHiK, NPOTHBOMOJOXHbLI 3daky Kos(duuMedara a; npu
BCEX 3HATEHHAX X, CCAEPMAIMXCA BHE 3ITOTO INPOMEMJTKA, TPEXUYAEH
HMeEeT TOT Ke SHaK, 4TO H KO3DQuiMeHT a.
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2) Ecan OMCKPUMHMHAHT TPEXW/ISHA PpaBeH HyAI0, TO TPEXWIeH mnpH
BECeX 3HauYeHMSX X, KpPOMe 3Ha4yeHHd, PaBHOTO KODHIO TDPEXUYJieHa, MUMeeT
TOT Xe 3HaK, 4TO H Ko3dduuHedt 4.

3) Eciu IMCKPUMHHAHT OTpHLATeNeH, TO NPH BCEX 3HAYEHHAX X TPEX-
YleH MMEEeT TOT e 3HAK, 4TO W KO3(ddHUHeHT 4.

STOT BHIBOA MOXHO MPEICTAaBHTh B BHAE CJAeaAyiolleH TaGaHpH:

3Hak y=ax?4bx-+c
JIMCKPHMHHART 3nagesne X
a>0 a<0
.
Bt — dac>0 1) x,<x< x4 OTpPHNATENbHBI NONOXKHTEAbHHA
2) x<xy; x>x, NOJIOXHTEJI bHLIH OTpUIATENbHRIA
b* — 4ac=90 m(;ﬁfi' EF;COMe DOMOXHTENBHRA .| OTpHUATeAbHHA
— 1T s
b — 4ac<0 snoGoe NOJIO KK TeNBHAIT OTpHIIaTEbHEIA
ITpumepnl.

l. y=x* —7x410. HOuckpumnnanr: b°>— 4ac=49— 40=9>0;
a=12>0. Kopun Tpéxuaena: x;=2; x,=5. CienosaTedabHo, OpH
x <2 n npa x> 5 TpéxuneH noaoxureled, a npun 2 < x< 5 orpu-
HaTeeH,

2. y=-—2x* 4-6x - 80. JIOuckpumunant: 36 4 640 = 676> 0;

a= —2<C0. Kopun Ttpexumena: x,= —5; x,=8. CaenosarearHo,
npn — 5 <Cx <8 TpExuneH mOJOxUTeNeH; Npu X< —5 u npu x>8
OTpHIIATEJEH.,

3. y=— x*4-4x —15. Juckpumunaur: 16— 4.15=—44 <2 0.
CnepoBaTenbHO, NPDH BCeX 3HAYEHHHX X TPEXU/JeH OTPHLATEJNEH.

4, y==5x2— 10x 4 5. IHOuckpumuuanr: 102 — 4.5-5=0. Kopenn
TpéxuleHa: X3=%X,=1; a@=5 > 0. CnenosarenrHo, npn BCEX 3Haue-
HASAX X, KpoMe X =1, TpE&xujeH NOJIOXHTe/eH.

5. OnpenxeauTh, NPH KaKHX B3HaueHHAX m TpExuned 2x2—-6x4m
6yleT HMMETb [OJOKHTEJIbHbIE 3HAYEHHd MPH NIOGOM 3HaueHHWn x. Tak
Kak 3gech a=2> 0, To Tpéxuler OyOeT HMETb MOJOXHTEJLHblE 3Haue-
HAA pH JA1060M X B TOM ciaydae, ecnu b2 — 4ac << 0. [loncraenas ciona
sHaueHmsi: a=2, b= ——6, c=m, noayyum: 36 — 4.2m=36— 8m.

1
3nauut, gomkHO 66Tk 36 — 8m < 0. Otciona waxomum: m > 4. Hrak,
1 <
npi m, ©60.blleM 4—2—, IaHHBIt TPEXY/NEH OyAeT HMETb NMOJOMHTeNbHHE
3HaYeHHA NPH JIOOOM 3HAUEHHU X,
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6. OnpeneanTb, NPH KaKHX 3HAYeHHAX p Tp&xuneH x°--(p — 2) x4
+2p-+1 Gyazer uMeThb NONOKHUTEIbHHE 3HAUEHWA NpPH JAIOOOM 3Haue-
HHH X.

Jduckpumuuant tpéxunena (p—2)2—4 (2p+1)=p* — 12p=p(p—12).
CrenoBaTenbHo, A5 TOTO YTOOH RAHHBIA TpEXY/ieH HMe MONOXKHTEAbHBIE
8HaueHHda mpH JIOO60M X, OOMKHO OBITh:

p(p—12)<0.
Pemnp ypasneuue:
p(p—12)=0,
HaRadMm:
p1=0; p,=12.

Peninm nepasencreo: p(p — 12) < 0. Ono 6ymer BepHO npu ycn0BHH
lpLOup—12>0

WURH
Mp>0np—12<0.

MepBas cuctema wuepaseHcTB HecoBMectHa (npu p << 0, oueBmamo, u
p — 12 < 0). Bropaa xe cHCTeMa 1a8T pelIcHHE:

0 p<2,

Wrak, npu Bcex 3uauenMmax p or 0 no 12, r. e. npu ycaosun 0< p<C12,
NAHHBIA TPEXudeH HMeeT TNOJOXHTEJbHHE 3HAYeHMs npH JA000M 3Haue-
HHH X.

Ynpaxcnenusn.

HecaenoBaTs TpExuscnbls
300. y=3xt44x—7.

301. y= —0,5x%41,5x45.
302, ye= — 5x34+20x — 20.
303. y=3x242x+42.

304. y= —x%43x—4

B szanauwax 305—309 onmpesennTthb, NpH KARMX SHAYERAHRX M TpE&xwiennm Syayr
NMEeTb HOJOXKHTE/IbHLIC 3HAYCHHs TpPH JOGLIX 3HAUCHHAX X.

305. x? — Sx4m-410.

306. x* —2xym — 6.

307, x2 — 10x —rm.

308. x*4-(m+2)x+43mt1.
309. 3x*+(2m4-6) x-+m3.

187. HeparencTBa BTOpO# cTenemn. HepasencTsamu BTOPO# CTemeHn
C OLHHM HEU3BECTHHM HA3BIBAIOTCH HEPABEHCTBA BHJIA: .

ax?4+-bx+c>0 N

ax?+bx+c <0, )
roe a, b n ¢ — noGue neHicTBHTEeNbHNE wiCAa, MPHYEM aF 0.
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Tak kaxk HepiBeHCTBO BMAa (2) Bcerna MoxeT OblTh MPHBENEHO K
Bunoy (1) nyTém ymuomeuus ero Ha —1, TO MB MOXeM B AaibHefiueMm
OrpaHHYHThCA PACCMOTpEHHew HepaReHcTs BHIA (1)

PewnTb HEPABEHCTBO — 3HAUHT ONpeneHTb, NPH KAKKHX 3HAUEHUAX X
3TO HepaBeHCTBO cnpaBemmnBo. Has HepzBedcTBa (1) 3TO 3HauuT, 4TO
Mbl JO/KHEI HAaHTH Te 3HAUEHMA X, NPH KOTOPHX TPEXUY/JEH B J1€BOM YACTH
ABIAETCH YMC/IOM HOJOXHTEJNbHBIM,

IlTocae TOro Kax OO H3JI0XEHO B NpelRAyUMX naparpadax OTHO-
CHTE/NBbHO 3HIKA KBAaAPATHOrO TPEXY/EHAa, OTBET Ha 3TOT BOMPOC HE mpen-
CTaB/sIeT 3aTPyAHEHHH,

PeurnM H2CKOJbKO TIPUMEDOB.

Mpumep 1. Ilyctb TpeGyeTcs peliMThL HePaBEHCTBO:

2x2 — 13x4+15> 0. ' (D

DTO 3HAYNMT, YTO HAM HYXHO ONpPENEeNHTb, NPH KAKUX 3IHAYCHUSX X
rpéxuaen 2x2 — 13x4 15 apaserca umcaoM nonoxuTenbHHM. Peulenue
npoBeaAEM B TAaKOM TNoOpsalKe:

4) ¥YcranaBanBaeM, 41O MepBuift K03 dHIHEHT NoJOXKUTENEH (@ =2>().

6) YCTaHaBIMBAaeM, YTO AMCKPHMHHAHT Tpéxunena 13%—4.2.15>0.

Orciona 3axmouaeM (cM. Ttabauuy § 186), uto mHepasedcrso (1)
CNpABEAUBO MPH BCEX 3HAYEHHAX X, OOAbIINX OGOJblIero, H INpPH BCEX
SHAYEHHWAX X, MEHbUIMX MeHbIIEero M3 KOpHeft Tp&XujeHa.

B) Uro6u onpenennTh 3TH 3HAUEHWSA, DelllaeM ypPaBHeHHe:

9x% — 13x415=0.

1
Haxonum: x,=1—§-; x,=5.
CrenoBarebHO, JAHHOE HEPABEHCTBO CHPABENNHBO NpPH 3HAYEHHAX X,

MeHbUHX l—l-, M NpH 3HavYeHUaX X, 6Oiaumx 5.
Mpumep 2. Pewnth HEPaBEHCTRO:
—4x*44x—1<0. (H

YMHOXHB O6e 4acTK Ha —1, MOMYUHM DaBHOCH/ALHOE HEepPABEHCTHO!
4x? — 4x4-1>0. (2)

a) Koaddmuvenr a=4 > 0.

6) Iuckpumusaut 4% — 4-4=0.

CrenoparesibHO, TPEXWIEH MMeeT paBHHe KOPHH. B aToM cavuae, xak
mu 3naeM (§ 186), Tpéxunen (2) uMeer noONOMHTEALHHE 3HAYECHHS 1319)’]
BCEX 5dYEHHsIX X, KpOMe 3HAUEHHA, PABHOTO KOPHIO Tp&xuseHa. Hai-
ném 3TOT KOpeHb, DEIUHB ypaBHeHHe:

4x? — A4x4-1=0.

1
- Hrak, nanuoe depaseHcTBo (1) cnpaBeisHBO NpH BCEX

1
BHAUCHHIX X, KpOMe X=—5--

ITonyanm x=
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Mpumep 3. PeuinTs HepaBeHCTBO:
3x* — 5x4+4> 0.

a) Koadduumenr a==3 > 0.

6) HuckpumuHanr 5? — 4.3-4= — 23 < 0.

Orcona cpasy 3aK/AI04aeM, YTO HEPABEHCTBO CNPABEAJHBO NPH MOGHIX
3HAYEHHAX X.

Mpumep 4. PewnTh HepaBeHCTBO!:
Cx—1)(x4+3)—(x+N(x—1) —4x <0,

PacxpbiB CKOGKH M NpPOM3BENs yNPOILEHHUS, NOJNYYHM:

x2—bx+4<0, 1)
HWIM N0 yMHOMeHMH HA — 1:
— x245x —4>-0. 2
a) Koadduuuenr
=—1<0.

6) JHCKPHUMHHAHT
52 4.(— H-(—4=9>0.
CnenoBaresibHO, HepaseHcTBO (2), a 3maumt, n (1) cnpaseannBo npu

BCeX 3HAYEHHAX X, 3BaKMOUEHHHX MEXAY KOPHAMH Tpéxusiena. Hainem
3TH KOPHH:

x?— 5x44=0,
orciona %=1, x,=4. Hrak, nepasencteo (1) cmpaBeamuBo npmn
1<x<4
Mpumep 5. Peumruth HepaBeHCTBO:
: ]
2 —xfl- <0 )
¥Mmuoxue o6e yacty Ha — 6, noayunm:
—x24+6x—9>0. @
a) Koadpduumenr a= — 1 < 0.

6) IuckpumuHaut 6% — 4.(—I). (— 9)=0.
Orciofa cpasy 3axiioyaeM, 4To HepaBencTso (1) He wnmeer pelenu#t

(mpu x=3 Tpéxunen (2) pasen 0, nPH BCeX OCTaAbHHIX 3HaYEHURX
OTPpHILATEN E€H).

Tlpumep 6. Peunth HepaBeHCTBO:
—3x24+4x — 10> 0.

Tak xak a= —3 <0 u auckpumananr 4% — 120 < 0, 1o Henocpea-
CTBEHHO SAKJIOYaeM, YTO HePaBEHCTBO PelleHHH He uMeerT,
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Pewgnubie npuMepsl, a Takike paccmotpeHne Tabauust § 186 npuso-

AT K Chepyrowemy ofuieMy BbHIBOLY AN HepPaBeHCTBA:
ax®-+bx—c > 0.

1. Ecan b*—4ac < 0, ro:

a) npu a > 0 HepaBSHCTBO CNPAaBEAAHBO MNpPH /MOGHX 3HAYCHHAX X;

6) npu @ < 0 HepaseiCTRO HE HMeCT pelICHHH.

II. Ecan b2 — 42c=0, To0:

a) mpu @ > 0 HepaBeHCTBO CMPABENTMBO NPH BCEX 3HAYEHHAX X, KPOMe
SHAauEHHA, pPABHOIO KOPHIO TPEXuJieHa B JEeBOH 4acTH;

6) npu @ <0 He HMeeT DelUeHHH.

IIl. Ecan 6% — 4ac > 0, 10:

a) npu g > 0 HepaBeHCTBO CMPaBelHBO NPH SHAYEHHAX X, GOJBLIMX
601bUIEr0, U NPH 3HAYEHHSAX X, MEHLIUHX MEHbLIIEro H3 KODHel TpéxuleHa
B J1€BOH 4acTH (MM, K3K Mbl YC/IOBH/NHCh FOBOPHTb KOpOYE: ,NpH 3Ha-
YeHHSIX X BHE TIPOMEXYTKA MewIy KOPHAMU TpExXuieHa“);

6) npit a < O HCpdBEHCTBO CHPARCAAHBO NPHU 3SHAYEHHAX X, 34KJIO-
YEHHBIX MeXIy KOPusMH Tp¢XuJleHa B JeBolt uYacTH (WM TNIpH 3HAYe-
HUSX X BHYTPH MPOMERKYTKA MeXAY KOPHAMM).

Hpumetcrue. Bo BcexX NpHBeABHHBLIX NPHMEPAX MLI [POBOLILIH pe-
LUeHHe, MOJHOCTHIO OCHOBBIBASICL Ha pesyAbTaTax. HCC/AEZOBAHHA KuaJlpaT-
HOro TpéxuneHa, AanHbx B § 186. Ho, koHeuHo, B KawaoM Ciayuae BO3-
MOXHO H BIOJHE CAMOCTOATeNbHOe HCCienosaHue. Tak, B npuMepe 1,

pewne ypashenne 2x%* — 13x415=0 u mHafims l_l 5= ¥%p=b,
MBI MOIVIM JaHHOE HEPABEHCTBO TNPENCTaBHTL B BHIIE:

2(x—14-) (x—5)>0.

Ternepb pellleHHe NaHHOrO HEPABEHCTBA MPHUBENOCH K DEUIEHHIO ABYX
CHCTEM HePaBEHCTB NEPBOM CTEMEHH:

1 x—14+>0
x—5>0

i x-—l-;—<0
xX—5<0,

1
TTepesa cucrema nagét x > D, BTopasm: X <C 1—2—. 3HauuT, KaHHOe Hepa-

|
BEHCTBO CMpaBeNAHBO OPH 3HAUEHHAX X > 5 u npu sHaueHusx X < 17.

Mu MPHIUIA K TOMY XK€ pesyabTary, 4TO MU B MepBOM TpHMeDe, HO [O-

pasxo Oonee NAAHHLBIM NYTEM.
Pemum Tenepsb HeCKOJILKO HEPABCHCTB 6oaee CJA0XKHOro Blild.

ITpumep 7. PeumuTh HEPABEHCTBO:
x* —8x+417
x—3

> 0.



Pellerye 3TOFO HEPDABEHCTBA MPHUROAATCA X PELICHMIO ABYX CHCTEM:

I x2—8x4+7>0 03]
x—3>0 } @
I x2— 8x47<0 3
Pk S @

PewnM NepBylo CHCTeMy HepasedcTB. Tax xak 82— 4.7=362>0, 10
tpéxuned x? — 8x+47 nmeerT neHCTBHTeNbHEE M Da3daMunbie KopuH. Pe-
mns ypashetnne X3 — 8x+7=0, natiném: x;=1; x,=7. B Takom cay-
yae, kak Mh sHaeM (§ 183), vepasencrso (1) Gyaer umerb Mecto npH
x<1 unpu x>7.

Ho pewmns sepapenctso (2), Haftadyv x > 3. 3uauut, 060MM HepaBeH-
CIBaM YAOBJETBOPSIOT JIHWIb 3HaueHua X > 7.

Pewmum BrOopylo cuctemy. Hepamenctso (3) OyameT cnpaBean#BO NpH
BCEX SHaueHMAX X, s3aknlouatowmxcs Mexay 1 w 7, 1. e.nmpu | <Tx < 7.
Ho wepasenctso (4) naér x <C3. CnenosaTrenbHo, o60OHM HEPABEHCTBAM
BMeCTe YHOBJETBODAIOT JHLUL 3HAYEHHS X, 3aK/IOuEHHHE Mexay 1 mu 3,
T. e. npr 1 < x<3.

Tenepe MbB MOXEeM CIeJaTh OOLMH BHIBOA: AAHHOE HEPABEHCTBO
CHp4BEAJIMBO:

npu 1 <<x<C3 umnpu x>7.

[poBeprTe NMPaBU/IBHOCTb pEIUEHWsA NOACTAHOBKOH B AaHHOE HepaBeH-
cTBO 3Hauenuft: x= — 1; 0; 1; 2; 4; 6; 8; 10.
Mpumep 8. Pewnts HepaBeHcTBO:

xt —9x414 ~0

X3 —5x+44
Peluenne npuyBQAUTCA K pelleHHI0 CHCTeM:
I x2—9x4+14>0 M
x*—5x4 4>0 (2)
HJIn
II X2 —9x+414 <0 } (%))
1t —5x+4 4<0. “)

Tak kak 92 —56=25">0 u 5? — 16=9> 0, T0 00a TpExuneHa uUmerOT
DefiCTBUTe/IbHEIE M Da3AWYHbIZ KOPHH. PelllliB COOTBETCTRYIOLIHE ypaBHe-
HHSI, HAHOBM NJs MepBOro TPEXuJeHa: Xy =2; X,=7, BTOpPOro Tp¥xujeHa:
xy=1; x,=4. Orciona sakampouyaeM:

1) Hepasencrso (1) cnpaseminBo npu x<< 2 u x> 7, a HepaBeH-
ctBo (2) —npn x <71 u x> 4. Crenosarenbno, o6a HEPABEHCTBA BMeCTe
6ynyT BepHH sz NpH X <1 u x> 7.

2) Hepasenctso (3) Bepro npu 2 < x<{ 7, a HepaseHcTBO (4) — npn
I << x <{4. CnenosaTenbHO, 06a HepaBeHCTBA OQHOBPEMEHHO OyAyT HMETh
mecTo anmb npu 2 <x < 4. '

Hrax, peluenMsiMH [OaHHOTO HepaBeHCTBA OyAyT CJACAyIOLiMe 3Haye-

o x: 1) x<<1; 2) 2<Tx<CH 8) x>,
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3ameuarnue. Habips KOpHH OGOMX TPEXWIEHOB, Mbl MOI/IH JAHHOE He-
PaBEHCTBO NPEACTaBHTb B TAKOM BHIE:

(x—2)(x—T)
G—he=5H-0

Torza pelleHse 3TOr0 HePAaBEHCTBA CBEJAOCH Gbl K PELIEHHIO ABYX CHCTeM:

I(X—Q)(x——7)>0} oy

x—1)(x—4)>0 (2)
Hin .

I (x—2)(x—7)<0 } 3)

(x— 1) (x—4) <0. (4)

PeuweHne kaxnoro M3 3TUX HEPABEHCTB MBI MOXEM NPOBECTH MOAOGHO
TOMY, KaK 3TO OblJIO CHEJaHO B NMepBOM TMNpHMepe IAAHHOro mnaparpada.
OueBuiHO, YTO MH MPUILAKM OH K TOMY Xe De3y.TbTaTy, Kak ¥ Bhllle, HO
xoa peuwlenuss OblI OHW 3HAUATEeNLHO 6OJee MJIHUHHBIM,
Npumep 9. Pewnts Hepaaeﬂcrao
—3x—10
x3— 3x410 <.

Pelenne CBOAMTCA K DELICHHIO CUCTEM:
I x2—3x—10>0} )

x? —3x 4+ 10 <0 2

Hian
II x* —3x— 100 } 3
¥—3x+ 10> 0. )

Ouckprmunantel  Tpéxunenos: 324+4-10=49>0 wu 32—4.10=
= — 31 <C0. Orcioma cpa3y 3akjaiovaeM, 4TO cucTeMa | He MMeeT pe-
weHult, JeACTBHTENBHO, Pa3 AUCKPHMHHAHT TpEXuieda (2) MeHble Hyas,
TO TPEXUJeH MOJOXHTENeH NDPH JIOOBX 3HAYEHMAX X H, CAeJOBATeNbHO,
HEPABeHCTBO (2) He MOKeT MMeTb MecTa.

O6pamaemcs x cucreme II. Mul yxe shnaem, yTo HepaBeHcTBO (4) BEPHO
NpH BCEX 3HAYEHHAX X. S3HAYMUT, OCTAETCA PEUINTh HepaBeHCTBO (3). Haliasa
Kopun Tpéxuisena x? — 3x — 10, noayuum: x = —2; x,=5. Cnenona-
TeAbHO, pellleHUSIMM HepaBeHcTBa (3), a 3HAYHT, M cHcTeMmul Il Gyayr
RUMIb 3HAUYEHH® X, 3AKMOYSHHHe MexIy —2 u .

Mrak, mannoe nepaBeHcTBO Oyner BepHO npu —2 < x 5.

Ynpaxcrenun.

PecwiTh HepaBeHcTRa:

310. x* —10x4-25 < 0.

311. (x —3) (x —1)—15>0. x? — 3x 44

312. x(2x+3)+1<0. a1s, S—Sxtd o

313, —3x248x—6>0. x"—2x+5

314. x2 —5x4+7>0. 319 x*44x47 <0

515. 9x? — 12x4 4>0. " A —Eye <O
x* —9x418 x —ox+

316. XT>0' 320. 'x,—_ms‘s >0,
x242x— 15 X2 —6x—1

317. '~x‘_?_‘l—<0. 321. ,—;T_Hé'xo
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176. Hspaeuenne xsajpatHoro kopus. 177. Haxoxnenme pewenus
Heonpeenénnoro ypasHenus. 178. BuumcaenHe Jorapugma.
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179. Onperenenns. 180. Hexkotopue ceoficTea GeckoHeyHO MAlux Be-
anunn. 181, CeoficTea npefienioB. ¥ npaxnenus.

I1l. HccaenoBanne KBagpaTHOro TpéxuaeHa, HepasencTea BTOPOR cTemeHH ,

182. 3agaua. 183. Ksanparunfi Tpéxusen, HMeIOMHH feACTBHTeNbHHE
pasnuuHBe KOPRA. Ynpaxrenun. 184, Kpasipatuwd Tpéxanen, nueiciinh
pasine koprd. 185. Kpanpavnull TpéxuncH, HMEIOMHA MEHMHE KODHH.
Ynpaxnenus. 186, O6mudt Bweod. ¥npaxnenus. 187, Hepasencrsa
BYOPOA CTenenH. Ynpaxxenus.
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